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DEFORMATIONS AND DERIVED CATEGORIES

by Frauke M. BLEHER (*) and Ted CHINBURG (**)

1. Introduction.

Suppose k is a field of characteristic p > 0, W is a complete local
commutative Noetherian ring with residue field k, and that G is a profinite
group. In [19], Mazur developed a deformation theory of finite dimensional
representations of G over k. His work was based on that of Schlessinger
in [25]; a more explicit approach was later described by de Smit and Lenstra
in [12]. Deformation theory has become a basic tool in arithmetic geometry
(see e.g. [10], [28], [27], [7], and their references). In this paper we generalize
the theory by considering instead of k-representations of G objects in the
derived category D~ ([[kG]]) of bounded above complexes of pseudocompact
modules over the completed group algebra [[kG]] of G over k. The case of
k-representations amounts to studying complexes which have exactly one
non-zero cohomology group.

We have two reasons for pursuing this generalization. The first is
that objects in derived categories occur in a natural way in number theory
and arithmetic geometry, and they have played an important role in
deformation theory (see e.g. the work of Illusie [18]). Galois cohomology
classes, for example, provide such objects when one takes the mapping
cone of the associated morphism in the derived category. It is a natural
problem to consider the deformations of cohomology classes in this way,
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in view of the interest of deforming Galois modules and the fact that
cohomology classes play a central role in many questions, e.g. in class
field theory. Another way in which objects in derived categories arise is
as the hypercohomology of sheaves in various topologies, e.g. the étale
topology, on schemes. Such hypercohomology complexes often carry more
information than their individual cohomology groups. Since it has been
advantageous to find arithmetic constructions of universal deformations
of various Galois modules, it seems a natural problem to look for the
corresponding constructions for complexes of Galois modules

The second motivation for this paper arises from the study of
universal deformations for finite groups. Conjectures of Broué and others
(see e.g. [8], [24] and their references) would establish derived equivalences
between various blocks of group rings of finite groups. In [2] and [5],
Morita equivalences between module categories were a basic tool used in
determining the universal deformation rings of representations associated to
blocks with cyclic or Klein four defect groups. Because derived equivalences
are conjectured to exist in a much broader context, it is natural to consider
deformations of objects in derived categories.

This article is organized in the following way. In §2 we state our
main result, Theorem 2.14, which extends Mazur’s deformation theory
to objects V* in D~ ([[kG]]). We assume that V* has only finitely many
cohomology groups, all of which have finite k-dimension. Mazur’s finiteness
condition (®,) in [19, §1.1] for G is replaced by the condition that G
has finite pseudocompact cohomology (see Definition 2.13). We consider
two types of lifts: quasi-lifts and proflat quasi-lifts (see Definition 2.7).
Theorem 2.14 states that V* has a versal deformation ring (resp. a versal
proflat deformation ring), and this ring is universal if the endomorphism
ring of V* in the derived category is equal to the scalar multiplications
provided by k. We prove Theorem 2.14 in §2 through §7. In §8 we determine
the behavior of versal deformation rings (resp. versal proflat deformation
rings) under finite extensions of the residue field k.

In §9 we study complexes V* which have either one or two non-zero
cohomology groups. In Proposition 9.3 we give a necessary and sufficient
condition for a complex with two non-zero cohomology groups to have
endomorphism ring k in the derived category. In Example 9.5 we show that
one can construct two-term complexes V' * with endomorphism ring k so that
at least one of the cohomology groups of V* has endomorphism ring larger
than k. This shows that complexes can have universal deformation rings
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even when one does not know that the individual cohomology groups of the
complex have universal deformation rings. In Proposition 9.6 we determine
the tangent space of the proflat deformation functor in case V* has exactly
two non-zero cohomology groups Uy = H°(V*) and U_,, = H™"(V*) for
some n > 0. If in addition U_,, and Uy have universal deformation rings R_,,
and Ry in the sense of Mazur [19], we give in Propositions 9.7 and 9.8 criteria
for when the versal proflat deformation ring of such a V'* is universal and
isomorphic to R_,@w Ry, where @y denotes the completed tensor product
over W.

In §10 we look at deformations of group cohomology elements. As an
example, we consider the nontrivial element 3 € H%(G, k) where G is the
absolute Galois group of Q, £ > 2 is arational prime, k = Z/2, and W = Zs.
We determine the tangent space of the deformation functor associated to
the mapping cone of 3. We prove in Theorem 10.6 that the versal proflat
deformation ring is universal and isomorphic to [[WG2>2||@w [[WG2P2]],
where [[WGP2]] is the completed group ring over W of the abelianized
2-completion of G.

In §11, we consider the case in which V'* is a completely split complex,
in the sense that it is isomorphic to a complex in D~ ([[kG]]) having trivial
boundary maps. We discuss in Proposition 11.3 a split deformation functor
which we show is the proflat deformation functor of Theorem 2.14 when V'*
is completely split.

In §12 we consider the étale hypercohomology of locally constant
constructible sheaves F of k-vector spaces on an abelian variety X
over Q. We prove in Theorem 12.1 that if p > 2 dim(X), then the étale
hypercohomology H* (X, F) of F is completely split in D~ ([[kGg]]), where
Gl is the absolute Galois group of Q. The same is true if p > 2 dim(X) —2,
provided there exists a k-bilinear non-degenerate form F x F — k(d), where
k(d) is the d-th Tate twist of the constant sheaf k. In these results, one can
replace H* (X, F) by the compact hypercohomology Hs(U, F) of F over the
complement U of the origin in X.

In §13, we specialize to the case in which X is an elliptic curve
over Q with origin O. Suppose S is the finite set of places of Q consisting
of the archimedean place together with the finite places determined by p
and the primes of bad reduction for X, and let Gg be the Galois group
over Q of the maximal algebraic extension Qg of Q unramified outside S.
Because of the results in §12, we can regard H2 (U, p1,,) as a completely split
complex V* in D~ ([[kGs]]) when k = Z/p. In Theorem 13.10 we show that
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for some CM elliptic curves X over Q studied by Boston and Ullom [6],
the versal deformation of V'* is universal and completely split. Moreover,
the universal deformation ring R(Gg,V*) is isomorphic to a power series
algebra in four commuting indeterminates over W = Z,,.

In §14, we provide some results from Milne [21] which we have restated
to fit our situation.

We would like to thank B. Conrad, K. Kiinnemann and A. Scholl for
helpful comments concerning the results in §12. We also would like to thank
the referee for suggesting revisions which helped improve the paper.

Some of the results of this article have been announced in [4].

2. Quasi-lifts and deformation functors.

Let G be a profinite group, let k be a field of characteristic p > 0, and
let W be a complete local commutative Noetherian ring with residue field k.
Define C to be the category of complete local commutative Noetherian W-
algebras with residue field k. The morphisms in C are continuous W -algebra
homomorphisms which induce the identity on k. Let C be the subcategory
of Artinian objects in C. If R € Ob(C), let [[RG]] be the completed group
algebra of the usual abstract group algebra [RG| of G over R, i.e. [[RG]]
is the projective limit of the ordinary group algebras [R(G/U)] as U runs
through the open normal subgroups of G.

DEerINITION 2.1. — A topological ring A is called a pseudocompact ring
if A is complete and Hausdorff and admits a basis of open neighborhoods
of 0 consisting of two-sided ideals J for which A/J is an Artinian ring.

Suppose A is a pseudocompact ring. A complete Hausdorff topological
A-module M is said to be a pseudocompact A-module if M has a basis of
open neighborhoods of 0 consisting of submodules N for which M/N
has finite length as A-module. We denote by PCMod(A) the category of
pseudocompact A-modules.

A pseudocompact A-module M is said to be topologically free on a
set X = {x;}ier if M is isomorphic to the product of a family (A;);er
where A; = A for all 4.

Suppose R is a commutative pseudocompact ring. A complete
Hausdorff topological ring A is called a pseudocompact R-algebra if A
is an R-algebra in the usual sense, and if A admits a basis of open
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neighborhoods of 0 consisting of two-sided ideals J for which A/J has finite
length as R-module.

Suppose A is a pseudocompact R-algebra, and let &, denote the
completed tensor product in the category PCMod(A). A pseudocompact
A-module M is said to be topologically flat, if the functor M®x — is exact.

Remark 2.2. — Pseudocompact rings, algebras and modules have
been studied, for example, in [13], [14], [9]. The following statements can
be found in these references. Suppose A is a pseudocompact ring.

(i) The ring A is the projective limit of Artinian quotient rings
having the discrete topology. A A-module is pseudocompact if and only if
it is the projective limit of A-modules of finite length having the discrete
topology. The category PCMod(A) is an abelian category with exact
projective limits.

(ii) Every topologically free pseudocompact A-module is a pro-
jective object in PCMod(A), and every pseudocompact A-module is the
quotient of a topologically free A-module. Hence PCMod(A) has enough
projective objects.

(iii) Every pseudocompact R-algebra is a pseudocompact ring, and
a module over a pseudocompact R-algebra has finite length if and only if it
has finite length as R-module.

(iv) Suppose A is a pseudocompact R-algebra, and A and B are
pseudocompact A-modules. Then we define the right derived functors
Ext} (A, B) by using a projective resolution of A.

~

(v) Suppose R € Ob(C). Then R is a pseudocompact ring, and
[[RG]] is a pseudocompact R-algebra. Note that if k is finite, then R
and [[RG]] are actually profinite rings, and pseudocompact [[RG]]-modules
are the same as profinite [[RG]]-modules, which have been studied e.g.
in [23].

Remark 2.3. — Let R be an object in C with maximal ideal mp.
Suppose that [(R/m%;)X;] is an abstractly free (R/m%)-module on the
finite topological space X; for all ¢, and that {X;}; forms an inverse
system. Define X = lim X; and [[RX]] = (h_mZ[(R/mﬁ)Xz] Then [[RX]]
is a topologically free pseudocompact R-module on X. In particular,
every topologically free pseudocompact [[RG]]-module is a topologically
free pseudocompact R-module.
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Remark 2.4. — Suppose R is an object in Cand M isa pseudocompact
R-module. If M is finitely generated as a pseudocompact R-module,
then the functors M ®p — and M @p — are naturally isomorphic (see
[9, Lemma 2.1 (i)]). For general pseudocompact R-modules M, it follows
from [14, proof of Prop. 0.3.7] and [14, Cor. 0.3.8] that M is topologically
flat if and only if M is topologically free if and only if M is abstractly flat.
In particular, if R is Artinian, a pseudocompact R-module is topologically
flat if and only if it is abstractly free.

Let C~([[RG]]) be the abelian category of complexes of pseudocom-
pact [[RG]]-modules which are bounded above, let K~ ([[RG]]) be the
homotopy category of C~([[RG]]), and let D~ ([[RG]]) be the derived cate-
gory of K~ ([[RG]]). Let T denote the translation functor on D~ ([[RG]])
(resp. K~ ([[RG])), resp. C~([[RG]])), i-e. T shifts complexes one place to
the left and changes the sign of the differential.

DEeFINITION 2.5. — We will say that a complex M* in K~ ([[RG]])
has finite pseudocompact R-tor dimension, if there exists an integer N
such that for all pseudocompact R-modules S, and for all integers i < NN,
H'(S ®k M*) = 0. Note that ®k stands for the left derived functor of &g .
If we want to emphasize the integer N in this definition, we say M* has
finite pseudocompact R-tor dimension at N.

~

Remark 2.6. — Suppose that R € Ob(C ) and that M* is a complex in
K~ ([[RG]]) of topologically flat, hence topologically free, pseudocompact
R-modules. Then S QA?IL{ M* = S®p M* for all pseudocompact R-modules S;
in particular k QA@IL% M* = k®p M*. Suppose additionally that M* has finite
pseudocompact R-tor dimension at N. Then it follows (cf. [21, proof of Cor.
VI1.8.10]) that the bounded complex M’®, obtained from M* by replacing
MY with MY = MY /6N=1(MN~1) and by setting M’ = 0 if i < N,
is quasi-isomorphic to M* and has topologically free pseudocompact terms
over R.

HypoTaEsis 1. — Throughout this paper, we assume that V* is a
complex in D~ ([[kG]]) which has only finitely many non-zero cohomology
groups, all of which have finite k-dimension.

DeFINITION 2.7. — A quasi-lift of V* over an object R of C is
a pair (M*,$) consisting of a complex M* in D~ ([[RG]]) which has
finite pseudocompact R-tor dimension together with an isomorphism
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p:k@EM* — Ve in D ([[kG]]). Two quasi-lifts (M*,¢) and (M'*,¢')
are isomorphic if there is an isomorphism M* — M'® in D~ ([[RG]]) which
carries ¢ to ¢'. A deformation of V* over R is an isomorphism class of
quasi-lifts of V'*.

A proflat quasi-lift of V* over an object R of Cis a quasi-lift (M*,¢)
of V* over R whose cohomology groups are topologically flat, and hence
topologically free, pseudocompact R-modules. A proflat deformation of V'*
over R is an isomorphism class of proflat quasi-lifts of V'*.

Remark 2.8. — There exist quasi-lifts which are not isomorphic to
proflat quasi-lifts in D~ ([[RG]]). For example, suppose k is a perfect field,
W = W (k) is the ring of infinite Witt vectors over k, G is the trivial group,
and V* = k-%ok is the two-term complex concentrated in dimensions —1
and 0 with trivial boundary map. Let R = W, and let M* = w-w
be the quasi-lift of V'* over W concentrated in dimensions —1 and 0 with
boundary map given by multiplication by p. Then M* is isomorphic to
the one-term complex W/pW concentrated in dimension 0, but its single
non-zero cohomology group is not a topologically free pseudocompact
W-module.

LEmmA 2.9. — Suppose (M*,¢) is a quasi-lift of V* over some

~

R € Ob(C). Then there exists a quasi-lift (M'*,¢') of V* over R
which is isomorphic to (M*®,$) and whose terms are topologically free
pseudocompact R-modules.

Proof. — Let P* be a bounded above complex of topologically
free pseudocompact [[RG]]-modules so that f : P* — M?* is a quasi-
isomorphism in C'~ ([[RG]]) which is surjective on terms. Then f induces
an isomorphism

kQEf: k®prP* =k®s P — k®F M*

in D~ ([[kG]]). Hence, by Remark 2.3, M'* = P* together with ¢’ =
ok QA@{% f) has the required properties. O

DEerFINITION 2.10. — Let
F = Fye: C — Sets (resp. Fi = ﬁ‘ﬁl.: C— Sets)

be the map which sends an object R of C to the set F(R) (resp. FY(R))
of all deformations (resp. all proflat deformations) of V* over R, and
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which sends a morphism a:R — R’ in C to the set map F(R) — F(R')
(resp. FT(R) — F™(R')) induced by M* — R’@)I’%’QM‘. Let F = Fy.
(resp. F' = FL) be the restriction of F' (resp. F'1) to the subcategory C of
Artinian objects in C.In the following, we will use the subscript D to denote
the empty condition in case of the map ﬁ and the condition of having
topologically free cohomology groups in case of the map F In particular,
the notation FD will be used to refer to both F and F1.

Let kle], where 2 = 0, denote the ring of dual numbers over k. The
set Fp(k[e]) is called the tangent space to Fp, denoted by tp,,.

We first prove that ﬁp is a functor. We need the following result.

LEmMA 2.11. — Suppose (M*,¢$) is a proflat quasi-lift of V* over
some R € Ob(C). Then H"(M?*) is an abstractly free R-module of rank
d, = dimj, H*(V*) for all n. Moreover, for any R' € Ob(C) and for
any morphism a: R — R’ in a there is a natural R'-linear isomorphism
R @pH"(M*) =2 H"(R' &g tM*).

Proof. — By Lemma 2.9, we can assume that the terms of M* are
topologically free pseudocompact R-modules. Because M* defines a proflat
quasi-lift of V* over R, the cohomology groups of M* are topologically free
pseudocompact R-modules. Since the complex M* is bounded above, we
obtain inductively that the terms of M* split completely as

(2.1) MT ="t e Hoy e
where 6"~1(C""1) = Image(6"~!) and 6" 1(C" 1) ® Y" = Ker(6") as
pseudocompact R-modules. Moreover, for any R’ € Ob(C) and any
morphism a : R — R’ in C, we have

R/ ®R M"? = (R/ ®R 6n—1)(R/ ®R Cm—l) D (R/ @R Yn) D (RIQBR Cm)7
and inductively H*(R' ®zr M*) = R'@rY™ = R' @z H"(M?*). Since this
is in particular true for R’ = k and the natural surjection o : R — k, it

follows that H™(M?*) is an abstractly free R-module of rank d,, for all n.
This completes the proof of Lemma 2.11. O

ProposiTiON 2.12. — The map Fp is a functor C — Sets. The
functor F' is a subfunctor of F in the sense that there is a natural
transformation F' — F which is injective. Moreover, if V'* is a
complex in D~ ([[kG]]) satisfying Hypothesis 1 such that there is an
isomorphism v:V* — V'* in D™ ([[kG]]), then the natural transformation
FD Ve — FD Ve (resp. Fpye — FDJ//-) induced by (M',¢) = (M',l/d))
is an isomorphism of functors.
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Proof. — To show that Fp : C — Sets is a functor, it is enough to
show the following. Suppose R, R’ € Ob(C),a:R—Risa morphism in C
and (M*,$) € Fp(R). Then R’®R M* defines an element in Fp(R').

In case ﬁp =F , this is obvious, since any pseudocompact R’-module
S’ is also a pseudocompact R-module via a. Hence

~ . ~L

S'®f (R®F M) = S'®rM",
and, since M* has finite pseudocompact R-tor dimension, it follows
that R’@ﬁ’aM' has finite pseudocompact R’-tor dimension. Thus F
is a functor. If Fp = Ff1, we additionally have to show that the cohomology
groups of R’ @fiQM * are topologically free pseudocompact R’-modules.

This follows from Lemma 2.11. Hence Ff! is a functor, and it is obvious
that Ff is a subfunctor of F. The last statement of Proposition 2.12 is
also obvious. O

DeFINITION 2.13. — A profinite group G has finite pseudocompact
cohomology, if for each discrete [[kG]]-module M of finite k-dimension,
and all integers j, the cohomology group HY(G,M) = Extf[kc]](k:,M)
(as described in Remark 2.2 (iv)) has finite k-dimension.

We can now state our main result.

THEOREM 2.14. — Suppose that G has finite pseudocompact coho-
mology.

(i) The functor Fp has a pro-representable hull Rp(G,V*) €
Ob(C) (cf. [25, Def. 2.7] and [20, §1.2)), and the functor Fp is continuous
(cf. [20] and Definition 7.1).

(ii) If Fp = F, then there is a k-vector space isomorphism
h: tF I EthD_ ([[kG]]) (V. 7V.).

If Fp = F!, then the composition of the natural map tpn — ty and h
induces an isomorphism between tpn and the kernel of the natural map
EthD*([[kG]])(V.7V.) — EthDf([[k]])(V',V.) given by forgetting the G-
action.

(iii) If Homp- (e (V*,V*) = k, then Fp is represented by
Rp(G,V*).

Remark 2.15. — By Theorem 2.14 (i), there exists a deforma-
tion Up(G,V*) of V* over Rp(G,V*) with the following property.
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For each R € Ob(C), the map Homx(Rp(G,V*),R) — Fp(R) induced
by a +— RQ@%&{D(G,\/-),QUD(G’ V'*) is surjective, and this map is bijective if R
is the ring of dual numbers k[e] over k where £2 = 0.

In general, the isomorphism type of the pro-representable hull
Rp(G,V*) is unique up to non-canonical isomorphism. If Rp(G,V*)

~

represents Fp, the pair (Rp(G,V*),Up(G,V*)) is uniquely determined
up to canonical isomorphism.

DeFINITION 2.16. — Using the notation of Theorem 2.14 and
Remark 2.15, in case Fp = F, we call

Rp(G,V*) = R(G,V*) the versal deformation ring of V* and
Up(G,V*) =U(G,V*) the versal deformation of V'*.

In case ﬁp = ﬁﬂ, we call

Rp(G,V*) = RY(G,V*) the versal proflat deformation ring of V* and
Up(G,V*) = UM G,V*) the versal profiat deformation of V*.

If Rp(G,V*) represents ﬁp, then

R(G,V*) (resp. RY(G,V*)) will be called the universal deformation
ring (resp. the universal proflat deformation ring) of V*, and

U(G,V*) (resp. UN(G,V*)) will be called the universal deformation
(resp. the universal proflat deformation) of V.

Remark 2.17. — (i) By part (ii) of Theorem 2.14, the tangent space
trn consists of those elements

7 € Extp- ey (V5 V) = Homp— ey (V7. T(V*))

which induce the trivial map on cohomology. In other words, the k-vector
space maps ¢ : HY(V*) — H**}(V*) which are induced by « have to be
zero for all i.

(ii) Tt follows from part (ii) of Theorem 2.14 that there exists
a non-canonical surjective continuous W-algebra homomorphism ff :
R(G,V*) — RY(G,V*).

(iii) If V* consists of a single module V; in dimension 0, the
versal deformation ring R(G,V*) and the versal proflat deformation ring
RY(G,V*) both coincide with the versal deformation ring studied by
Mazur in [19], [20] (see Proposition 9.1). In this case, Mazur assumed only
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that G satisfies a certain finiteness condition (®,), which is equivalent
to the requirement that H'(G, M) have finite k-dimension for all discrete
[[kG]]-modules M of finite k-dimension. Since the higher G-cohomology
enters into determining lifts of complexes V* having more than one non-
zero cohomology group, the condition that G have finite pseudocompact
cohomology is the natural generalization of Mazur’s finiteness condition in
this context.

(iv) Suppose k' is a finite extension of k, and W is a complete local
commutative Noetherian ring with residue field &’ which is faithfully flat
over W. In Theorem 8.1, we adapt an argument of Faltings from [28, Ch. 1]
to show that Rp (G, k'@FV*) = W'&w Rp(G, V*).

3. Computing deformations of complexes.

LEMMA 3.1. — Suppose (M* ,¢) is a quasi-lift of V'* over some Artinian
object R € Ob(C). Then H"(M*) is a subquotient of an abstractly free
R-module of rank d, = dim; H*(V*) for all n. In particular, M* has
only finitely many non-zero cohomology groups, all of which are discrete
R-modules of finite length.

Proof. — By Lemma 2.9, we can assume that the terms of M* are
topologically free pseudocompact R-modules. Thus, by Remark 2.4, the
terms of M* are abstractly free R-modules. Since we assume R to be
Artinian, we can use the following fact about abstractly free R-modules.
If {z;}icr is a collection of elements of an abstractly free R-module N
whose images in k @ g N form a k-basis, then {zi}ier is an R-basis of N. In
particular, if U is a subspace of k @ g IV, then we can extend any k-basis of U
to a k-basis of k ® g N. Hence we can lift a k-basis of U to a subset of an R-
basis of N, and this subset is an R-basis of an abstractly free R-module N’
which is a submodule and a direct summand of N such that k&g N’ = U.

By assumption, the complex k®p M* is isomorphic to V* in
D~ ([[kG])). In particular, the cohomology groups of k®p M* have finite
k-dimension, and almost all are zero. Consider the diagram

5n71 5"
RIS Vi M MPFL

Tnfl l Tn JV J/ Tn+1
571,—1 6,,}‘:)

~ (k) ~ ~
— kQpr Ml ——— kQg M ——— k@p ML — ...

For all integers n, let r, be the cardinality of a k-basis of Image(&?k)).
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By lifting bases, we find an abstractly free R-module C™~! of rank 7,_1
which is a submodule and a direct summand of the abstractly free R-module
M"=! such that 77 (5"~ 1(C"~ 1)) = Image(é?kjl). We can also lift bases to
obtain an abstractly free R-module Y of rank d,, which is a submodule
and a direct summand of M"™ such that

k@rM™ =1" (5"*1(0”71)) e Y") e (C").
Hence by the remark at the beginning of the proof,
M"=5""HC" e Y e

Since C™ and 0™ (C™) are both abstractly free R-modules of rank 7y,
it follows that Ker(d™) is contained in the abstractly free R-module
§"~1(C"71) @ Y™. On the other hand, the abstractly free R-module
d"~1(C™1) is contained in Image(6"~1). Hence H™"(M?*) is a subquotient
of the abstractly free R-module Y of rank d,,. O

DEFINITION 3.2. — Let R € Ob(C) be Artinian. Define D ([[RG]])
(resp. Kg, ([[RG]]), resp. Cq,([[RG]])) to be the full subcategory of
D~ ([[RG]]) (resp. K~ ([[RG])), resp. C~([[RG]])) whose objects are those
complexes M* of finite pseudocompact R-tor dimension having finitely
many non-zero cohomology groups, all of which have finite R-length.
Suppose A and A’ are closed normal subgroups of G, and A’ C A. Inflation

from G/A to G/A’ defines a functor
G2+ Din ([RIG/A)]) — D, ([RG/A').

Remark 3.3. — Suppose R is an Artinian object in Ob(C). By
Remark 2.2 (iii), an [[RG]]-module has finite length if and only if it has
finite length as R-module. Since R is local Artinian, an R-module has finite
R-length if and only if it has finite k-length.

LEMMA 3.4. — Suppose R € Ob(C) is Artinian, and N* is an object
in Gy, ([[RG]]).
(i) SupposeH?(N*) = 0 for j < n. Then there is an exact sequence
of complexes

(3.1) 0—-U*—“N*—N"*—0

in Cg, ([[RG]]) such that U* is acyclic, and such that the terms of N'* have

finite k-length and satisfy N'? =0 for j < n.
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(ii) Suppose N} and N3 are two complexes in Cp ([[RG]]), such
that all terms of N} (resp. N3) have finite k-length and satifsfy NI = 0 = N3
for j < n.Suppose there exist morphisms N7 AN 2, N3 in Cg ([[RG]])
such that gy is a quasi-isomorphism. Then there is an exact sequence of

complexes (3.1) in Cg, ([[RG]]) which satisfies the properties in part (i)

fin

and additionally g1 ot =0 = gs 0 ¢.

Proof. — For part (i), suppose H/(N*) = 0 for j < n. Define Ug
to be the complex which is equal to N°* in dimensions less than n,
Up = 6"~ Y(N™=1), and U] = 0 if j > n. Then U is an acyclic subcomplex
of N*. By dividing N* by Ug, we can assume N7 = 0 for j < n. Hence N*
is now a bounded complex, since it is bounded above. If all the terms of N*
have finite R-length, we let U*® be the zero complex.

Suppose now that there is a smallest integer m > n such that N™
has infinite R-length, but N™~! has finite R-length. Let Z™ C N™ be
the kernel of the boundary map 6™ : N™ — N™*! Because N™ ! has
finite R-length, and H™(N*) = Z™/§™~1(N™~!) has finite R-length by
assumption, Z™ has finite R-length. The pseudocompact R-module N™
admits a basis U of open neighborhoods of 0 consisting of submodules U
for which N /U has finite R-length. Therefore, (;;.,, U = {0}, and hence
Nuew(Z2™ NU) = {0}. Since Z™ has finite R-length, and U is a basis
of neighborhoods of 0, we conclude that there is an element U € U with
Z™ N U = {0}. Note now that N™ = N™/U has finite R-length, and
the boundary map 6™ : N™ — N™*! defines an isomorphism between U
and 0™ (U) because the intersection of U with Z™ = Ker(4™) is trivial.

We now let U; be the acyclic complex which has term {0} in
dimensions other than m and m + 1 and which in dimensions m and m + 1
is given by the isomorphism U — §™(U). Then U} is naturally an acyclic
subcomplex of N*, so we can form the quotient complex N* = N*/U;.
Since N™ = N™/U has finite R-length, the number of terms of N* which
have infinite R-length is one less than the number of such terms of N°.
Continuing this way, we arrive at an exact sequence (3.1) of complexes as

described in part (i) of Lemma 3.4.

Part (ii) is proved by adjusting the arguments in the proof of part (i)
to the situation of part (ii). Let U be as above, i.e. U] is the complex
which is equal to N* in dimensions less than n, U} = 6""1(N"~1), and
Ug = 0 for 5 > n. Since Nf =0= Ng for 5 < n and g¢; is a quasi-
isomorphism, U is an acyclic subcomplex of N*, and g1|ys = 0 = g2|ug-
Hence, by dividing N* by U, we can assume N7 = 0 for j < n. If all terms
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of N* have finite k-length, we let U* be the zero complex. Suppose now
that there exists a smallest integer m > n such that N has infinite k-
length, but N™~! has finite k-length. Let Z™ = Ker(d™) and let U be
a basis of open neighborhoods of 0 for N™ as above. Then it follows,
as in part (i), that there exists an element U € U with Z™ N U = {0}.
Since N{* (resp. N§*) has finite k-length, it follows that there exists an
element U; € U (resp. Us € U) such that g7*|y, = 0 (resp. g5*y, = 0).
Since U is a basis of open neighborhoods of 0, there exists an element
U’ € U contained in U N Uy N Us. Hence, after replacing U by U’, we
obtain Z™NU = {0}, and ¢7"|y = 0 = ¢5*|y- We now define the complex U
as above, using this element U. It follows that U7 is an acyclic subcomplex
of N*, and g1|ys = 0 = g2|ys. Since the number of terms of N* /Ut which
have infinite k-length is one less than the number of such terms of N*, we
can use induction to obtain an exact sequence (3.1) of complexes having
the desired properties described in part (ii) of Lemma 3.4. O

Remark 3.5. — Suppose R € Ob(C) is Artinian and Ay is a closed
normal subgroup of finite index in G. Let N7, N; be complexes in
D ([R(G/Ay)]) such that all their terms have finite k-length, and let
g : N7 — N3 be a morphism in Dy, ([R(G/Ap)]). By Remark 2.2 (ii), and
since [R(G/Ay)] is Noetherian, there exist bounded above complexes My
and M3 of abstractly free finitely generated [R(G/Ap)]-modules such that
there is an isomorphism §; : Ny — M? in Dg; ([R(G/Ao)]) (i =1,2). Then
f = B29 B " isamorphism f : M7 — M; in Dy, ([R(G/Ao)]). Let P be the
the additive subcategory of PCMod([R(G/Ay)]) of projective objects. By
the dual of [17, Prop. 1.4.7], the natural functor K~ (P) — D~ ([R(G/Ay)])
is an equivalence of categories. Hence f can be taken to be a morphism
in K5, ([R(G/A0)).

COROLLARY 3.6. — Suppose R € Ob(C) is Artinian, and N*, Ny
and Nj are objects in Dy ([[RG]]). Let g: N; — N5 be a morphism in
D, ([[RG]]).-

(i) There exists a closed normal subgroup A of finite index in G
with the following property: There is a bounded above complex M* of
abstractly free finitely generated [R(G/A)]-modules, and an isomorphism
B:N* — InfG (M*) in Dy, ([[RG]).

(ii) There exists a closed normal subgroup A of finite index in G
with the following property: There are bounded above complexes M;
and M3 of abstractly free finitely generated [R(G/A)]-modules, a morphism
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f:M; — Ms in K ([R(G/A)]), and isomorphisms (3;: N} — Infg/A(Mi')
in Dy ([[RG]]) (i = 1,2) such that Infg/A(f) = B2g ;" as morphisms in
Dy, ([[RG])).

Moreover, suppose A is as in part (i) (resp. part (ii)), and A’ is a
closed normal subgroup of finite index in G with A’ C A. Then A’ has the
same property as A has in part (i) (resp. part (ii)) with A replaced by A’.

Proof. — By Lemma 3.4 (i), there exists a bounded complex N’* such
that the terms of N’* have finite k-length and such that N*® is isomorphic
to N’* in Dy ([[RG]]). Since all the terms of N’ have finite k-length,
there exists an open (and closed) normal subgroup A of finite index in G
which acts trivially on all the terms of N’*. If A’ is closed normal of
finite index in G with A’ C A, then A’ also acts trivially on all the terms
of N’*. Let now Ag = A or A’. Then N’* can be viewed as a complex in
D¢ ([R(G/Ap)]). Part (i) follows now from Remark 3.5.

fin

We now prove part (ii). By Lemma 3.4 (i), we may assume that

Ny and N5 are bounded such that all their terms have finite k-length.

The morphism g : N7 — N3 in Dy ([[RG]]) is represented by a pair of
morphisms in Cf, ([[RG]]) of the form

T-
(3.2) VRN
N? N3

where g; is a quasi-isomorphism. It follows from Lemma 3.4 (ii) that we
can divide T by an acyclic complex so as to be able to assume that 7'
in (3.2) is also bounded and its terms have finite k-length. Hence there
exists an open (and closed) normal subgroup A of finite index in G which
acts trivially on all the terms of Ny, N3 and T°. If A’ is closed normal of
finite index in G with A’ C A, then A’ also acts trivially on all the terms
of Ny, N$ and T*. Let now Ag = A or A’. Then we can view N7y, N3
and T as complexes in Dg, ([R(G/A)]). Thus (3.2) defines a morphism
N; — N in the derived category D ([R(G/Ay)]). Part (ii) follows now
from Remark 3.5. This completes the proof of Corollary 3.6. O

DerINITION 3.7. — In the situation of Corollary 3.6 (i), we say we
can replace N* by M*. In the situation of Corollary 3.6 (ii), we say we can
replace Np by M? (i =1,2), and g by f.

LeEMMA 3.8. — Suppose M* is an object in Dy ([[RG]]) such that
HI(M*) = 0 for j < n. Then M* has finite pseudocompact R-tor dimension
at n.
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Proof. — By Corollary 3.6 (i), we may assume that M* is a bounded
above complex of abstractly free finitely generated [R(G/A)]-modules for
some closed normal subgroup A of finite index in G. Hence all terms of M*
are abstractly free finitely generated R-modules. By Remark 2.6, there
exists an integer ny < n such that M™ /§™~1(M™~1) is a topologically
free pseudocompact R-module. Since R is Artinian, it follows by Remark 2.4
that this is an abstractly free R-module. To prove Lemma 3.8, it is enough to
show that M™ /6"~ 1(M™~1) is an abstractly free R-module. If ny = n, there
is nothing to show. Suppose now that n; < n. Since H™ (M*) = 0, it follows
that 6™t (M™) = M™ /§m=1(M™~1) and thus §™ (M™) is an abstractly
free R-module. Inclusion gives an injective R-module homomorphism

MM (M™M) — ‘;\4n1+17
and we claim that the reduction modulo the maximal ideal mg of R

ni o, 5”1

Uy O (k@R M™) — k&g MM

stays injective. Otherwise, since 6™ (M™) and M™ 1! are abstractly free
R-modules, there exists an element x € 6" (M™), © & mp - 6™ (M™),
with (™ (z) € mp - M™™*1. Since R is Artinian, there exists a non-zero
element ¢ € R such that ¢ annihilates mp and tx # 0. Then [ (tz) =
t 1™ (x) = 0, which contradicts the injectivity of ¢™*. Thus L?kl) is injective,
and it follows from [21, Lemma IV.1.11] that ¢™* has a section which is an
R-module homomorphism. Hence the short exact sequence

gt

0— 0™ (M™) ——— M™*t — M™MFL/sM (M™) — 0

splits, and M™ 1 /6™ (M™) is an abstractly free R-module. Inductively,
using that H/(M*) = 0 for j < n, it follows that M"/§" " 1M"~! is an
abstractly free R-module. This proves Lemma 3.8. O

LemMmA 3.9. — Suppose R,Ri,Ry € Ob(C) are Artinian with
morphisms Ry =% R <= R, in C. Let N* be an object in Cr . ([[RG]))-
Suppose A1,Aq are closed normal subgroups of finite index in G, and let X
be a complex in Cg ([(Ri(G/A;)]) of abstractly free finitely generated
[R:(G/A;)]-modules such that H/(X?) = 0 for j < n (i = 1,2). Suppose
there exist morphisms

(3.3) R®g, Infg A, X1 < N* > R&p, Infg A, X3
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in Cp;, ([[RG]]) such that 1y is a quasi-isomorphism. Then there is an exact
sequence of complexes (3.1) 0 — U* — N* — N’* — 0 in Cy;, ([RG]))
which satisfies the properties of Lemma 3.4 (i). Moreover, there is an exact
sequence of complexes
(3.4) 0—-E — X "5 X"—=0
in Cg, ([Ri(G/A;)]) with the following properties: The complex E; is
acyclic, the terms of X!* are abstractly free R-modules of finite k-length
and X{j = 0 for j < n, such that R@Rim— is a quasi-isomorphism in
Cin([R(G/A)]) and (R&g, Inf& a, mi) o001 =0 (i = 1,2).

Proof. — For i = 1,2, let E? be the acyclic subcomplex of X
which is equal to X7 in dimensions less than n, Ef = 6" 1(X""!), and
EJ =0 for j > n. Let X!* = X;/E; and let m; : X; — X/* be the
natural morphism in Cp, ([R;(G/A;)]). Define w; = Infg/Ai ;. Since G/A;
is a finite group, all terms of X!* have finite k-length. By Lemma 3.8 and
Remarks 2.6 and 2.4, the terms of X[* are abstractly free R-modules. Hence
R®p,X|" = R®% X!*, and R®p,7; = R®% 7; is a quasi-isomorphism
in Cp;,, ([[RG]]). Thus we have morphisms

(R§R1 ;1)07'1 (RéRQ’;Q)OTQ

.

R&g, Infg A, X{° R&p, Inf& 5, X3°

in Cp, ([RG]]) and (R&g, 71) o 71 is a quasi-isomorphism. Lemma 3.9
follows now from Lemma 3.4 (ii). |

The next two corollaries will be used in §5 to verify Schlessinger’s
axioms (H1), (H2), (H4), and in §7 to prove that Fp is continuous.

COROLLARY 3.10. — Suppose (Ri)gzl,(Si)le 7(Tij)1§i§r,1§j§s are

finite collections of Artinian objects in Ob(C) with morphisms
R; 5Ty L Si

inCforl <i<r,1<j<s.Let X; beanobjectin D ([[R:G]]), andlet Z?
be an object in D¢, ([[S;G]]). Let Tij:Tij@)é zr — Tij@x\)]L%iX{ be a morphism
in Dg,([TG]), and let &:kSp X; — V* (resp. Gk 20 — V*)
be a morphism in Dg ([[kG]]), with {; = & (k@%j ;) (G =1,...,m,
ji=1,...,s).

Then there exists a closed normal subgroup A of finite index in G W1'£h
the following property: We can replace V* by a bounded above complex V'*
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of abstractly free finitely generated [k(G/A)]-modules, and we can replace
X¢ (resp. Z¢) by a bounded above complex X? (resp. Z¢) of abstractly free
finitely generated [R;(G/A)]-modules (resp. [S;(G/A)]-modules). We can
replace 7;; by 7ij:Ti;®s, 27 — TJ®RX in Kg ([T;;(G/A)]), and we
can replace &; (resp. ;) by rfl k®p, X — Ve (resp. §i3k®S¢Z{ — V)
in K, ([k(G/A)]), such that {; = & (k&1 7j) (i=1,...,r,5=1,...,5).

Moreover, suppose A’ is a closed normal subgroup of finite index
in G with A’ C A. Then A’ has the same property as A has with A
replaced by A'.

Proof. — By Corollary 3.6 (i), there exists a closed normal sub-
group A; of finite index in G such that we can replace V* by a bounded
above complex of abstractly free finitely generated [k(G/A1)]-modules and
such that we can replace X! (resp. Z¢) by a bounded above complex of
abstractly free finitely generated [R;(G/Aj)]-modules (resp. [S;(G/Aq1)]-
modules) (i = 1,...,7). Then, for ¢ = 1,...,r, 5 = 1,...,s, 7; is a
morphism InfS x, (Ty; @, Z7) — InfSa, (T @, X7) in Dy ([T5G])
and is represented by a pair of morphisms in C; ([[T;G]]) of the form

v
5) RN

Inf& ) A, (T3 ®s, Z;) Inf& A, (Ti; ®r, X;)

where 7;j1 is a quasi-isomorphism. Similarly, & (resp. ¢;) is a morphism
Infg/A (k®gr, X3) — Infg/A1 V* (resp. Infg/Al(k ®g, Z7) — Infg/Al V)
in D¢ ([[kG]]) and is represented by a pair of morphisms in Cy ([[kG]])

of the form
A;
o NE
3.6
(36) Infg a, (k ®R, X;) Infg A, V*
(resp. B;
Inf& A, (k ®s, Z7) InfS A, V*),
where &;1 (resp. (;1) is a quasi-isomorphism. There exists an integer n such
that for t <n, H/(V*) =0, H/(X?) =0,and H (Z;) =0 (i =1,...,7). Let
now S be the set consisting of all the complexes V*, X?, Z?, V5, A' B;

(i=1,...,r,j=1,...,s), and let X* € S. It follows from Lemma 3.9 that
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we can divide X* by a suitable acyclic subcomplex to be able to assume that
Y* in (3.5) (resp. (3.6)) is bounded and its terms have finite k-length. Thus
there exists an open (and closed) normal subgroup A of finite index in G
with A C A; such that A acts trivially on all the terms of X¢ for all ¥* € S.
If A’ is closed normal of finite index in G with A’ C A, then A’ also acts
trivially on all the terms of 3¢ for all ¥* € S. Let now Ag = A or A'.
Then we can view X° as a complex in Dy, ([Q5(G/Ao)]), where Qs is the
coefficient ring belonging to ¥. Thus (3.5) (resp. (3.6)) define morphisms
in Dy, (1T3(G/A0)]) (vesp. in D, ([K(G/A0))))- By Remark 3.5, we obtain
the required complexes V*, X? and Z;, and the required morphisms ﬁ»j
in K ([Ti;(G/Ag)]) (resp. & and G in K, ([K(G/A0)])) (i = 1,.

j=1,...,8). It is obvious that the equality (; = & (k®r,;Tij) 1s preserved
for all ¢, 5. O

CoroLLARY 3.11. — Suppose R;,Ry € Ob(C) are Artinian with
a surjective morphism «:Ry — Ry in C. Suppose A is a closed
normal subgroup of finite index in G, and suppose V* is a complex
in D¢, ([k(G/A)]) of abstractly free finitely generated [k(G/A)]-modules.
Suppose M is a complex in D¢ ([[R;G]]) such that there is a morphism
¢ik®% Mp — InfG A V* in Dy, ([KG]]) (i = 1,2).

(i) Fori = 1,2, there exists a closed normal subgroup A; of finite
index in G with A; C A having the following property: We can replace
M; by a bounded above complex N; of abstractly free finitely generated
[Ri(G/A;)]-modules, and we can replace ¢; by 1;:k®pg, N — Infgéii Ve

in Kfm([ (G/A’L)])

(ii) Suppose p: Ri®r, Infg/A2 Ns — Infg/A1 N7 is a morphism in
D, ([[R1G]]) satistying InfG/A1(1/11) (k®g, p) = Infg/A2 (12). Then there
exists a closed normal subgroup A2 of finite index in G with AQ CAIN Ag
having the following property: We can replace N3 by a complex N2
of abstractly free finitely generated [Rs(G/Az)]-modules, and we can
replace vy by to:k®p, N3 — Infgfiz Ve in K ([k(G/A2)]). We can
replace p by p:Ri@p,N3 — Infgjﬁf Ny in Kf_in([Rl(G/ﬁg)]) such that
G/A 5 oo _ 7
InES/R2 (41) (k B, 5) = o
Proof. — We first prove part (i). Let ¢ € {1,2}. By Corollary 3.6 (i),

there exists a closed normal subgroup A} of finite index in G with A, C A
such that we can replace M; by a bounded above complex of abstractly
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free finitely generated [R;(G/A})]-modules. Then ¢; is a morphism
Infg/A( (k&g M) — Infg/A V* in D ([[kG]]) and is represented by a pair
of morphisms in Cy; ([[kG]]) of the form

z;
i1 Pi2
(37) /N

where ¢;1 is a quasi-isomorphism. There exists an integer n such that
for all j < n, H/(V*) = 0, H/(Z;) = 0 and H/(M?) = 0. It follows
from Lemma 3.9 that we can divide Z? (resp. M) by a suitable acyclic
subcomplex to be able to assume that Z; (resp. M) in (3.7) is bounded
and its terms have finite k-length. Since A} acts trivially on all the terms
of V* and M?, there exists an open (and closed) normal subgroup A; of
finite index in G with A; C Al such that A; acts trivially on all the terms
of V*, Z; and M;. Thus (3.7) defines a morphism in Dy ([k(G/A;)]). By
Remark 3.5, we can now replace M, by a bounded above complex N; of
abstractly free finitely generated [R;(G/A;)]-modules. By Lemma 14.1, the
resulting morphism t; : k&g, Ny — Infgéii Ve in Dg ([k(G/A;)])) can be
taken to be a morphism in K, ([k(G/A;)]). This proves part (i).

In part (i), the morphism 5 is represented by a morphism
Py k@RzNQ' — Infg;§2 Ve in Cp, ([k(G/A2)]). The morphism p is
represented by a pair of morphisms in C; ([[R1G]])

1 o p2
(3. RN

Inf& /8, (R1®R,N3) Inf& a, Nt

where p; is a quasi-isomorphism. There exists an integer n’ such that
for all j < n/, H/(V*) = 0, H/(T*) = 0, and H/(N?) = 0 (i = 1,2).
It follows from Lemma 3.9 that we can divide T* by a suitable acyclic
subcomplex to be able to assume that T in (3.7) is bounded and its terms
have finite k-length. Since A; N Ay acts trivially on all the terms of V*
(resp. N? (i = 1,2)), there exists an open (and closed) normal subgroup A,
of finite index in G with 32 C A1 N Ay such that 52 acts trivially
on all the terms of V*, T* and Ny (i = 1,2). Thus s (resp. (3.7))
defines a morphism in Df ([k(G/A2)]) (resp. Dy, ([Ri(G/A2)])). By
Remark 3.5, we can now replace N§ by a bounded above complex ]\72’
of abstractly free finitely generated [Ry(G/ EQ)}—HlOduleS. By Lemma 14.1,
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the resulting morphisms ¥y : k®p, N3 — InfgiQ V* in Dy ([k(G/A2))
(resp. p : Ri®p, N3 — Infgjﬁi Nt in Dy, ([R1(G/A3)])) can be taken to be

fin

morphisms in Kfjni[k(G/ﬁg)]) (resp. K, ([R1 (G/A3)])). It is obvious that

the equality Infgéif (1h1) (k®g, p) = s is preserved. This proves part (ii)
and completes the proof of Corollary 3.11. O

4. Endomorphisms.

DEFINITION 4.1. — Define F} (resp. F}) to be the functor from C
(resp. C) to the category Sets which sends R to the set ﬁl(R) (vesp. F1(R))
of isomorphism classes in D~ ([[RG]]) of quasi-lifts of V'* which are bounded
above complexes of topologically free pseudocompact [[RG]]-modules.

LeMMA 4.2. — The natural transformation Fy — F (resp. Fy — F) is
an isomorphism of functors.

Proof. — Suppose (M*®,¢) is a quasi-lift of V* over some ring
Re Ob((?) (resp. R € Ob(C)). By Lemma 2.9, we can assume that all the
terms of M* are topologically free pseudocompact R-modules. Since the
category of pseudocompact [[RG]]-modules has enough projectives, which
are direct summands of topologically free pseudocompact [[RG]]-modules,
there is a complex M7 of topologically free pseudocompact [[RG]]-modules
which is bounded above and isomorphic to M* in D~ ([[RG]]). Therefore
the original lift (M*, ¢) is isomorphic to (M7, ¢1) for a suitable choice of ¢;.
This proves that the natural transformation Fy — F (resp. Fi — F) is an
isomorphism of functors. O

ProposiTioN 4.3. — Suppose Homp- ey (V*,V*) = k. Then
Homp - ((ra)))(M*,M*) = R for every quasi-lift (M*,p) of V* over an
Artinian object R € Ob(C).

Proof. — By Lemma 4.2, we can reduce to the case in which the terms
of M* are topologically free pseudocompact [[RG]]-modules. By the dual of
[17, Prop. 1.4.7], it follows then that

Hom p-(ray)) (M*, M*) = Hom g - ((ray) (M*, M*).
Let now R’ be in C so that 7 : R — R’ is a small extension (i.e. Ker(n) is
a principal ideal annihilated by mg) with Ker(w) = tR = k. Suppose that
Homg - (qrrayy (M'*, M'*) = R', whenever M'* is a quasi-lift of V* over R
which is a bounded above complex of topologically free pseudocompact
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[[R'G]]-modules. Let a € Home—((ray)(M*, M*). Then o induces a map
o € Home- (g (M'*,M'*) when M'* = R'®pM*. By induction,
there is a scalar ' € R’ such that o/ is homotopic to the map uy which
is multiplication by \'. Choose A € R so that m(A) = A. By Lemma 14.3,
since M* is a bounded above complex of topologically free pseudocompact
[[RG]]-modules, it follows that there is a map a1 € Home- (jpay) (M*®, tM*)
such that « is homotopic to

(41) ux + Q.

Since tR = k, and the terms of M* are topologically free pseudocom-
pact [[RG]]-modules, there exists an isomorphism 7 : tM* — k®p M* in
C~([[RG]]). Let ¢1 : M* — k®&rM* be the natural morphism
in C~([[RG]]), which is surjective on terms. We obtain an isomorphism

Hom g~ (((rey)) (M*, tM*) — Hom g~ (e (k @r M*, k®r M*)

which sends the homotopy class of f to the homotopy class of g
when g¢1 = 7 f. Suppose a7 is sent to 1 by this isomorphism. Then,
by assumption, £; is homotopic to multiplication by a scalar in k, say A;.
If X1 corresponds to tA; under the isomorphism k = tR, then it follows
that a; is homotopic to multiplication by tA;. Hence Proposition 4.3 follows
from (4.1). O

5. Schlessinger’s criteria.

In this section we will prove:

ProposITION 5.1. — Schlessinger’s criteria (H1) and (H2) (see [25,
Thm. 2.11]) are always satisfied for Fp. In case Homp-(pay (V*,V*) = k,
(H4) is also satisfied.

The following remark will be useful in various proofs.

o~

Remark 5.2. — Suppose R € Ob(C). Let M* and N* be two bounded
above complexes of pseudocompact [[RG]]-modules, and let f : M* — N*
be a morphism in C~([[RG]]). Let P* be a bounded above complex of
topologically free pseudocompact [[RG]]-modules so that f : P* — N* is
a quasi-isomorphism in C~ ([[RG]]) which is surjective on terms. Then the
mapping cone C* of T~1(P*) d, et (P*) is an acyclic complex, and there

is a morphism 7 : C* — N°* in C~ ([[RG]]) which is surjective on terms.
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Define g : M* @ C* — N* by g = (f, ), and define s : M* — M* & C*
by s = (‘df‘f' ) Then g is surjective on terms, s is a quasi-isomorphism
and gs = f.

Suppose there is a surjective morphism R; — R in 5, and there is a
bounded above complex X* of topologically free pseudocompact [[R;G]]-
modules such that M* = R®pg, X*. Since [[RG]] = R®p, [[R1G]], there
exists a bounded above complex @° of topologically free pseudocompact
[[R1G]]-modules with P* = R®p, Q. Hence C* = R®pg, D*, where
D* is the mapping cone of T~1(Q*) i, T71Q*), and M* & C* =
R®gr, (X* @ Q*).

Suppose A, B, C are Artinian objects in Ob(C) and that we have a
diagram in C

A B
o\
c

Let D be the pullback D = A x¢ B = {(a,b) € A x B | afa) = B(b)}.
Consider the natural map

xp : Fp(D) — Fp(A) X pp(0) Fp(B).
LeEmMA 5.3. — If (3 is surjective, then xp is surjective.

Proof. — Suppose (X%,64) € Fp(A) and (X3,€p) € Fp(B) such
that there exists an isomorphism

T:OR5Xy - Coh Xy

in D~ ([[CG]]) with €4 (k®ET) = ¢p. By Corollary 3.10, there exists a closed
normal subgroup A of finite index in G so that we can assume the following.
The complex X4 (resp. X3) is a bounded above complex of abstractly free
finitely generated [A(G/A)]-modules (resp. [B(G/A)]-modules), 7 is given
by a quasi-isomorphism in C~([C(G/A)]), and £ (resp. {p) is given by a
quasi-isomorphism in C~ ([k(G/A)]. By Remark 5.2, we can add to X3 an
acyclic complex of abstractly free finitely generated [B(G/A)]-modules to
be able to assume that 7 is surjective on terms. By Lemma 14.4, there exists
a bounded above complex L of abstractly free finitely generated [B(G/A)]-
modules and a quasi-isomorphism ¢ : X3 — L% in C~([B(G/A)]) so that
there is an isomorphism 7 : C ®p Ly — C ®4 X4 in C~ ([C(G/A)]) with
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m(C ®p ¢¥) = 7. We replace X3 by L%, 7 by 7 and £ by &4 (k ®c¢ 7)
to have

(5.1) CosXy=rCopXy) =Xs

in C~([C(G/A)]). Using (5.1), we define X}, = X3 xxe X} to be the
complex whose i-th term is Xp, = X xx; Xp and whose boundary
maps are 0% (z',y") = (0%, (%),0%, (y*)). Then X}, is a bounded above
complex of abstractly free finitely generated [D(G/A)]-modules which has
finite pseudocompact D-tor dimension. Moreover, C ®p X}, = C ®4 X3,
and we can define {p : k®p X3, — V* by €p = £4. It follows that (X3, ¢p)
is an element in F'(D). Hence xp is surjective in case Fp = F.

In case Fp = F' we additionally have to show that X3, defines
an element in Ff(D), i.e. its cohomology groups are topologically free
pseudocompact D-modules. By (5.1), it follows that, for all integers n,
X'l and X3 are abstractly free of the same finite rank over A, resp. B.
Additionally, by Lemma 2.11, H*(X?%) and H"(X}) are abstractly free
of the same finite rank over A, resp. B. Since we have arranged that
all terms of X% (resp. X3) are abstractly free finitely generated A-
modules (resp. B-modules), we obtain that the terms of X% (resp. Xy)
split completely as in (2.1). Hence, since D = A x¢ B, it follows
that H"(X3) = H*(XY) XHn(Xe,) H™(X3). This completes the proof of
Lemma 5.3. O

In view of [25, Thm. 2.11], Proposition 5.1 now follows from the next
result.

LemMA 5.4. — If 3 is surjective, and either Homp— ey (V*,V*) =k
or C =k, then xp is injective.

Proof. — Since Ff is a subfunctor of F by Proposition 2.12,
it is enough to show the statement of Lemma 5.4 in case Fp = F.
Suppose (X}),€) and (Z3),() are two elements in F(D) such that there
is an isomorphism 74 : A®L 73 — A®E X3 (resp. 75 : BRLZ3 —
B&k Xp) in D([AG]) (resp. D~ ([[BG])) with & (k&% 7a) = C (resp.
E(k®57p) = ¢) in D™ ([[kG]]). In other words A®j Z3 and AL X3,
(resp. B&% Z3, and B ®% X3,) are isomorphic as quasi-lifts of V* over A
(resp. B). Consider pc : C &% Z3, — C &% Z3, in D~ ([[CG]]), defined by
oo = (C@%k14) " (C®E7R). If C =k, then

pr = (k@5 7a) " (kB 78) = (THEETC) =id, 51 4
in D~ ([[kG]]). If Homp - ey (V*, V*) = k, then, by Proposition 4.3,
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Homp- (jca)(C &f Z3, C &5 Z3) = C.
Hence, in either case there exists a unit ac € C, with image 1 in k, so
that ¢ is multiplication by ac in D~ ([[CG]]). By Corollary 3.10, we can
find a closed normal subgroup A of finite index in G so that we can assume
the following.

(i) The complex V* is a bounded above complex of abstractly free
finitely generated [k(G/A)]-modules, and X3, and Z3, are bounded above
complexes of abstractly free finitely generated [D(G/A)]-modules.

(if) The morphisms§ : k®p X, — V*and ¢ : k®p Z}, — V* are
given by quasi-isomorphisms in C~ ([k(G/A)]).

(iii) The morphism 74 : A ®p Z}, — AQp X} (resp. 75 :
B ®p Z3y, — B®p X}) is given by a quasi-isomorphism in C~ ([A(G/A)])
(resp. in C~([B(G/A)])) such that £(k ®4 74) = ¢ (resp. £(k ®p 75) = ()
in K~ ([k(G/A)]).

Since (3 is surjective, D — A is also surjective. By Remark 5.2, we can
add to Z3, an acyclic complex of abstractly free finitely generated [D(G/A)]-
modules to be able to assume that 74 is surjective on terms. By Lemma 14.4,
we can adjust Z3, so that 74 is an isomorphism in C~([A(G/A)]). These
adjustments preserve (i) through (iii). Since multiplication by «ac¢ is a
morphism in Cp ([C(G/A)]) which commutes with all morphisms with
suitable domains and codomains, it follows that oo = (C®474) 1 (C®RpTE)
is given by a quasi-isomorphism in C~([C(G/A)]) such that ¢ is
homotopic to multiplication by a¢. By Lemma 14.3, we can lift this
homotopy to one from B ®p Z}, to itself. Hence we can adjust 75 so as
to be able to assume that ¢ is exactly equal to multiplication by a¢ in
C~([C(G/A)]). Since S is surjective, we can lift a¢ to a unit scalar ap € B.
We replace 75 by a5'75. Thus we obtain diagram (5.2) (see next page) in
C—([D(G/A))), where Ta,c = C ®@ 74, TB,c = C ®@ 7p, and po = 72)107'370
is the identity on C' ®p Z3, in C~ ([C(G/A))).

Claim. — We have Z.D = (A Xp Z.D) Xcopze (B XRp Z'D) and X.D =
(A ®@p X}) Xcepxs (B ®p Xp) in C([D(G/A)]). The morphism
T+ Zy, — X3 defined by 7(za,2p) = (7a(za),78(2B)) is a quasi-
isomorphism in C~ ([D(G/A)]) such that £ (k®p7z) = (in K~ ([k(G/A)]).

Proof of claim. — We first show that

Zph =(A®p Zp) Xcepzs (B®p Z))
in C~(D(G/A)). Define the map v* : Z, — (A®p Zp) X ¢gpzi (B Zp)
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A®p Z3, / Bgop Z*
C®p 73
TA TA,C < ) TB,C B
(5.2) C®p X}
A®p X3, B®p X}

by 7(z") = (14 ® 2,15 ® 2%). Since Z% is an abstractly free finitely
generated [D(G/A)]-module, 4% is an isomorphism of [D(G/A)]-modules.
Furthermore, v = (%) respects the boundary maps of Z},, resp. of
(A®p Z}) Xcepzs (B ®@p Z3). Similarly, one shows that X3, is the
pullback (A®p X},) XcepXe, (B®pX}p). Since & (k®@aTa) = (=& (k®pBTB)
in K~ ([k(G/A))]), it also follows that £ (k ®p 7p) = ¢ in K~ ([k(G/A)]).

We now show that 7 is a quasi-isomorphism in C~([D(G/A)]). By
Remark 5.2, we can add a suitable acyclic complex of abstractly free
finitely generated [D(G/A)]-modules to Z3 to be able to assume that
T = (Ta,7B) : Z}, — X}, is surjective on terms. Note that this adjustment
preserves the isomorphism class of the quasi-lift (Z3), (). The complex K},
formed by the kernels of the terms of 7 is then a complex of abstractly
free finitely generated [D(G/A)]-modules, since the terms of Z3, and of X3,
have these properties. Furthermore, the complexes K% = A ®p K}, and
K3 = B ®p K3, are acyclic, because 74 and 7p are quasi-isomorphisms
which are surjective on terms. We see that K}, = K3 xge Kp. We can
form compatible splittings of K% and Kj in the following way. Choose
a splitting of K. This induces a splitting of K¢, which can be lifted
to one of K3 because 3 : B — C' is surjective. The resulting splittings
of K% and K} now give a splitting of K3,, proving that K3, is acyclic.
Hence 7 is a quasi-isomorphism in C~([D(G/A)]), which completes the
proof of Lemma 5.4. O

6. The tangent space.

In this section we will prove (H3) of Schlessinger’s criteria in
Proposition 6.4. This implies that the functor Fp is pro-representable
by [25, Thm. 2.11].
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Let k[e], where £2 = 0, denote the ring of dual numbers over k. Recall
that tp, = Fp(k[e]) is called the tangent space to Fp. By [25, Lemma 2.10],
trp is a vector space over k. We first determine the k-vector space structure
in case F'p = F.

LEMMA 6.1. — There is a k-vector space isomorphism
h:tp = F(k[E]) — HomD—([[kG”) (V.,T(V')) = EXt})*([[kG]])(Voﬂv.)
where, as before, T is the translation functor.

Proof. — By Proposition 2.12, we may assume that V'* is a bounded
above complex of topologically free pseudocompact [[kG]]-modules. Suppose
(M*, ¢) is a quasi-lift of V'* over k[e]. By Lemma 4.2, we can assume that M*
is a bounded above complex of topologically free pseudocompact [[k[e]G]]-
modules. We have a short exact sequence

0—eM* - M* "5 M*/eM* — 0
in C~([[k[¢]G]]). The mapping cone of ¢ is C(¢)* = T'(eM*) & M* with i-th

differential ,
i _ (% 0
(3 2)

We obtain a triangle in K~ ([[k[¢]G]])

(6.1) eM* 5 M L 0@) L T
where ¢'(b) = (0,b) and f*(a,b) = —a. We define two morphisms in
C™([[*[]G1)

0,7) : C()* =T(EM*)® M* — M*/eM",
YieM® — M*/eM*,
by (0,7)"(a,b) = «'(b) and ¥'(cx) = w'(x). The kernel of (0,7) is the
mapping cone of eM* == eM* which is acyclic; hence (0,7) is a quasi-
isomorphism. The morphism % is an isomorphism of complexes with inverse
¥~1 given by (1) (n'(z)) = ex. The mapping cone of f from (6.1) is
C(f)*=T*(M*)@T(M*) D T(cM*)

TOME 55 (2005), FASCICULE 777



1028 Frauke M. BLEHER & Ted CHINBURG

with ¢-th differential

§ik2 0 0
i ] i+1
Sos) = —L’:Z —56\} 50”1
- M

Then we have a quasi-isomorphism in C~ ([[k[e]G]])
(6.3) p: O — T(M")
given by p(a,b,c) = b — 1**1(c). We get a triangle in K~ ([[k[¢]G]])

C) T(eM*) —— C(f) T(C()*)

(6.4) l (0,7) H pl T(0,m) l

M?*JeM* T(eM®) T(M*) T(M*/eM*)

where the downward arrows are quasi-isomorphisms in C'~ ([[k[¢]G]]). Hence
the diagram

C)
(Ojry \c‘
6.5
(6 Me/eM* T(eM*)

defines a morphism f : M*/eM* — T(sM*) in D~ ([[k[e]G]]). Because of
(6.4), we obtain a triangle in D~ ([[k[£]G]]):

M*[eM* L T(eM*®) — T(M*) — T(M*/eM?*).

Using the isomorphism ¢ : M*/eM* — V* in D~ ([[kG]]), we obtain a
morphism
/i € Homp- (ke Ve, T(V?))

associated to f, namely fi = ¢' f ¢!, where ¢/ = T(¢)T(¢) and © is as
n (6.2). We get an association h defined by

(6.6) h: F(k[e]) — Homp- ey (VL TV®)),  (M*,¢) — fi.

Claim 1. — The association 7 is a well-defined injective set map.

Proof of Claim 1. — Let (N*,0) be another quasi-lift of V* over
kle] such that N°® is a bounded above complex of topologically free
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pseudocompact [[k[¢]G]]-modules. Let g be the morphism g : N*/eN* —
T(eN*) in D~ ([[k[c]G]]) which is defined analogously to f in (6.5).
If 7: M* — N°* is an isomorphism of quasi-lifts, i.e. 7 is an isomorphism
in D~ ([[k[e]G]]) with 6 (k ® T) = ¢, then it follows from the definition
of g that T( )f =G (k®7). A straight forward calculation now shows
that h(( ) = ﬁ((N’ #)), which means that % is well-defined. To
prove that % is injective, suppose that h((M*, $)) = fi = h((N*,6)). By the
triangle axiom (TR1) (see e.g. [17, p. 20-23]), there exists a complex M
in D~ ([[k[e]G]]) so that we have a triangle

ve Lo Ty — (M) — T(V?)

in D~ ([[k[e]G]]). We obtain the following diagram of triangles

o~

M*JeM* — T(eM®) —— T(M*) — T(M*/eM*)

e | 7
T(V* M

Ve V) — T(M*) —— T(V*)

SR Jr0

N*/eN* L0 T(eM*) —— T(N*) —— T(N*/eN*)

where ¢/ = T(¢)T(), 0 is defined analogously to ¢’, and the downward,
resp. upward, arrows are isomorphisms in D~ ([[k[e]G]]). By the triangle
axiom (TR3) and by [17, Prop. L1.1], there exists an isomorphism
¢+ T(M*) — T(M*) (resp. 6" : T(N*) — T(M*)) in D~ ([[k[]G]]),
so that (¢, ¢',¢") (resp. (6,0',0”)) is an isomorphism of triangles. Thus
we obtain a commutative diagram

"

T(M*) —— M) ——— T(N*)

l T(9) J 7(0) l

T(M*/eM*) —— T(V*) «—— T(N*/eN*)

which shows that (M*®,¢) and (N*,0) are isomorphic quasi-lifts of V*
over kle]. This proves Claim 1.

Since V* and M* were chosen to be bounded above complexes of
topologically free pseudocompact modules, ¢ can be represented by a quasi-
isomorphism in C'~ ([[k[e]G]]). Hence it also follows that ¢ = T'(¢)T' () is
represented by a quasi-isomorphism in C'~ ([[k[¢]G]]). Thus we can represent
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the morphism f; € Hom p— (e (V*, T(V*)) by the following diagram

C)
on 2 TN
fir M eMe T(eM*)
/ o & \
Ve T(V*)
where the arrows are all given by morphisms in C~([[k[¢]G]]). The
restrictions

kG 7 RGP
tl — ReSHk[S]]]CYV]] (fl) and t= ReSHk[E%]CTVH(f)

are morphisms in D~ ([[kG]]). They are represented by the following

diagram
(U / \f

M*/eM* ——L  T(eM*)

E ., AN

Ve T(V*)

where the morphisms (0,7), f, ¢ and ¢’ are all viewed as morphisms in
C~([[kG]]). Since t1¢ = ¢'t in K~ ([[kG]]), it follows that

i = ffiel  Res i (F1) = fi — Infyg k)

is represented by the diagram

#(0,m) cr o' (f—t(0,m))
(6.7) / \
ve T(V*)
Claim 2. — Suppose X* = kle] ® V* is the trivial lift over k[e]. Then
n kle]G Ty
Ji = It () = h(x)
in Homp- ((r(ejey (V*, T(V*)).

Proof of Claim 2. — Since M*/eM* is a bounded above complex
of topologically free pseudocompact [[kG]]-modules, and since (0,7) is
surjective on terms, there exists by Lemma 14.1 a quasi-isomorphism

s:M*/eM* — C(1)°
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in C™([[kG]]) with (0,7)s = idpse/epe in C7([[kG]]). Because e acts
as zero on M*/eM*, (0,m)s = idpse/cpse as a morphism C~([[k[e]G])).
Then t = fsin C~([[kG]]), and, since € acts as zero on domain and range,
te HomC’*([[k[s]G]]) (M'/EM', T(EM')).

The trivial lift X* is isomorphic in D~ ([[k[¢]G]]) to the complex
L* = M*/eM* @ eM* with e-action given by (x,y) = (0, (v»"1)!(z)) for all
(z,y) € L', where 1 is the isomorphism of complexes from (6.2). The
i-th differential is 0% (x,y) = (0%,(x), 85, (y)) where 8%, (7% (7)) = 7¢(6%,(F))
for all 7 € M*. From the e-action on L* it follows that eL* = eM* and
L*/eL* = M*/eM*. Hence the isomorphism L*/eL* — V* in D~ ([[kG]])
is given by ¢.

We now show that lAl((L‘, @) = fi — Inf {Zé]G] (t1), by following the

definition of A given prior to Claim 1. We use the subscript 0 to describe
the respective morphisms for (L*, ¢). Then

to:el*=eM* — M*/eM* ®eM* =L*
is given as 1} (z) = (0, ). The mapping cone C(t0)* is
Cl)* =TEL)YB L =T(eM*)® M*/eM* & eM*
with the usual differential, and
fo: Clw)* — T(eM*) =T(cL*)
is given as f¢(a,b,c) = —a. The quasi-isomorphism
(0,79) : C(eg)* — M*/eM* = L*/eL*

is given as (0, mo)*(a, b, c) = b. We now compare the two morphisms fg and
(f —t(0,7)) in D~ ([[k[e]G]])- They can be represented by the following two
diagrams (compare to (6.5))

for  Cloy (F =t(0,m)) : C()”
/(O’ﬂo) \c‘o /(0 ) \\}: t(0,m)
M?*/eM* T(eM*) M?*/eM* T(eM*)

where the morphisms representing the arrows all lie in C~([[£k[¢]G]]). Define
a morphism

u:Cw) =T(EM)e M [eM* ®eM* —T(M* )M =C()*
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in C~([[k[e]G]]) by ui(a,b,c) = (a,c) + s'(b). Then (0,7)u = (0,70) is a
quasi-isomorphism, and (f — (0, 7))u = fo. Hence by [17, p. 30], we obtain
( )-

fo= (f —/t(\O,ﬂ')) in D~ ([[k[e]G]]). This implies

E(( ¢)) (b f ¢_ (ZS (f—/taﬂ'))(ﬁ_ fl — Inf {Zé]G] (t1)

in D~ ([[k[e]G]]), where the last equality follows from (6.7). Since (L*, ¢) is
isomorphic to the trivial lift X* over k[e], this proves Claim 2.

By Claim 2,

T Tive [[k[e]G] kGl (&
Jr=h(X*) + Inf ™ Resyy Sy (f1)

in Homp- ((xje1ey (V*, T(V*)). Since the map h in (6.6) is injective, we
obtain an injective map

F(k[ED — IanZ[é%]G” HOIIlDf([[kGH) (V., T(V')),
(6.8) [
[

(M*,$) — Inf {Zé]G] Res kG] (fl)
Because the inflation map
[[k[e]G]] . . .
Infycy” « Homp- (e (V*, T(V*)) — Homp- e (V. T(V*))

is injective, the map (6.8) turns into an injective map

h i F(k[e]) — Homp- ey (V*, T(V?)),  (M*,¢) — Resl 7l (F1)-

Claim 3. — The map h is surjective.

Proof of Claim 3. — Suppose a € Homp—(qray)(V*,T(V*)). Since
we assumed, without loss of generality, that V* is a bounded above
complex of topologically free pseudocompact [[kG]]-modules, we can take
a : V* — T(V*) to be represented by a morphism in C~([[kG]]). We
define M3 = C(T7!(a))*, i.e.

69)  M,=V*®V* withith differential 5, = (‘;V 5? )
P

and give it an e-action by e(a,b) = (0,a) for all (a,b) € M:. It follows
that for all i, M! is a topologically free pseudocompact, and thus
abstractly free, kle]-module. Further, M2 /eM? = V*°. Thus, if M has
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finite pseudocompact k[e]-tor dimension, it follows that M2 defines a quasi-
lift (M2, dq) of V* over k[e]. Following the definition of h((Mg,d4)),
we then see that h((M2, ¢n)) is the morphism in D~ ([[kG]]) represented
by the following diagram

T(V)eVeaV:

(0,idy-, o)/ \(f idr(ys),0,0)

Ve T(V*)
where the arrows are morphisms in C'~ ([[kG]]). We now define a morphism
SV —TV)aV aV*
—a

in C~([[kG]]) by sq = <idv- ) Then (0,idys,0) sq = idye. Hence
0

h((Mc.w ¢04)) = h((Mo.m ¢a)) (07 idyre, O) Sa = (_ idT(V‘)u 0, O) Sa = Q.

It remains to show that M has finite pseudocompact k[e]-tor dimension.
Let N be an integer with H/(V*) = 0 for j < N. Since M2 = C(T~'(a))*
lies in the triangle

~1 T (a)
T—(V) —> V' — M, —V°,

we obtain a long exact cohomology sequence
o TN (VY) o B (V) — BO(ME) — HI(V) = oo

Hence H/(M2) = 0 for all j < N. To show that M: has finite
pseudocompact k[e]-tor dimension, it is enough to show that the quotient
MY /Y71 (MY 1) is topologically free over k[e], because then we can
truncate M to obtain a quasi-isomorphic bounded complex of topologically
free k[e]-modules. Since MY is abstractly free over kle], using Baer’s
Criterion, it is enough to show that 63,71 (M =1) is abstractly free over kle].
We have

BY(M3) = o3 (MY = {67 (a), ¥ M (a)+67 1 (b)) [a,b € VN,
and we have a short exact sequence

0— K — B¥(:) L BN(V*) -0, where
G a0 80 e ),
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To describe the kernel K, consider a € V=1 with §{) "' (a) = 0. Since V* is
exact in dimensions less than N, we have that a has the form a = 51y ~*(a’)
for some @’ € VVN=2. Since a : V* — T(V*) is in C~([[kG]]), we have

O[Nfl(a) _ aNflé“]/V—2(a/) _ 765_10/\[72((1’),
and

(6.11) K = {(0,aV " (a) + 67 (b)) | a,b € VN1 6] (a) = 0}
={(0,60 " (c)) [ c€e VN"1} = (0, BN(V*)).

The action of & sends (57 *(a),a™~(a) + 61y (b)) to (0,87 *(a)).
Suppose {d/} is a k-basis for BN(V*), ie. d; = &y *(a) for some
a; € VVN=1. We claim that then

(6.12) {60 (ar),a" " (ar))}

is a kle]-basis for BN(Mg). This follows, since the short exact
sequence (6.10) has a splitting over k, given by

(60 (ae), o™ M (ag)) < Y (ar),

0— K — BN(M2) <5 BN (V*) — 0,
n

(67 (@), V@) + 671 (B) = 5y ().
Further, by (6.11), {(0,ds)} = {(0,6 "*(ar))} is a k-basis for K. Since

5(5{,\771((1@), ozN_l(ag)) = (07 5571((1@)),

it follows that 63,1 (MN~1) = BN (M) is an abstractly free k[c]-module
on the basis given in (6.12). Therefore, the map h is surjective, which
proves Claim 3.

Claim 4. — The map h is k-linear.

Proof of Claim 4. — Let o, 8 € Homp— ey (V*,T(V*)). As in the
proof of Claim 3, we can take a and (8 to be represented by morphisms
in C~([[kG]]). Let Mg and Mj be defined analogously to (6.9), and
let A € k. Since Schlessinger’s criterion (H2) is valid by Lemma 5.4, it
follows from [25, Lemma 2.10] that ¢p has a vector space structure with
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scalar multiplication -; and addition +;. We first show that h preserves scalar
multiplication, i.e. A -, M3 = My, in D~ ([[k[e]G]]). The complex A -; M is
defined to be the tensor product k[e] @), ., Mg, where 1y is the 1V -algebra
homomorphism py : kle] — k[e] defined by py(z @ ey) =z B eAy. If A =0,
we have

01 Mg, = kle] ©rleyuo M, = kel @k (k Qpje) M) = kle] @5 V.
The latter is the trivial lift of V* over k[e], and this is isomorphic to M.

Let now A # 0. Then

, i
Ay Mg, =V*@®V* with i-th differential 63.,,, = (i‘; (5(3 )
1%

and with e-action given by e(a,b) = px(eA™1)(a,b) = (0, A\ ta). We define
ox: M3, — X+ M2 by oi(a,b) = (a,\7'b) for all a,b € V. Then o,
commutes with the differentials, since

S, 0N (B0 N a0

(o 5 )= (o agy) =" G o)
Hence o is a morphism in C~ ([[kG]]). Moreover, o4 (c(a,b)) = 0% (0,a) =
(0,A\"ta) = e(a,\"'b) = e0%(a,b). Since for all i, o} is continuous and
bijective, it follows that A -, M2 = M3, in C~([[k[e]G]]). Since oy obviously
identifies My, /e M3, =V* = -y M2 /e(A- M), it follows that h preserves
scalar multiplication.

We now show that h preserves addition, i.e. My +, Mg = M3, 5 in
D~ ([[k[¢]G])). If we denote M, +¢ Mj by M, then M is defined to be the
tensor product kle] ®xe)x,kfe),+ (Mo Xve Mj), where + is the surjective
k-algebra homomorphism

+ @ kle] xp kle] — kle], (P ey, x®ey2) — B e(yr + ya2).
If we denote M2 Xy-e Mé by Z*, then we have for all 4,
Z' ={(a1,b1,a1,b2) | a1,b1,bs € V'},
87 (a1,b1,a1,b2) = (3¢ (ar), @' (a1) + 0y (b1), 61 (a1), B (a1) + 83, (b2)), and
(z ®eyr,x D eya)(ar, by, ar,b2) = (zar,y1a1 + xby, xaq, yoa1 + xbs).
Since + is surjective, it follows that

MJ_ = kj[s} ®k[6]><kk[8],+ A= Z./Ker(+)Z..
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We have Ker(+) = {(ey, —ey)}, and
(ey, —ey)(a1,b1,a1,b2) = (0,ya1,0, —yay)
for all ay, b1, by € V. If we use the notation
(a1,b1,a1,by) = (ay, by, a1,by) + Ker(+) 2,
it follows for all ¢ that
M ={(a1,0,a1,b2) | a1,b2 € V'}

and

i, ((a1,0,a1,b2)) = (6 (a1), o' (ar), 84 (ar), B7(a1) + 8, (b2))
= (6{(a1),0,8¢ (a1), (@ + B%)(ar) + 3, (b2)).

We define 7 : M3 — Mg, 5 by 7((a1,0,a1,b2)) = (a1,by). Then 7 is
well-defined and commutes with the differentials, since

748}, ((a1,0,a1,52)))
— (8, (a1), 0,8 (ar), (@ + B)(ar) + 0 (b))

= (8¢ (a), (o' + B")(ar) + 8 (b))
= 5j\4a+5 (al, bg) = 55\/[0‘4#3 (Ti((al, 0, ai, bg)))

Hence 7 is a morphism in C~([[kG]]). Moreover,

Ti(E (a1,0,a1,b2)) = Ti((075)(a1,07a17b2)) = Ti((0,070,a1))
= (0,@1) = 5((11762) = ETi((al,O,al,bQ)).

Since for all 4, 7% is continuous and bijective, it follows that
Mg +e My = Mg
in C~([[k[¢]G]]). Since T obviously identifies
My g/e My, g =V* = (Mg + Mg)/e(My +¢ Mg),

it follows that h preserves addition. This proves Claim 4, and completes
the proof of Lemma 6.1. O
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Remark 6.2. — As seen in the proof of Lemma 6.1, an element
a € Bxtp- ey (V" V*) = Homp - eay) (V*, T(V?))

defines a quasi-lift, and hence a deformation, of V'* over k[e] as follows. By
Proposition 2.12, we may assume that V* is a bounded above complex of
topologically free pseudocompact [[kG]]-modules. Hence o : V* — T(V'*)
can be represented by a morphism in C~([[kG]]). We can define an e-
action on the mapping cone C(T1(a))* = V* @ V* by (a,b) = (0,a) for
all (a,b) € C(T71(a))’. Then the complex M* = C(T~!(a))* defines a
quasi-lift (M*, ¢) of V'* over k[e].

LemMA 6.3. — The composition of the natural map tpn — tp and
the isomorphism h from Lemma 6.1 induces an isomorphism between tpn
and the kernel of the natural map

(613) EthDf ([[kG]]) (V. 7V.) — EthDf (%) (V' ,V.)
given by forgetting the G-action.

Proof. — By Lemma 6.1, tpn is isomorphic to the subspace of
Ext}p_([[kcm(V',V') consisting of those elements which define proflat
deformations of V* over k[e]. Let (M*,¢) be a quasi-lift of V* over k[e].
Then (M*,¢) is a proflat quasi-lift if the cohomology groups of M* are
topologically free pseudocompact, and hence abstractly free, k[e]-modules.
In this case M* is isomorphic in D~ ([[ k[¢]]]) to a bounded complex with
trivial boundary maps whose term in dimension n is a free k[e]-module of
rank dimg H™(V*) for all integers n. Therefore, all proflat quasi-lifts M*®
of V* over kle] are isomorphic in D~ ([[k[e]]]), when we forget the G-
action. This means that the tangent space tpna is mapped to {0} under
the forgetful map (6.13). Suppose now that « € ExtlDf([[kG”)(V',V') is
mapped to the zero map under (6.13). Then by the proof of Lemma 6.1,
the quasi-lift M* of V* over k[e] corresponding to « is isomorphic to the
trivial lift X = k[e] @ V* in D~ ([[k[e]]]). Since V* is completely split
in D~([[k]]), it follows that the cohomology groups of X* are abstractly
free, and hence topologically free, over kle]. Thus M* defines a proflat
quasi-lift of V'* over k[e]. This completes the proof of Lemma 6.3. O

ProposiTiON 6.4. — Suppose G has finite pseudocompact coho-
mology. Then Schlessinger’s criterion (H3) is satisfied, i.e. the k-dimension
of the tangent space tp,, is finite.
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Proof. — By Lemmas 6.1 and 6.3, it is enough to find an upper bound
for the k-dimension of Ext}:),([[kGH)(V’, V*). By truncating and shifting,
we can assume that V'* has the form

V.: ...HOHV7R_>V77L+1_)...*)VOHO*)....

Claim. — Suppose n is a non-negative integer, and L{ (resp. L$) is
a complex of pseudocompact [[kG]]-modules whose terms are concentrated
between dimensions —n; and —nj + n (resp. between —ng and —ng + n),
for integers ny and ny. Then for all integers 7, Extjb_([[ka(L{,Lg) has
finite k-dimension, if all cohomology groups of L; and of L$ have finite k-
dimension.

Once we have proved this claim, Proposition 6.4 follows by setting

Ly=V*=Ljandj=1.

Proof of Claim. — We prove the claim by induction on n. If n = 0,
then L3 (resp. L3) is a module in dimension —n; (resp. —ns). Hence

Ext, pay) (L15 L3) = Extl o (T (HT™(L3)), T (H™"2(L3)))
— Extfp " (LT 13™)

which has finite k-dimension, since G has finite pseudocompact cohomology.
Suppose now that n > 0. For i = 1,2, define Z7"(L;) = Ker(d,""). Then
the diagram

T (H"(L3)) 1 0 —Z ™ (Lg) —— 0

|

L; -0 —>L;n1 Y i SN S LR SN 0

o | I

Ly 0 —L;™/Z7™(Ly) — L™ — oo S L7 0
induces a short exact sequence of complexes

(6.14) 0— T~™ (H™™ (L)) — L; — L} — 0.

The complex E; is quasi-isomorphic to the complex

Lty o= 0o LT[ (L) — L2

_)..._)L'i_ni—"_n_)o_)...
with terms concentrated between dimensions —n; + 1 and —n; + n. By [17,
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Prop. 1.6.1], we have long exact Ext sequences

i i
Ext/ (L3 ,, 7" (H™"2(L3))) Ext’ (T (H=™ (L3)),T"* (H™"2(L3)))

| |

- — Ext/ (L3, L3) — Ext’ (L}, L3) — Ext/(T™ (H ™1 (L})), L8) — - -
Ext’ (L3, L3,) Ext’(T™ (H™™ (L3)), L3 1)
l l

where Ext/ = Extjb,([[kGH) for all integers j. Since each complex involved
in the first and third row has non-zero terms only between n — 1 consecutive
dimensions, the claim follows by induction. Therefore, Proposition 6.4
is proved. O

COROLLARY 6.5. — Suppose G has finite pseudocompact cohomology.
Then Fp has a pro-representable hull. If Home([[kG]])(V',V') = k, then
F'p is pro-representable.

Proof. — This follows from [25, Thm. 2.11], using Propositions 5.1
and 6.4. 0O

7. Continuity.

In this section we finish the proof of Theorem 2.14, using a continuity
argument.

DEFINITION 7.1. — A functor D:C — Sets is said to be continuous, if
for all objects R in C with maximal ideal mp we have

D(R) = @D(R/m§).

(2

By [25, §2], the proof of Theorem 2.14 follows from Corollary 2.14 and
the next result.

ProrosiTioN 7.2. — The functor ﬁD:CAH Sets is continuous.
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Proof. — By Proposition 2.12 and Corollary 3.6 (i) we may assume,
without loss of generality, that there is a closed normal subgroup A of finite
index in G such that V* is a bounded above complex of abstractly free
finitely generated [k(G/A)]-modules. Let R be an object in C with maximal
ideal mp. We first show that the natural map
(7.1) I'p : Fp(R) — lim Fp(R/mi)
defined by

Co((M*, ) = {((R/mp) & M*, (R/mig) ©F 6)} ;-
is surjective.

Suppose we have a sequence { (M}, ¢;) 2, with (M}, ¢;) in Fp (R/mk)
= Fp(R/m%,) for all i such that there is an isomorphism

a; (R/m%)@é/ iﬂj\/‘/'izr1 — M;
in D*([[(R/mj}%)G]]) with ¢; (k®R/m ;) = ¢iyr1. We need to construct an
element (M*, ¢) € Fp(R) such that, for all i, there is an isomorphism
B+ (Rf/mp)@FM* — M;
in D™ ([[(R/m%)G]]) with
ai((R/mlﬁ)@)]Lpb/mgl Bit1) =B and ¢i(k®fg/m%ﬁi) = ¢.
We construct M* inductively.

By Corollary 3.11 (i), there exists for each ¢ a closed normal subgroup
A; of finite index in G with A; € A having the following properties:
We can replace M;? by a bounded above complex N; of abstractly free
finitely generated [(R/m%)(G/A;)]-modules, and we can replace ¢; by a

quasi-isomorphism

G/A

Ui k@R/m%Ni’ — InfG/Ai Ve

in C~([k(G/A;)]). Suppose 7; : Infg/A N; — M} an isomorphism in
D= ([[(R/m})GI])
(72) (R/mR)® R/m ?»1 InfG/Ai+1 Ni'-i—l

(R/mig)® it
-

associated to these replacements. Then the diagram

(R/mR) R/m l+1Mi.+1

Jo

M?

-1
|

Inf G/A; N.
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defines an isomorphism
& : (R/m%)®,, w1 InfS Nt ., — Inf&,, N?
Qg mR R/m’}jl n G/Ai+1 1+1 n G/AL 7

in D™ ([[(R/m%)G]]) such that Infg 4, () (k@ g ymi Qi) = Inf)a,,, (Vit1).
By Corollary 3.11 (ii), we can shrink A;;; to be able to assume that «; is
represented by a quasi-isomorphism

(R/mR)®R/ i1 Ny — InfG/A‘+1 N;?

in C~([(R/m}%)(G/Ai+1)]). By Remark 5.2, we can add to N7, a
suitable acyclic bounded above complex of abstractly free finitely generated
[(R/m'F")(G/Ai11)]-modules to be able to assume that @; is surjective

on terms. Continuing this process inductively, we obtain an inverse system

{(Infg/A InfG/A (1/}1))}1 1’

where (Infg/Ai N;, Infg G, Vi) € Fp(R/m%,). Further, N7 is a complex of
abstractly free ﬁnltely generated [(R/mb%)(G/A;)]-modules such that in
the diagram
Nz.+1
(7.3) l N
i\ . i G/A; .
(R/mR)®R/m§;r1Ni+1 = InfngiH N;

all arrows are morphisms in C~((R/m'3")(G/A;41)) which are surjective
on terms. We now set M: = lim, Infg/Ai N; and ¢ = lim, Infg/Ai ().
We claim that (M*, ¢) € Fp(R).

We first show that the terms of M* are topologically free pseu-
docompact R-modules. This follows, since the terms of Inf& /a, N7 are
abstractly free finitely generated (R/m%)-modules for all i. Hence the j-
th term of Infg/Ai N; has the form Infg/Ai N/ = [(R/m%y)X]] for some
finite space Xij endowed with the discrete topology, using the notation of
Remark 2.3. Since Infg/A NZ'Jrl surjects onto Infg/A N/ by (7.3), the

finite space X7 +1 surjects onto the finite space X7. Hence {X7}; forms an
inverse system, and we define X7 = (hgll Xi . By Remark 2.3,

M? = limInfG o, N = lim [(R/m})X]] = [RX7]

i
is a topologically free pseudocompact R-module on X7.
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We now show that M* has finite pseudocompact R-tor dimension.
Suppose S is an arbitrary pseudocompact R-module. By assumption, M,
and thus N;, has finite pseudocompact (R/m’%)-tor dimension for all i.
By Lemma 3.1 and Lemma 3.8, it follows that there exists an integer n so
that for all ¢

HY ((S/mpS)& i, N7) =0 forall j <n.

For all N7, we have for all j short exact sequences of coboundaries and
cocycles
0— Bj(Nz'.) - Zj(Ni.) - Hj(Ni.) —0

where B/ (N?) = BJ (Inf§ Gra NP, Zi(N?) = ZI (Inf§ a/a, N: )and HY(N?) =
HY (Infg/Ai N;?) as pseudocompact R-modules. By Remark 2.2 (i),

0 — lim B/(N;) — lim Z7(N;) — limH/(N}) — 0
stays exact, and

lim B(N;) = B/(lim N;) and lim Z/(N}) = Z7(lim N}).

Since the j-th differential of M* is 5%4 = lim, InfG/A (5N , it follows that

(7.4) HY(M*) = B (lim N}) = I F(NV;)

as pseudocompact R-modules. Similarly we get for all j < n,
H/(S®pr M*) = H (H;n((S/m%S)@R/m%N{))
= L B ((S/mip )8 /s, N7) = 0,

which implies that M* has finite pseudocompact R-tor dimension.

In case Fp = F'! we have for all j and for all i that H/ (N#) = H7 (M)
is an abstractly free (R/m%)-module of rank d; = dimyH/(V*) by
Lemma 2.11. As in (2.1), we obtain inductively that the terms of N?
split completely as

N =80T e Y] e 0l

where 6% 1(C’j ') = Tmage(6), 1) and &% 1(Cj HYev = Ker(é{vi) as
(R/m’,)- modules. We get a commutative dlagram

ANNALES DE I’INSTITUT FOURIER

DEFORMATIONS AND DERIVED CATEGORIES 1043

8t
N -..._>NJ—1LNJ’ .
i+l it+1 it+1
j—1
l‘r"“ si—1 lT’“
—1 T
Ny : oo — N/ N —

where 7;11 is the morphism given by the composition of the two morphisms
n (7.3). Hence 7}, is a surjective (R/mf;)-module homomorphism for all 5.
Using that N7, ; and N; are bounded above complexes, it follows inductively
that Tl_‘_l(Yf_'i_l) =Y/ for all j. Since Y/ = H/(N}) is an abstractly free
(R/m%;)-module of rank d;, there exists a finite space Z; of order d; such
that HY(N7) = [(R/m’)Z?], using the notation of Remark 2. 3. Because
TZ-jJrl maps H7 (N}, ) surjectively onto H7 (N ), the finite space Z, ; surjects
onto the finite space Zij . Since these two finite spaces both have order d;,
this surjection is in fact a bijection. Hence {Zf }; forms an inverse system,
and Z7 = lim, Zij is a finite space of order d;. By equation (7.4), it follows
that HY(M*) = [RZ7] is an abstractly free R-module of rank d;.

Using the natural isomorphisms
B+ (R/mip)®rM® = (R/mp)®r limInf§ A, Ny — Infg A, N;
in C~([[RG])), it follows that Infg A, (d)((R/mi)®y Jmit Bit1) = Bi,
where @; is as defined in (7.2), and InfG/A (wi)(k@@R/mi 3:) = ¢. Hence, if
B; = i3, we have ai((R/mR)®é/m1+1ﬁz+l) Bi and ¢z(7€®R/m Bi) = ¢
It follows that (M*,¢) € Fp(R), and the map I'p in (7.1) is surjective.
We now show that I'p is injective. Since Ff is a subfunctor of F by
Proposition 2.12, it is enough to show that I'p is injective in case Fp = F.
We abbreviate T'p by T in this case. Let {(M;, $:)}32, € lim, F(R/mf),
and let, for all 4, o : (R/m%)A]‘,L{/miﬂMiq_1 — M be an isomorphism in
R — ~
D= ([[(R/m)G1)) with ¢;(k&F, . ai) = is1. Suppose (M, ), (M*, ¢)
in F(R) are such that I'((M*,¢)) = F((],\Z‘,a)), i.e. for all i, there are
isomorphisms &; (resp. &) in D~ ([[(R/m%)G]))

(R/m'y) &k M* (R/m'y) &k M*

& i
M?

with ai((R/m%)‘g’é/mglng) = & and gbz(k:@]g/m &) = ¢ (respectively

Qi (R/mig)Bh, ci€ivn) = & and 6,(kEY . &) = §). By Lemma 4.2
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we can assume that the terms of M* and M* are topologically frge
pseudocompact [[RG]]-modules. By Lemma 14.1, it follows that &; (resp. &;)
is an isomorphism in K~ ([[(R/m%)G]]) for all i, and thus

(7.5) fi= &7« (R/miy) @g M* — (R/mYy) &r M*

is represented by a quasi-isomorphism f; in C~([[(R/m%)G]]) for all i. By
Remark 5.2, we can add to M* a suitable acyclic bounded above complex
of topologically free pseudocompact [[RG]]-modules to be able to assume
that all f; are surjective on terms. Define h; = f;. By induction, assume
that we have constructed a quasi-isomorphism

hi : (R/mig) 8 M* — (R/m) & M*

in C~([[(R/m%)G]]) which is surjective on terms such that h; is
homotopic to f; and such that (R/mR)®R/m7 hi = h; for all j < 4.
Let now h;11 = fiy1. Then (R/mR)®R/m7+1hl+1ls homotoplc to f;, and
thus to h;. By Lemma 14.3, we can lift the homotopy so as to be able to
assume that (R/m%)@R/mglhiH = h; in C([[(R/m%)G]]). Since h; is
surjective on terms and since for all n (R/m”l) ®pr M™ is a topologically
free pseudocompact, and thus abstractly free, (R/ m”l) module, it follows
that h;q is also surjective on terms. Hence we obtain a sequence of quasi-
isomorphisms h; : (R/mb) ®r M* — (R/mY) ®r M*in C~ ([[(R/m%)G)
which are surjective on terms such that (R/mR)®R/ itthipr = hy
in C~([[(R/m%)G])). It follows that
limh; : M* = lim((R/m}y) ®r M*) — lim((R/mp)®r M*) = M*

is an isomorphism in K~ ([[RG]]) with ¢ lim; h; = ¢. This completes the
proof of Proposition 7.2. O

8. Compatibility with finite extensions of scalars.

In this section we will assume the hypotheses of Theorem 2.14. Let &’
be a finite field extension of k, let W’ be a complete local commutative
Noetherian ring with residue field k" which is faithfully flat over W, and
define V'* = K'®EV*. Then V'* is an object in D~([[k'G]]) to which
Theorem 2.14 applies when k is replaced by k’. Let c’ (resp. C’) be defined
the same way as the category C (resp. C) when k is replaced by &/, and W is
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replaced by W'. Define the deformation functors Z3 5 (resp. Fp) analogously
to the functors Fip (resp. Fp) when V* is replaced by V'*, k is replaced by
k' and C (resp. C) is replaced by C' (resp. C'). We thus have versal (proflat)
deformation rings Rp(G,V*) and Rp(G, V'), which are algebras over W
and W', respectively. Let Up (G, V*) be a versal (proflat) deformation of V.

Tueorem 8.1. — The complex W'®E,Up(G,V*) is a versal (pro-
flat) deformation of V’*, and there is an isomorphism of W'-algebras
W'@wRp(G,V*) — Rp(G,V").

Define X : C' — C to be the functor which sends an object B € Ob(C’)
to the subring X (B) of B of all elements whose reduction modulo the
maximal ideal mp lie in k. Define X on morphisms by restriction. (Note
that in defining )? we have used the fact that &’ is a finite extension of k.
If £ is a field extension of k, the subring k + fe of the dual numbers le ]
over ¢ is Noetherian if and only if £ is a finite extension of k.) Let Y:C—C
be the functor which sends an object A to W/®w A, and which sends a
morphism 7 : A — Ay to W Qw 7. We define X and Y to be the restrictions
of X and Y to the subcategories C’ and C of Artinian objects in C' and CA,
respectively.

LeMMA 8.2. — The functor X is right adjoint to 17, and X is right
adjoint to Y.

Proof. — We prove only the first statement, as the second is similar.
For each pair of objects A € Ob(C) and B € Ob(C’), we define a set map

(8.1) pia,p : Homg (Y (A), B) — Hom(A, X (B))

by sending f € HomCA,()Af(A) B) to the morphism h € Homj;(4, X(B))
defined by h(a) = f(1®a) for a € A. This is injective since the image of
the map A — Y (A) defined by a — 1®a generates a dense W'-subalgebra
of )A/'(A) It is surjective, since, given h € HomE(A, )?(B)), there is a unique
f € Homg, (Y (A), B) such that f(w®a) = wh(a) for w € W’ and a € A.
The leeCthHS A, are natural with respect to morphisms A — Ay in C
(resp. B — By in C’) So X is right adjoint to Y. a

Recall that Fp (resp. Fp) is the restriction of the deformation
functor Fp (resp. F ) to the subcategory C (resp. C') of Artinian objects.

LeEMMA 8.3. — The deformation functor Fy,: C' — Sets is isomorphic
to the composite functor Fp o X.
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Proof. — We first consider the case Fp = F and Fj, = F', ie.
D is empty. We define a natural transformation v : F o X — F’ in the
following way. Suppose B is an object in C’, and that [(M*, ¢)] is an element
of F(X(B)), so that [(M*, ¢)] is the isomorphism class of a quasi-lift (M*, ¢)
of V* over X(B). Define v([(M*,¢)]) to be the isomorphism class of the
quasi-lift (M’*,¢’) of V'* = k’@ﬁV' defined by M'* = B@)f( M* and

¢ = k’@ﬁ(ﬁ. One defines v on morphisms in the obvious way.

(B)

We must now define a natural transformation ¢ : F/ — F o X such
that v o ¢ and ¢ o v are isomorphic to the identity functor. For this we
suppose [(L*, )] is an element of F'(B), where (L*, 1)) is a quasi-lift of V'*
over B. By Corollary 3.6 (i), there exists a closed normal subgroup A of
finite index in G so that we can assume the following. The complex L*
(resp. V'*) is a bounded above complex of abstractly free finitely generated
[B(G/A)]-modules (resp. [k(G/A)]-modules), and

(8.2) Yk QEL = k'@pL — V" = K'QFV* = K@ V*

is given by an isomorphism in D~ ([[k'G]]). By Lemma 3.4, we can
assume that ¢ is inflated from an isomorphism in D~ ([k'(G/Aq)]) for
a closed normal subgroup A; of finite index in G with A; C A. We
now find a bounded above complex L§ (resp. V;*) of abstractly free
finitely generated [B(G/Aq)]-modules (resp. [k(G/A1)]-modules), together
with a quasi-isomorphism L§ — Infgéil(L') in C~([B(G/A1)]) (resp.
Ve — Infgfil (V*)in C~([k(G/A1)]). Using 1, we obtain an isomorphism
Y1 k' ®p L —s k' @ | %y

in D™ ([k'(G/A1)]). We now replace A by Ay, L* by L3, V* by V¢, and
¥ by t1. Then k¥’ ®p L* and k¥’ ®; V* are bounded above complexes of
abstractly free finitely generated [k'(G/A)]-modules. So ¢ in (8.2) can
be taken to be a quasi-isomorphism in C~([k'(G/A)]). By Remark 5.2,
we can add to L* an acyclic complex of abstractly free finitely generated
[B(G/A)]-modules so as to be able to assume that 1 is surjective on terms.
By Lemma 14.4, there exists a bounded above complex L§ of abstractly free
finitely generated [B(G/A)]-modules and a quasi-isomorphism 7 : L* — Lg
in C~([B(G/A)]) so that there is an isomorphism 7 : ¥’ ® g L§ — k' @ V'*
in C~([K'(G/A)]) with mo (K’ ®pT) = 1. We replace L* by L§ and ¢ by 7 so
as to be able to assume that ¢ in (8.2) is an isomorphism in C~ ([k'(G/A)]).

Define M* to be the complex of abelian groups formed by the
subcomplex of L* which maps to 1 ®; V* under the composition of the
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natural map L* — k' ® g L* with 1. Since V* is a complex of abstractly
free finitely generated [k(G/A)]-modules, we see that M* is a complex of
abstractly free finitely generated [X (B)(G/A)]-modules. Furthermore, the
map b ® m — bm gives an isomorphism of complexes B @ x gy M* — L*,
and v induces an isomorphism of complexes

¢:k®X(B)M'—>1®kV°=V..

One checks, using Lemma 3.4, Corollary 3.6, and Lemmas 14.1 and 14.4,
that the deformation [(M*,¢)] € F(X(B)) defined by (M*,¢) depends
only on the deformation [(L*, )] € F'(B) defined by (L*, ). Moreover, the
construction of [(M*, ¢)] is compatible with tensoring with morphisms in C’.
By defining (([(L*,%)]) = [(M*, ¢)], we arrive at a natural transformation
¢ : F' — FoX of functors. The compositions  ov and v o  are isomorphic
to the identity functor, so F’ and F o X are isomorphic.

To show F'f! and Ff' o X are isomorphic, note that since W' is
faithfully flat over W, v sends proflat deformations to proflat deformations.
Concerning ¢, if [(L*, )] defines a proflat deformation, then L* splits as a
complex of B-modules. Such a splitting gives a splitting of M* as a complex
of X (B)-modules, so [(M*, ¢)] is a proflat deformation. Hence v and ¢ give
rise to an isomorphism between F'f! and Fflo X. O

Proof of Theorem 8.1. — We prove the statements in the Theorem
when D is empty, i.e. concerning R(G,V’*), since the arguments for
RY(G, V') are similar. Because the functor F’ is continuous with versal
deformation ring R(G, V'*), it will suffice to show that R = W/ Qw R(G,V*)
is a pro-representable hull for the functor F’. Let hr : C' — Sets
be the covariant representation functor associated to R. We have a
morphism of functors = : hg — F’ which for B € Ob(C’) sends
v € hr(B) = Homg, (R, B) to the deformation in F'(B) associated to

B@éﬁ(R(@f%(Gy.)U(G, V*)). We must show 7 is smooth and that
(83) Tk'[e] * hR(k/[E]) — Fl(k/[ED

is bijective when £'[¢] is the ring of dual numbers over %'

To show smoothness, suppose B — C' is a surjective morphism in C’.
We need to show that the map

(8.4) hr(B) — hr(C) xp(c) F'(B)
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induced by 7 : hg — F’ is surjective. By Lemmas 8.2 and 8.3, we can
identify (8.4) with the map

(8.5) hr,ve) (X(B)) — hR(G,v-)(X(C)) XF(X(C)) F(X(B))

associated to the covariant representation functor hr(g,v+) : C — Sets and
the surjection X (B) — X (C) in C. Since R(G, V'*) is the versal deformation
ring of V'*, (8.5) is surjective, so (8.4) is surjective.

We can by the same argument identify (8.3) with the map

(8.6) hr,ve) (X (K[e]) — F(X(K'[e]))

which is surjective, since (8.5) is surjective when B = k'[¢] and C = k.
Since k' is a finite extension of k, X (k'[¢]) = k + k’e is the inverse limit
of a set of residue homomorphisms r; = r : kle] — k, j = 1,...,t, where
t = dimy, Homg (¥, k),

kle]
el E K
K] 7

indexed by a k-basis for Homy(k', k). Because F satisfies Schlessinger’s
criterion (H2) (see Lemmas 5.3 and 5.4), we can apply (H2) repeatedly
to obtain that F commutes with the finite inverse limit representing
X (K'[e]) = k + K'e. This reduces the proof of showing that (8.6) is injective
to showing that

hr(ave) (kle]) — F(k[¢])

is injective. Because R(G,V*) is the versal deformation ring of V*, this
completes the proof of Theorem 8.1.

9. One-term and two-term complexes.

In this section, we consider the case when V'* has one or two non-zero
cohomology groups.

ProrosiTiON 9.1. — Suppose G has finite pseudocompact coho-
mology, and that V* has exactly one non-zero cohomology group C,
which has finite k-dimension. Then R(G,V*®) coincides with the ver-
sal deformation ring R(G,C) considered by Mazur [19]; in parti-
cular, R(G,V*) = RY(G,V*). The groups Homp- (g (V*,V*) and
Homyqy (C,C) = Homy(C,C) are isomorphic.
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Proof. — It will suffice to show that the functor £ : ¢ — Sets defined
by the isomorphism classes of quasi-lifts of V* coincides with Mazur’s
functor Fe defined by isomorphism classes of lifts of C [19]. Because F
and Fo are continuous (see Proposition 7.2 and [20, §20 Prop. 1]), it will
suffice to show that the restrictions F' and Fo of these functors to C are
isomorphic. Without loss of generality we can assume C = H(V*).

If R is an Artinian object in Ob(C), then every quasi-lift M* of V*
over R has non-zero cohomology only in dimension 0 by Lemma 3.1.
Hence M* is, as a quasi-lift, isomorphic to M’* where M’® = HO(M*) and
M'" = 0 otherwise. Since, by Lemma 3.8, M* has finite pseudocompact
R-tor dimension at 0, it follows by Remark 2.6 that M’ % has projective
dimension 0 as abstract R-module. Hence M’° is an abstractly free R-
module because R is local Artinian. Therefore k @ g M Vs isomorphic to
C = HO(V*) since k ®% M* is isomorphic to V* in the derived category.
We have now shown that M’° is a lift of C' over R, and the isomorphism
class of M'° as a lift of C' over R determines the isomorphism class of M*®
in D~ ([[RG]]). Conversely, suppose L is a lift of C' over R. By Mazur’s
definition of lifts [19], this means that L is an abstractly free R-module of
rank equal to dimy, C. Since R is Artinian, this implies that L is a discrete
[[RG]]-module of finite length, hence a pseudocompact [[RG]]-module. Thus
the complex L* with L° = L and L' = 0 for i # 0 is a quasi-lift of V*
over R. This shows F' and F¢ are isomorphic functors. O

We now consider V'* having two non-zero cohomology groups. Without
loss of generality, we can suppose these groups are Uy = H°(V*) and
U_, = H™(V*) for some n > 0. If M is a pseudocompact [[kG]]-module,
we will also regard M as a complex concentrated in dimension 0. By [17,
Cor. 1.6.5], Hom p— (e (M, T7 (M')) = Extf[kG”(M, M) for all integers j,
and this group is 0 if j < 0. We first want to find necessary and sufficient
conditions for V* to satisfy Homp-(ay(V*,V*) = k. We need the
following definition.

~

DerINTTION 9.2. — Suppose R € Ob(C), and let S: M* — N°* be a
morphism in D~ ([[RG]]). Then 3 can be represented by a pair of morphisms
in C~([[RG]]) of the form

7
7 N
M* N*
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where 1 is a quasi-isomorphism. We get a triangle in K~ ([[RG]])

Z0 PN C(By) —— T(27)

b | Jrin

M* N* L T(M*)

where the downward arrows are quasi-isomorphisms in C~([[RG]]). Thus
we get a triangle

M LN O(By) — T(M*)

in D~ ([[RG]]). Since the isomorphism class of C(2)* in D~ ([[RG]]) only
depends on (3 by [17, Prop. 1.1.1], but not on the choice of 35, we call C'(52)*
the mapping cone of 3 and denote it by C(3)°.

ProprosITION 9.3. — Suppose V* has exactly two non-zero cohomology
groups Uy = H°(V*) and U_,, = H="(V'*), for some n > 0, both of finite
k-dimension. Then Homp- ay(V*,V*) = k if and only if all of the
following conditions hold:

(l) EXt%*([[kGH)(UO’U—n) =0.

(ii) V'* defines a nontrivial element
£ € Homp- (kG (UO ™ +1(U_ )) EXtD e (Uo,U_ )
so that V* 2 T=1(C(B)*) in D~ ([[kG])).

(iii) The composition with  induces injective maps

Homp - ((xay)) (Uo,Uo) 2 Homp,- qwan (Uo, T (U_n)),
Hom - e (T (U-n), T (U-))
—>H0mD (kG (Uo A +1(U n))

. n+1
(iv) In Exth™ ke (Uo,U_p),

kB = [ o Homp- ey (Uo,Uo)]
N [Homp- ey (T (U=n), T (U-0)) © B].
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Proof. — Without loss of generality, we can assume that
V‘:...;}O*)Vin‘)‘/in+lH...Hvili)vog)o*)...

Asin (6.14), we have a short exact sequence of complexes

0T U_,) -5V =5V =0

which, by [17, proof of Prop. 1.6.1], defines a triangle

TU )~ Ve e Lt ),
Since there is a quasi-isomorphism q : Ve Up, we obtain a triangle
(9.1) TU_,) —= V* 7 Uy 2o 77U,
and V'* is isomorphic to 771 (C(8)*) in D~ ([[kG]]). We obtain the following

diagram with exact rows and columns, using long exact Hom sequences
associated to the triangle (9.1):

0 0 © Hom (7" (U_y),V*) 0 L Hom (T (U_y,), T (U_y))
| | | |s |os
0 —— Hom(Up, T (U—)) ——— Hom(Up, V*) —— Hom(Uo, Up) ——— Hom(Uo, T"™*+'(U~))
l lo« lw lw lw
© Hom(V*,V*) . Hom(V*,Uop) L Hom(V*, Tt (U_,))

(92) 0 —— Hom(V*,T™(U-4))

0 — Hom(T™(U—), T™(U-n)) -2 Hom(T™(U_p),V*) =% Hom(T™(U_,), Uo) —sHom(T"(U,n) T (U_y))

J l T (8) l 771 (B) lo LB) lo 1(8)

Bo
e S Hom(T~(Un), T (U—)) —- Hom (T~ (Uo), V*) —— Hom(T~(Up), Un) —— Hom(T~1(Up), T (U—_pn))

where Hom = Homp-(xg)). Since the terms of V* are concentrated
between dimensions —n and 0, it follows that Hom(7"*1(U_,,),V*) = 0.
Since —n < 0, we have

Hom(T™(U-n), Uo) = Ext/jc(U-n, Up) = 0.
Hence we have isomorphisms in D~ ([[kG]])

0 Hom(Uy, Up) - Hom(V*, Up),
9.3
Hom (T™(U_,), T™(U—y)) == Hom (T™(U_,),V*).
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Suppose first that Hom(V*,V*) = k. It follows from the triangle (9.1)
that [ is nontrivial, which is condition (ii) of Proposition 9.3. The triangle
(9.1) also shows that if 7 (resp. ¢) are zero in D~ ([[kG]]), then T™(U_,,) =
T=YUp) ® V* (resp. Up 2 V* & T"(U_,)) in D~ ([[kG]]). Since this is
impossible, it follows that the maps Hom(V*,V*) =% Hom(V*,Up) and
Hom(V*,V*) =% Hom(T™(U_,),V*) are injective. Hence diagram (9.2)
implies

Hom (V*, T"(U_,,)) = 0 = Hom(Up, V'*).

This is the case if and only if conditions (i) and (iii) of Proposition 9.3 hold.
The kernel of the homomorphism

Hom(V'*, Up) —= Hom (V*, T"(U_,))

is equal to km, and is by the first isomorphism in (9.3) isomorphic to the
kernel of the composite homomorphism

Hom(Up, Up) — Hom(V*, T (U_,))

where v is the composition of Jo and ox. In particular, Ker(y) contains
the scalar multiplications in Hom(Uy, Up). Because Hom(Uo,Ug)ﬂg
Hom(Up, T"1(U_,,)) is injective, the kernel of v is isomorphic to the
k-subspace

[5 o Hom(Uy, UO)] n [Hom(T"“(U,n), T U_,)) o b’]
inside Hom(Uy, T""(U_-,)). This k-vector space contains the one-
dimensional k-space k3, which implies condition (iv) of Proposition 9.3.

Suppose now that conditions (i), (ii), (iii) and (iv) hold. We need
to show that Hom(V*,V*) = k. The injectivity of the first morphism in
condition (iii) implies that the image of Hom(Uy,V*) under mo is zero.
Hence diagram (9.2) implies that the kernel of 7o is Hom(Uy, V'*), and thus

Hom (Up, T"(U-,)) — Hom(Up, V*)
is an isomorphism. Since Hom(Uy,T"(U-,)) = Ext"(Up,U-,) = 0
by condition (i), it follows that Hom(Uy,V*) = 0. Similarly, using

the injectivity of the second morphism in condition (iii), one obtains
Hom(V*,T"(U_,)) = 0. Hence the two morphisms

Hom(V*,V*) % Hom(V*, Up), Hom(Uy, Up) —2= Hom (Uy, T (U_,))
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are injective. Let
U = [B o Hom(Up, Up)] N [Hom(T™**H(U_,,), T" " (U-,)) o 8],

and let ¢ be the inverse of the first isomorphism in (9.3). Then we have a
diagram with exact rows and columns

0 0

I I

To Bo
0 — Hom(V*,V*) —— Hom(V*,Uy) —— B o Hom(V*,Uy) — 0O

S

0 ——— Hom(Uy,Uy) — BoHom(V*,Uy) — 0

1 1

0 U

0
and Hom(V*,V'*) is isomorphic to U, which is k3 by condition (iv). Hence
Hom(V*,V*) = k. O
CoroLLARY 9.4. — In the situation of Proposition 9.3, if the

endomorphism rings of Uy and U_, are both given by scalars, then
Homp - ((xap)(V*,V*) = k if and only if

(l) EXtﬁkG]](U(thn) = O7 and

(ii) Ve 2 T-1(C(B)*) in D~ ([[kG]]) for a nontrivial element (3 in
Extﬁ,:'é”(Uo,U,n), where C(3)* is as in Definition 9.2.

Example 9.5. — Suppose p > 2, k is an algebraically closed field of
characteristic p, and let G = (Z/p*Z) x (Z/2Z) be a dihedral group of
order 2p?. Then [kG] is its principal block, which is a block with cyclic
defect groups isomorphic to Z/p?Z. Hence the corresponding Brauer tree B
has two edges and multiplicity m = 1 (p? — 1) (for background on Brauer

2
trees we refer to [1]):

where S7 and S are the two one-dimensional non-isomorphic [kG]-modules.
The multiplicity m = %(102 — 1) is greater than 3. We define Uy = S5 to be
simple, and U_; to be uniserial with radical series (S2, 51, S2,S1). Then the
stable endomorphism rings are Endj,q)(Up) = k and Endpe(U-1) = k2.
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We claim

(9.4) Extfy(Uo, U-1) = Homyg) (Us), U-1) =0

where Q denotes the Heller operator (see e.g. [1]). This follows, since

Q(Up) is uniserial with descending radical series (Sy,55)2® =1 So
Homyq (Q(Uo), U-1) = k? is generated by the compositions

Sy
fi:QU) =5 8 =5 Uy and  fo: QU) /= | Sy | 25U,
Sy

where 7; are natural surjections and ¢; are natural injections. Both f; and
f2 factor through the projective cover P of Sy, which proves (9.4). We have

Extfy. oy (Uo, U-1) = Homp, o (9%(Up), U—1) = Homy(S1,U—1) = k.

Hence conditions (i), (ii), (iii) and (iv) of Proposition 9.3 are satisfied for

S
Sa
Ve: oo 0— | oS L(§2)_>0_>...
S, !
Si

where § is a non-zero homomorphism which factors through Sj.

Note that since the stable endomorphism ring of U_1 is not k, it is not
clear whether U_; has a universal deformation ring. On the other hand, by
Theorem 2.14, V* has a universal deformation ring.

We now give a description of the tangent space of the proflat
deformation functor Ff! using Remark 2.17 (i).

ProposITION 9.6. — Suppose V* has exactly two non-zero cohomology
groups Uy = HY(V*) and U_,, = H="(V*) for some n > 0 so that we have

a triangle

(9.5) TMU_,) = Ve " Uy L 77+ (U_).

(i) If n > 2, then tpn = tp.
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(ii) Ifn =1, then tpn is the subspace of tp = Extbf([[kc]])(V‘,V')
= Homp- ey (V*,T(V*)) consisting of those elements f € tr with
T(m)o four=0in Homp- ey (T(U-1),T(Vp)).

(iii) Supposen = 1 and Extﬁkcn(Uo,U_l) =0= ExtﬁkG”(Ug,U_l).
Then tpa = tp if and only if 3 from (9.5) defines a map

o1 (g)
Extp - ey (T(U-1).0o)

Extp- ey (T (Vo). Uo)
which is injective when restricted to the kernel of the map

T(B)e
-

Extp- (way (T(U-1),Uo) Extp- (ray) (T(U-1),T*(U-1)).-

This is the case if and only if

T(8)o
Extp- ey (T(U-1),0o)

Extp- ey (T(U-1),T*(U-1))
is injective when restricted to the kernel of the map

T (9)
Extp- ey (T(U-1),Uh) ———

Extp- ey (I (Uo),Uo).-

Proof. — According to Remark 2.17 (i), the tangent space ¢ pn consists
of those elements f € tp which induce the trivial map on cohomology. In
other words, the k-vector space maps f? : HY(V*) — HiT1(V*) which are
induced by f have to be zero for all i. When n > 2, then HY(V*) = 0 or
H*1(V*) = 0 for all i. Thus all f¢ are zero, which implies part (i). If n = 1,
we also get f* = 0 unless i = —1. For parts (ii) and (iii), we consider the
following diagram with exact rows and columns obtained from long exact
Hom sequences associated to the triangle (9.5):

Ext!(Uy, T?(U_
(9.6) t( ol (U-1))

. T(m)o . T(B)o . )
Ext'(V*,V*) ———— Ext (V*,Uy) —— Ext (V*,T*U_y))

[ B =
T (8

T(r)o

ExtY(T(U_,),V*) —= Ext'(T(U_,),Us) e ExtY(T(U_,),T>(U_}))

JOT*‘(,@) loT"(ﬂ)
. |

Ext! (T~ (Up), T(U_y)) — Bxt!(T=}(Up), V*) s Ext! (T~} (Up), Up) — Bxt} (T~} (Up), T2(U_1))

As before, Hom = Homp- (kg and Ext! = Extﬁjf([[ka]]). Then
Ext (T(U_1),Up) = Hom(U_1,Up), and f € tp induces

T(m)o fou: H Y(V*) — H(V?)
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which gives the vector space map f~! in dimension —1. This implies
part (ii). For part (iii), we notice that

Ext' (Up, T?(U_1)) = Ext' (T~ (UVy), T(U-1)) = Ext*(U_1,Up) = 0,
and Ext'(T—1(Uy), T?>(U_1)) = Ext*(Uy, U_1) = 0. This means that

Ext' (T (Uy),V*) ——
{ Ext'(V*,T?(U_1)) =5 Ext' (T(U-1),T*(U_1))

RAGLN ( _1(U0)»U0)7

(9.7)

are isomorphisms. Hence, T(7) o f or = 0 for all f € Ext'(V*,V*), if and
only if T(m) o g = 0 for all g € Ext"(T(U_,),V*) with go T~1(8) = 0.
Because of (9.7), go T~(8) = 0 if and only if T(r) o go T~1(8) = 0. We
conclude that T'(7) o f o= 0 for all f € Ext*(V*,V*), if and only if

Ext! (T(U_,), Ug) <L~

Ext! (T_l((/v())7 Uo)
is injective when restricted to {T'(w) o g | g € Ext'(T(U_1),V*)}, which is
the kernel of the map

T(B)o

Ext' (T(U-1),Uy) ——— Ext" (T(U-1),T*(U_y)).

Similarly, T(7) o f ot = 0 for all f € Ext'(V*,V*), if and only if hot =0
for all h € Ext*(V*,Up) with T(ﬂ) oho¢ = 0. This is the case, if and only if

Ext! (T(U-1), Uo) — 2% Ext! (T(U~1), T2(U-))

is injective when restricted to {hot | h € Ext*(V'*,Up)}, which is the kernel
of the map

Ext! (T(U_1), Us) <2~ Bxt! (T~} (Uy), Us). 0

ProposiTION 9.7. — With the hypotheses of Proposition 9.6, suppose
in addition that U_,,,Uy have universal deformation rings R_, ,Ry and
universal deformations X _,,, X, in the sense of Mazur [19], and that

(98) dlmk EXt[l[kG]] (U_n,U_n) + dlmk EXt[l[kG]] (Uo ,Uo) = dlmk thl .

Suppose furthermore that there exists a proflat quasi-lift (M*,¢) of V* over
R,H@JWRO such that

H"(M*) = (R_,@wRo)®r_, X—n,
HO(M*) =2 (R_,®@w Ro)®r, Xo.

Then the versal proflat deformation ring R™(G,V*®) is universal and
isomorphic to R_,®w Rp.

(9.9)
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Proof. — Since (M*, ¢) is a proflat quasi-lift of V* over R_,,&w Ry,
there exists a morphism

a: R"=RYG,V*) — R_,®wRy

in C so that M* = (R_,&w Ro)&%, UG, V*) in D~ ([[(R-nBw Ro)G)).
If p: R_,®wRo — k[e] is a morphism in C, then p is equal to the
tensor product p_,®py where p_,, : R_,, — k[e] (resp. py : Ry — k[e]) is
associated to the lift of U_,, = H="(V*) (resp. Uy = H(V*)) over k[e]

resulting from the cohomology group H™"(k[e ]®L B Ro, M’) (resp.

HO(k[e]®@F M?*)). Because of (9.9) it follows that When p ranges
R_n®w Ro,p

over all morphisms R_,®w Ro — k[¢] in C, then the pair

(H*" (k[ B~

. 0 oy #
Rw@wRo,pM ), B (kle]®

an@mepM )>
ranges over all possible pairs of deformations of (U_,,Up), in the sense of

Mazur, over k[e]. This implies that for each different p, k[z]&% M-
R_ ®WR07

defines a different proflat deformation of V* over k[e]. Thus (9.8) implies
that « is surjective.

On the other hand, since R_,, and Ry are universal, there exist unique
morphisms ¢_,, : R_,, — R and ¢ : Ry — R in C such that
H UM ~R'®r 4 X, and HO(U*™) = R"@g, 4, X0

where U*f! = UY(G,V*). By Lemma 4.2, we can assume that the terms
of U*! are topologically free pseudocompact Rf-modules. Because the
completed tensor product over W is the coproduct in the category (?,
we obtain a unique W-algebra homomorphism

B=0¢_n®po: R_nBwRo — R
By what we proved aboveAconcerning «, we know that as 7 ranges over all
morphisms R!! — k[e] in C, the groups
HY (k[g]®@fn U*") = k[e]@pa 1 (U*")
= k[el®pn - (R"®R, 9, X;) = k[E|®R, ros, X;

for j = —n and j = 0, range over all possible pairs of deformations of U_,,
and Uy over k[e]. It follows that 7o (¢_,, ®¢g) = 703 ranges over all possible
homomorphisms R_,, ® Ry — k[e] in C. However, (9.8) implies that the
number of such homomorphisms is equal to the number of 7 : Rf! — k[e]
in C. Hence the map 7 — 7 o ( is bijective, and # must be surjective.
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We obtain a surjective continuous W-algebra homomorphism
f=poa:RY— R
This means that f maps the maximal ideal mpn onto mpa, and therefore
it induces surjective W-algebra homomorphisms f; : Rf!/ m%n — Rt/ m%n
for all 4. Since R! /mpn is Artinian, each f; is in fact an isomorphism.
Because f = lim, fi, it follows that f is injective. Hence o and ( are
isomorphisms, R =~ R_,,®w Ry, and M* = Ut

It remains to show that R is universal. Suppose (N*, 1)) is a proflat
quasi-lift of V'* over some object R in C. Then there exists a morphism
v+ R — R so that N* = R&@p, U*" in D~([[RG]]). Since R is
isomorphic to R_,®w Ry, 7 is given by a tensor product y_,&v, where
Yn : Ry = R and 79 : Ry — R in C. We obtain [[RG]]-module

isomorphisms

Hj(N.) =~ N’ (R®f%”,vU.ﬂ) = R@)R,n@wRo,'ij(M.) = R@)Rj,ijj

for j = —n and j = 0. Because R_,, (resp. Ry) is the universal deformation
ring of U_,, (resp. Up), in the sense of Mazur, it follows that ~v_,
(resp. 7o) is the unique morphism in C so that H"(N*) = RBp 4 X n
(resp. HO(N*) = R®R, -, Xo). This implies that v is unique, and thus R
is universal. O

ProposiTION 9.8. — With the hypotheses of Proposition 9.6, suppose
in addition that U_,, ,Uy have universal deformation rings R_,,Ry and
universal deformations X_,,Xo, in the sense of Mazur, such that (9.8)
is satisfied. Further assume that G has cohomological dimension n + 1.
Then there exists a proflat quasi-lift (M*,¢) of V* over R_,&w Ry
satisfying (9.9).

Proof. — Let R = R_,®wRy, and define S_,, = R®r_, X_,, and
So = R@ROXO. We want to find an element v € Extﬁgéﬂ(&), S_n) so that
k®p~ = where
g e Extﬁ,jg,]](Uo, U_,) = H"" (G, Homy,(Uy, U-,))
is defined by the triangle in (9.5). Since X_,, (resp. Xy) is an abstractly free
R_,,-module (resp. Ro-module) of finite rank, it follows that S_,, and Sy

are abstractly free R-modules of finite rank. Therefore, a spectral sequence
shows that

Extﬁ;é” (S0, ) = H"*1(G, Homg(So, S_n))-
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The module Hompg(Sy, S—,) is an abstractly free R-module of finite
rank with a certain G-action. We now consider the short exact sequence

0 — C % Hompg(So, S_,) — Homy(Up,U_,,) — 0
with corresponding long exact group cohomology sequence
-+ — H""(G, Hompg(So, S—p)) — H"T(G, Homy, (Up, U—y,))
— H"(G,C) — - .

Since G has cohomological dimension n + 1, H**2(G,C) = 0 and 7, is
surjective. Since the map 7, can be identified with the tensor product
map k ®p —, it follows that there exists an element v € Extﬁgé]](So, S_n)

with k®r v = 3. Now 7 defines an exact sequence of [[RG]]-modules
0—-S,—M"—M" ... SM 1M —S,—0
which defines an (n + 1)-term complex
MM — M M — MO

Since k ®p v = f3, it follows that M* defines a proflat quasi-lift of V* over R
with cohomology groups S_,, and Sy in dimensions —n and 0. Hence (9.9)
is satisfied. O

10. Deforming group cohomology elements.

In this section we consider deformations of elements of group coho-
mologies H"(G, M) where G is a profinite group having finite pseudo-
compact cohomology and M is a discrete [[kG]]-module of finite k-dimen-
sion. This is closely related to the previous section about two-term
complexes. Suppose

XS Hn(G,M) = EXtﬁkG]] (/{i,M) = HOI’IlDf([[kG]]) (k‘,Tn(M))

where the last equation holds when we identify the [[kG]]-modules k and M
with the corresponding complexes concentrated in dimension 0.

DeriNtTION 10.1. — A quasi-lift of 8 € H*(G,M) is defined to be a
quasi-lift of the mapping cone C(3)* (as defined in Definition 9.2). A defor-
mation of 3 is defined to be a deformation of C'(8)*. Proflat quasi-lifts and
proflat deformations of 3 are defined accordingly.
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Remark 10.2. — The element § € H"(G, M) defines an n-extension
of k by M:

0-M-—pP ™t L pmt2 ... P k0.

The corresponding triangle has the form

T YM) — V* — k 5 T(M)
where V* i -0 — PHl 5 pont2 oo 5 PO 0 — ... It follows
that C'(8)* is isomorphic to T(V*) in D~ ([[kG]]). Hence a quasi-lift of 3 is
the same as a quasi-lift of 7(V*). In particular, quasi-lifts of 3 € H'(G, M)
correspond to quasi-lifts of the module P°.

For the remainder of this section, we consider the following example.

Let ¢ > 2 be a rational prime and let G = Gal(Q,/Qy). Define
M = {£1}, which forces the field k¥ to be k = Z/2, and hence M = k
with trivial G-action. Let W = Z,. We want to discuss deformations of
nontrivial elements of H?(G, M). Because of the Kummer sequence

1—>{i1}—>@;i>@2—>1
we obtain that H?(G, M) = Z/2 has exactly one nontrivial element 3.

LemMA 10.3. — The mapping cone C((3)* is isomorphic to T(V*)
where

V':-~-—>0—>[ka}L[kGa}HO—>~-

and a = ¢, b is an element of Zj which is not a square mod/,

Go = Gal(Q(v/a)/Qp), Gy = Gal(Qy(vVb)/Qy) and § is the augmentation
map of [kGp] composed with multiplication by 1+ s when G, = {1,s}.

Proof. — For x = a, b, the extension
0—k—[kG] — k—0

in Extiyop(k, k) = HY(G,k) = HY(G,{+1}) resulting from the aug-
mentation map [kG,] — k defines the element h, of HY(G,{*1}) =
Hom(G, {£1}) associated to the canonical surjection G — G, = {£1}. The
cup product h, U hy is equal to the Hilbert symbol (a,b) € H?(G, {£1}),
which is 8 when a and b are chosen as in Lemma 10.3. This lemma now
follows from the fact that V'* realizes the 2-extension h, U hy. O
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Remark 10.4. — Since V* does not satisfy condition (i) of Proposi-
tion 9.3, Homp- (g (V*,V*) is not isomorphic to k. Thus we cannot
deduce from this Proposition that V* has a universal (proflat) deforma-
tion ring.

LeEmMMA 10.5. — The tangent spaces of F = ﬁv. and of Ff! = ﬁ‘f/l. are
both 4-dimensional over k.

Proof. — We use the following diagram with exact rows and columns
obtained from long exact Hom sequences associated to the triangle

T(k) — V* — k 25 T2(k):

Ext™ (T(k), k)  Hom(T(k), T(k)) Hom(T'(k), k)
Hom(k, k) Ext! (k, T(k)) Ext!(k, k) — Ext?(k, T(k))

| |

(1()_ 1) Hom(V*,V*) — Hom(V*, k) — Ext'(V*,T(k)) — Ext'(V*,V*) — Ext!(V*

| |

Hom(T(k),k)  Ext'(T(k),T(k)) Ext!(T(k), k)

|

Ext?(k, T(k)) Ext2(k, k)

—

|

k) — Ext?(V*, T(k))

<‘

—

We have the following equalities:
H(G,k) =k, HYG,k)=kok, H (G k) =k HG,k) =0.

In the fifth column of the diagram (10.1), we have Hom(T'(k), k) =
Hom(k,T~'(k)) = 0, Ext'(k,k) = HY(G,k) = k @ k, Ext'(T(k), k) =
Hom(T'(k), T(k)) = HY(G, k) = k and Ext2(k, k) = HX(G, k) = k. It follows
that the vertical map in the fifth column Ext'(T(k),k) — Ext?(k,k),
and thus the map Ext'(k,k) — Ext'(V* k) are isomorphisms, and
Ext'(V*,k) =k @ k.

Since Ext?(k, T(k)) = H3(G, k) = 0, the horizontal map in the third
row Ext!(V*, k) — Ext?(V*,T(k)) is the zero map.

In the third column of the diagram (10.1), we have Hom(T'(k), T'(k)) =
HO(G,k) = k, BExt'(k,T(k)) = H*(G,k) = k, Ext"(T(k),T(k)) =
HY(G,k) = k@ k and Ext?(k,T(k)) = H3(G k) = 0. It follows that
the vertical map in the third column Hom(T'(k),T(k)) — Ext'(k, T(k)),
and thus the map Ext!(V*, T(k)) — Ext'(T(k), T(k)
and Ext'(V*,T(k)) = k@ k.

Because Ext™'(T(k),k) = 0, Hom(k,k) = H%(G,k) = k and
Hom(T'(k), k) = 0, the vertical map in the second column Hom(k, k) —
Hom(V'*, k) is an isomorphism, and Hom(V'*, k) = k.

) are isomorphisms,
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This implies that the horizontal map Hom(V*,V*) — Hom(V*, k) in
the third row is surjective, and therefore the horizontal map in the third
row Hom(V*, k) — Ext'(V*, T(k)) is the zero map. Taken altogether, this
implies that Ext'(V*,V*) = Ext'(V*, T(k)) @ Ext'(V*, k) which means
that the tangent space of F is 4-dimensional over k.

To compute the tangent space of F! we use Proposition 9.6. Since the
map Ext' (T'(k), k) — Ext?(k, k) is an isomorphism, it is especially injective,
which implies by Proposition 9.6(iii) that ¢t = tpn. This completes the
proof of Lemma 10.5. O

THEOREM 10.6. — Let W = Z,. The versal proflat deformation
ring of V'* is universal and isomorphic to the completed tensor product
[[WG?P2)|@w [[WG?P-2]] where G*P+2 denotes the abelianized 2-completion
of G.

Proof. — Let U_; = H™1(V*) and Uy = H°(V'*). Since U_; = k (resp.
Uy = k) with trivial G-action, it has a universal deformation ring, in the
sense of Mazur, which is R_; & [[WG2>2]] (resp. Ry & [[WG2P2]]) by [19,
§1.4]. It follows that

dimy, Ext{jep (U-1,U-1) = 2 = dimy, Ext{,qp (U, Uo).

By Lemma 10.5, condition (9.8) is satisfied. Since G has cohomological
dimension 2, Theorem10.6 follows from Propositions 9.7 and 9.8. O

11. Completely split complexes.

Throughout this section, we assume that V* is isomorphic in
D~ ([[kG]]) to a complex whose boundary maps are trivial. Thus V* is
isomorphic in D~ ([[kG]]) to the direct sum @, T *(H*(V*)), where there
are only finitely many non-zero terms in this sum and all terms have finite
k-dimension by Hypothesis 1. Without loss of generality, we can assume
that all the boundary maps of V'* are trivial, so H(V*) = V' for all i.

DeFINITION 11.1. — A $plit quasi-lift of V* over an object R of Cisa
proflat quasi-lift (M*,¢) which is isomorphic in D~ ([[RG]]) to a complex
whose boundary maps are trivial. A split deformation is the isomorphism
class of a split quasi-lift. Let FP = ﬁ‘s}’.: C — Sets be the functor which
sends each object R of C to the set F*P(R) of all split deformations of V*
over R. Let F*° = F{X, be the restriction of FP to C.
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Lemma 11.2. — The functor F*P (resp. F*®P) is isomorphic to the
product of the functors on C (resp. C) associated to deformations, in
the sense of Mazur, of the non-zero cohomology groups of V'* considered

s [[kG]]-modules. Moreover, the functor F*P (resp. F*P) is naturally
isomorphic to the functor F™' (resp. Ff.

Proof. — If R is an object of C and M is an [[RG]]-module,
we will also regard M as a complex concentrated in dimension O.
A split quasi-lift M* of V* over R is isomorphic in D~ ([[RG]]) to the
direct sum @, T *(H*(M*)), where the sum is over those ¢ for which
HY(V*) = V' # {0}. Since the H'(M?*) are topologically free pseudocompact
R-modules, k ®r LM* is isomorphic in D~ ([[kG]]) to @, T~ (k& gH!(M*)).
By Lemma 2.11, HY(M*) is an abstractly free R-module of rank dimy, V.
Hence H*(M*) is a lift over R of the kG-module V* in the sense of Mazur.
This implies that P s isomorphic to the product of the functors
on C associated to deformations, in the sense of Mazur, of the non-zero
cohomology groups of V* considered as [[kG]]-modules.

Suppose now that R € Ob((/f\) and (M*,¢) is a proflat quasi-lift
of V* over R. By Lemma 2.9, we may assume that the terms of M*
are topologically free pseudocompact R-modules. If we denote the i-th
boundary map of M* by §%, then k®p M* = V* in D~ ([[kG]]) implies

(11.1) k®p Image(6®) = 0

for all i. As in (2.1), it follows that Image(d’) is a topologically free
pseudocompact R-module for all i. Thus (11.1) implies that Image(§%) = 0
for all 4. Hence M* is isomorphic in D~ ([[RG]]) to a complex whose
boundary maps are trivial, and defines therefore a split quasi-lift of V'*
over R. This completes the proof of Lemma 11.2. O

ProrosiTiON 11.3. — Suppose as before that G has finite pseudocom-

pact cohomology.
(i) The versal split deformation ring R (G,V*) associated to the
split deformation functor F* is the tensor product @,R(G,V*) over W
of the versal deformation rings, in the sense of Mazur, of the non-zero

cohomology groups of V*. A versal split deformation is given by the
direct sum

U®(G,V*) @T (R*P(G,V*)®rc,vi)U(G, V)

where i runs over those integers for which H (V'*) # {0}.
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(ii) The natural map on tangent spaces 7: F*P(k[e]) — F(k[e]) may
be identified with the natural inclusion

v @D Bxtley (V. V) — Bxtp- ey @Extllélj VeV,

We have a non-canonical surjective continuous W—a]gebra homomorphism
fsp: R(G,V*) — RP(G,V*).

(iii) Suppose that each R(G,V?) is isomorphic to a power series
algebra over W on a finite number of commuting indeterminates. Then fg,
is an isomorphism if and only if T is an isomorphism.

(iv) If the versal deformation ring R(G,V*?) is universal for all i,
then R°P(G,V*) is a universal split deformation ring. If in addition fs, is
an isomorphism, then R(G,V*) is a universal deformation ring for V'*.

Proof. — By Lemma 11.2, F*® has a versal deformation ring
R®(G,V*). The fact that R*(G,V*) is the completed tensor pro-
duct @iR(G,Vi) and the complex USP(G,V*) defined in part (i) is a
versal split deformation for V* results from the fact that @iR(G,Vi)
is the coproduct of the R(G,V?) over W in the category C. The iden-
tification of 7 with ¢ follows from Lemma 6.1 and the fact that all the
boundary maps of V* have been assumed to be trivial. This shows 7
is injective, so fsp is surjective. We have now shown parts (i) and (ii).
Part (iii) follows from the fact that R(G,V'*) is a quotient of a power series
algebra over W on dimy ExtlDf([[kG”)(V', V*) commuting indeterminates.
Part (iv) is clear because, if all the R(G,V?) are universal, and R is an
object in 5, then there is a unique continuous W-algebra homomorphism
from R (G,V*) = Q,R(G, V") to R associated with a collection of such
homomorphisms from R(G,V?) to R. O

Remark 11.4. — When V* is completely split, the only way in which
Homp- (ra)(V*,V*) can be isomorphic to k is when V* has just one
non-zero term. Part (iv) of Proposition 11.3 thus gives another situation
than the one discussed in Theorem 2.14 in which V* has a universal
deformation ring.

12. The hypercohomology of abelian varieties.

In this section we discuss some sufficient conditions for the
hypercohomology of an twisted constant constructible sheaf on an abelian
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variety to be completely split, in the sense that it is isomorphic in the
derived category to a complex having trivial boundary maps. The method
we use is due to Lieberman (cf. [11, Rem. 2.19]).

Let X be an abelian variety over Q of dimension d, and let
X = Q®g X. Let p be a prime. Let k be a finite field of characteristic p
with trivial action by Gg = Gal(Q/Q). We will suppose that F is a locally
constant constructible sheaf o k-vector spaces on X. Denote by F(n)
the n-th Tate twist F(u3") of 7. By [21, Cor. VI.2.8 and Thm. VL.1.1], the
cohomology groups H'(X,F) are finite continuous [[kGg|]-modules which
are zero unless 0 < i < 2d. Thus the hypercohomology H*(X, F) defines an
element in D~ ([[kGg]]) which has only finitely many non-zero cohomology
groups, all of which are finite.

Tueorem 12.1. — If p > 2d, the complex H*(X,F) is completely
split in D~ ([[kGg]]). If there is a non-degenerate k-bilinear pairing of
constructible sheaves F x F — k(d), then the same conclusion holds
provided p > 2d — 2.

We need two Lemmas, the first of which is a consequence of [11
Theorem LII].

LEmMma 12.2. — Suppose V* is a complex in D ([[kG]]) as in
Hypothesis 1. Let ¢ be the k-linear map

c: EndD*([[kG]])(V.) = HomD*([[kG]])(V.aV.)
— R = @ End[[kg]] (Hi(V'))

induced by taking the action of endomorphisms on cohomology. The
complex V* is completely split if and only for all j, the image of c
contains the element (3; of R whose projection to End[[kc;”(Hi(V')) is the
identity map (resp. zero) if i = j (resp. i # j).

LEmMMA 12.3. — For each integer n # 0 let m,: X — X be the map
given by multiplication by n. For all integers i, the induced homomorphism
my :HY(X,F) — HY(X,F) is multiplication by n'.

Proof. — From [21, Cor. VI.2.6 and Thm. I11.3.12], [15, p. 302] and
the Universal Coefficient Theorem we have an isomorphism

HZ(X, f) - (/\’LZPHl(Xa Z;U))@ZWM

where M = F(X) is a finite dimensional k-vector space. Since H' (X, Z,)) =
Homeont (Tp(X), Z,) when T,(X) is the p-adic Tate module of X, and
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multiplication by n on X induces multiplication by n on Tp()? ), Lemma 12.3
follows. o

Proof of Theorem 12.1. — Set V* = H*(X,F), and consider the
endomorphisms m;, in Endp-(rgy(V*) which are induced by the
multiplication by n map m,, : X — X forn=1,...,2d+ 1. Let

¢+ Endp- gy (V") — R = D Endjay (H'(V?))

be the homomorphism of Lemma 12.2. Lemma 12.3 shows that the image
of m?, under the homomorphism c is the element of R whose i-th component
is multiplication by n?, where i runs from 0 to 2d. Thus on viewing elements

of R as column matrices, we see that {c(ms,)}24! defines a square matrix of

—
size (2d + 1) whose (i,n) entry is the endomorphism of H(V*) given by
multiplication by n‘. The matrix of integers {n'};, as i ranges over
0 <i < 2d and n ranges over 1 < n < 2d + 1 has a Vandermonde deter-
minant. If p > 2d, then this Vandermonde determinant is non-zero modulo p
because i —j Z 0 mod p if 1 <4 # j < 2d + 1. Therefore, since pR = {0},
we conclude that the additive subgroup of R generated by {c(mg)}24H!

contains the 3; for 0 < j < 2d described in Lemma 12.2. Thus the latter
lemma implies V* is completely split if p > 2d.

To complete the proof of Theorem 12.1, we now suppose that there
is a non-degenerate pairing F x F — k(d) of constructible sheaves on X,
where k(d) is the d-th Tate twist of the constant sheaf k. This pairing
produces an isomorphism of étale sheaves

(12.1) F— F(d)

where F = Homy (F, k). We now take advantage of the fact that because X
is an abelian variety, it has at least one Q-rational point, namely the
origin O. Define O = Q ®q O, and let ¢ : O — X be the inclusion map.
Restriction from X to O induces a morphism H*(X,F) = V* — H*(O, F)
which gives an isomorphism H°(X, F) = H°(O, F) = F(X) in degree 0, and
the zero map on cohomology in other degrees. This morphism is the inverse
in D~ ([[kGg]]) of the morphism F(X) — H*(X,F) = V* which results
from truncating the terms of V* in negative degrees and replacing V' by its
image in V! under the boundary map. The composition of these morphisms
is thus an endomorphism 74 of V'* which is the identity map on H°(V*) and
zero on all other cohomology groups.
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The Etale Duality Theorem (cf. [21, Thm. VI.11.10] and [16, XVIII])
shows that there is an isomorphism in D~ ([[kGg]]) between V* = H*(X, F)
and Homy,(T?*(H* (X, F(d))), k). Using the isomorphism in (12.1), we thus
obtain an isomorphism

(12.2) A1 V* — Homy, (T?4(V*),k) in D™ ([[kGgl]).
The endomorphism 7y of V'* defines a dual endomorphism of
Homy, (T%%(V*), k) = T~2*(Hom (V*, k),

and thus via A an endomorphism 755 of V*. Consider the effect
of 74 on cohomology. The isomorphism A identifies H!(V*) with
Homy, (H24=4(V'*), k). Hence o4 induces the identity map on H24(V'*),
and the zero-map on H!(V*) for all other i. We now define £ to be the
set of endomorphisms of V* given by 79, 7oq and {mg}2%". The action
of this set of endomorphisms on the cohomology of V* is represented
by a (2d + 1) x (2d + 1) matrix A = (A, )o<i,j<24 of scalars. We have
A070 = A2d,2d = 1, Ai,O = Ai/,Qd =0 for i 75 0 and ¢/ 7é Qd, and AiJ’ = jl for
alliand all 1 < j < 2d— 1. The determinant of A is thus the Vandermonde
determinant associated to the integers in the interval [1,2d—1]. If p > 2d—2
and p is prime, this determinant is non-zero mod p. We thus find as before
that if p > 2d—2, then the additive group of endomorphisms of V'* generated
by £ is large enough to satisfy the sufficient condition in Lemma 12.2 for V'*
to be completely split. This completes the proof of Theorem 12.1. O

COROLLARY 12.4. — Let O be the origin of X. Define U = X — {0},
U=Q®yU and O = Q ®g O. The compact étale hypercohomology
He(U,F) is an element in D~ ([[kGg]]). This element is completely split
if p > 2d. The same is true for p > 2d— 2 provided there is a non-degenerate
k-bilinear pairing of constructible sheaves F x F — k(d).

Proof. — By [21, Remark II1.1.30], there is a triangle in D~ ([[kGg]])
(12.3) H;(U,F) — H*(X,F) — H(0,F) — T(H(U, F)).

The complex H2(O,F) = H*(O,F) has only one non-zero cohomology
group, which is in dimension 0 and equal to F(Q) = H°(X,F). Since
T(Hs(U, F)) is isomorphic to the mapping cone of a, Corollary 12.4 follows
from Theorem 12.1. O

COROLLARY 12.5. — With the notations of Corollary 12.4, suppose
d = 1, so that X is an elliptic curve. For all primes p, the complexes
H*(X,p,) and He (U ,p,) are completely split in D~ ([[kGg]]).

TOME 55 (2005), FASCICULE ?7?



1068 Frauke M. BLEHER & Ted CHINBURG

Proof. — In view of Theorem 12.1, all we need to observe is that
multiplication defines a non-degenerate pairing p, X p, — pp(1l) = ,uff’Q.
(This pairing is in fact only needed when p = 2.) O

13. The hypercohomology of affine elliptic curves.

In this section we assume the notations of §12, and we suppose that
k=727Z/p, W =1Z,, and d = 1. Thus X is an elliptic curve over Q with
origin O, U = X — {0}, and X, U and O are the base change of X, U
and O from Q to Q. Let N be the conductor of X, and let S be a finite
set of places of Q containing the places determined by prime numbers
dividing pN together with the archimedean place of Q. Define Qg to be the
maximal algebraic extension of Q which is unramified outside S, and let Q
be an algebraic closure of Q containing Qg. We set Gg = Gal(Qgs/Q).

LEmMA 13.1. — We have the following [[kGg]]-module isomorphisms:

o Pic(X)[p] if i=1,
(13.1) HL(U,pp) =< Z/p if i =2,
0 otherwise

where Ggq acts trivially on Z/p.

Proof. — This is clear from the long exact cohomology sequence
associated to (12.3) and the calculation of H*(X,p,) in [21, p.125 and
Thm. V.2.1]. O

CorOLLARY 13.2. — There is a Gg-module isomorphism between
Pic(X)[p] and X |[p]. The Gg-modules X|[p] and Z/p are inflated from G g-
modules, and thus may be regarded themselves as G g-modules. Define V'*
to be the complex of [[kGg]]-modules (Z/p) @ T(X[p]), so that V* has
non-zero terms only in dimensions —1 and 0. Then the inflation of V'*
from Gg to Gg is isomorphic to T?(He(U,u,)) in D~ ([[kGg]]) -

Proof. — The Gg-isomorphism of Pic(X)[p] and X[p] is a consequence
of the fact that X is an elliptic curve. Since S contains p, and the field
obtained by adjoining to Q the coordinates of X|[p| is unramified outside p,
we see that the action of Gg on X [p] factors through Gs. Clearly the trivial
action of Gg on Z/p factors through Gg, so Corollary 13.2 follows from
Lemma 13.1 and Corollary 12.4. O
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Remark 13.3. — Suppose X has good reduction at p > 2. It is well
known that the group

Extipay (Z/p, X[p]) = H' (Gs, X[p)])

is then nontrivial. One can check this in the following way. The Weil
pairing shows X [p] is G g-isomorphic to its dual X[p]? = Hom(X[p], G,) =
Hom (X [p], it,)- By applying [22, Thm. 1.4.10] to the module M = X [p], we
see that if H(Gg, X[p]) = 0 then H*(Q,, X[p]) = 0. Consider the Kummer
sequence

0— X[p| — X(Q,) 2 X(@,) — 0.
This sequence gives a short exact sequence

0— X(Qp)/pX(Qp) — H! (QZHXLP]) — H' (Qpa X(@p)) [p] — 0.

However, X(Q,) contains an open subgroup of finite index isomorphic
to Z, since X is an elliptic curve over Q having good reduction at p. So
H'(Qp, X[p]) # {0}. Thus by Proposition 9.3, Homp- (ke (V*, V*) will
not be one-dimensional over k. Thus we cannot apply Theorem 2.14 to
conclude that V* has a universal deformation ring, though it will always
have a versal deformation ring R(Gg, V™).

In the remainder of this section we will discuss some examples in which
one can show that R(Gg, V*) is in fact universal, using Proposition 11.3 (iv).
Recall that we assume W = Z,,.

PROPOSITION 13.4. — Suppose that X [p] has the following properties:
(i) Homg, (k, X [p]) = 0 =H*(Gs,X[p]).

(ii) The maximal abelian pro-p quotient ng’p of Gg is isomorphic

to Zp.

(ili) The versal deformation ring R(Gg,X|[p]) is isomorphic to
a power series algebra over W on a finite number r of commuting
indeterminates.

Then the versal deformation ring R(Gg,V*) is isomorphic to the
versal split deformation ring R°?(Gg,V'*), which is a power series algebra
over W on r + 1 indeterminates. If R(Gs,X|[p]) is a universal deformation
ring, then so is R(Gg,V*).
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Proof. — By Corollary 13.2, V* is a split complex whose only non-zero
cohomology groups are H*(V*) = k and H~!(V*) = X|[p| . Condition (i) of
Proposition 13.4 shows that the map 7 on tangent spaces appearing in (ii)
of Proposition 11.3 is an isomorphism. By work of Mazur [19], the versal
deformation ring R(G's, k) is universal, and isomorphic to [[WG?"?]]. Thus
condition (ii) of Proposition 13.4 implies R(Gg, k) is a power series over W
in one variable. Condition (iii) of Proposition 13.4 shows that condition (iii)
of Proposition 11.3 is satisfied, so the conclusions of Proposition 13.4 follow
from Proposition 11.3. O

Remark 13.5. — The statement that Homg (k, X [p]) = 0 is equivalent
to the condition that X[p] = 0, i.e. X has no nontrivial p-torsion points
defined over Q. If p > 2, then by class field theory, ng’p will be isomorphic
to Z, if and only if no finite place v € S has residue characteristic
congruent to 1 mod p.

LemMMmA 13.6. — Suppose p > 2 and Homg,(k,X[p]) = 0. Then
H?(Gs,X[p]) = 0 if and only if for each finite place v € S, the group
X (Q,)[p] of p-torsion points of X which are rational over Q,, consists only
of the origin O of X.

Proof. — By [22, p. 83] we have an exact sequence

(13.2) 0— IIE(Q, X[p]) — H*(Gs, X[p])

— @H2(Q1)7X[p]) - HO(GSa (X[p])D) -0
veS

where (X[p])P = Hom(X|[p], ) is Gg-isomorphic to X[p] by the Weil
pairing, A* = Hom(A4,Q/Z) is the Pontryagin dual of a finite abelian
group A, and II1%(Q, X[p]) is the Shafarevich group defined on [22, p. 70].
By [22, Remark 1.6.18], TI1%(Q, X[p]) = 0. Because Homg, (k, X [p]) = 0,
we have H(Gs, (X[p))P)* = H°(Gs,X[p))* = 0. Thus (13.2) shows
H2(Gg, X[p]) = 0 if and only if H2(Q,, X[p]) = 0 for all v € S. If v
is archimedean, this is clear because p is odd. For finite v, we have
by duality (cf. [22, p. 83]) that H?(Q,, X[p]) has the same order as
HY(Q., (X[p))P) = HY(Q,, X[p]) = X(Q,)[p]. This implies Lemma 13.6. O

HypoTHaESsis 2. — The elliptic curve X has complex multiplication by
the ring of integers O in an imaginary quadratic field L of class number 1.
The odd prime p splits in L into a product of distinct prime ideals p; and po
of O, and X has good (ordinary) reduction at p.
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LeEMMA 13.7. — Write #X(Z/p) = 1 — a, + p, so that a, € Z is the
trace of Frobenius at p. If p > 7 and a, # 1 mod p, then X(Q,)[p] = {O}.

Proof. — Since pO = p; - p2 and p; and py are distinct prime ideals,
(13.3) X[p] = X[p1] © X[p2]

where X|[p;] denotes the p;-torsion subgroup of X (Qg). Each of the groups
X[p1] and X[pz] are cyclic of order p, and Gal((LQg)/L) =T acts on X|[p;]
via a one-dimensional k = Z/p valued character x;. The completions L,,
are each isomorphic to Q,. Suppose X (Q,)[p] = X(L,,)[p] contains a point
other than O. This point is then fixed by the action of the decomposition
group I'y,; C T of a prime w; over p; in LQg. Hence we conclude from (13.3)
that one of x; or x2 must be trivial on I'y,, .

By elliptic class field theory (cf. [26]), the fact that p is odd implies
that the field L(X|[p;]) obtained by adjoining to L the coordinates of the
points of X[p;] contains the ray class field L(p;) of L of conductor p;. The
ramification degree of L(p;) over L is (p — 1)/p where p is the number
of roots of unity in O. Since p < 6, we conclude that if p > 7 then p;
must ramify in L(X[p1]). Thus it is impossible that y; is trivial on the
decomposition group I'y,.

Suppose now that xo is trivial on I',,. This implies that the
coordinates of the points of X[po] lie in L, = Q,. The reduction
map X(L,,) — X(O/p1) = X(Z/p) is injective on po-torsion points,
since p; and po are distinct primes of (. Thus there is a non-zero po-
torsion point of X(L,,) which maps to a non-zero p-torsion point of
X(O/p1) = X(Z/p). This proves that X(Z/p) has order divisible by p,
which is equivalent to a, = 1 mod p. Hence the assumption a, # 1 mod p
implies X (Q,)[p] = {O}. 0

LemMA 13.8. — Suppose v is a finite place in S different from the
place defined by p. If X (Q,)[p] # {O}, then there is a principal prime ideal
over v which has a generator congruent to 1 mod p;. In particular, if v is
fixed, there are only finitely many rational primes p for which it is possible

that X (Qu)[p] # {0}

Proof. — Let t be a prime ideal of O over v, so t is principal because
O has class number 1. Since X (Q,)[p] C X(L:)[p], we see from (13.3)
that if X(Q,)[p] # {O} then one of the characters x; or y2 used in
the proof of Lemma 13.7 must be trivial on the decomposition group
I'y € T'= Gal((LQg)/L) of a place w of LQg over t. By replacing ¢ by
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its conjugate by the nontrivial element of Gal(L/Q), if necessary, we can
assume that x; is trivial on I'y,. This implies that ¢ splits in the ray class
field L(p1) of L of conductor p;. This will be the case if and only if there is
a generator for ¢t which is congruent to 1 modulo p;. If A is such a generator,
then Normy, (A — 1) = 0 mod p. Since there are finitely many generators
for a principal ideal over v in O, the possible p for which this can be true
are bounded if v is fixed. O

A quadratic progression is a set of integers of the form Z N {f(x) :
x € Q} for some quadratic polynomial f(z) € Q[z]. The following result is
proved in [6, Cor. 1.2 and Prop. 5.4] for W = Z,,.

ProprosITION 13.9 (Boston-Ullom). — Suppose X is an elliptic curve
of conductor N with complex multiplication by the ring of integers O in an
imaginary quadratic field L of class number 1. There is a set T of rational
primes consisting of a finite set together with some (possibly no) primes in
quadratic progression such that if p ¢ T and p splits in L, the following are
true when we let S be the set of places determined by the prime numbers
dividing pN together with the archimedean place of Q:

(i) p > 7 and X has good (ordinary) reduction at p.
(ii) ap, # 1 mod p.

(iii) No finite place v € S has residue characteristic congruent to 1
mod p.

(iv) The versal deformation ring R(Gs,X[p]) is universal and
isomorphic to a power series algebra over W in three
commuting indeterminates.

We now have the following result from Proposition 13.4, Lemmas 13.7
and 13.8 and Proposition 13.9. Note that X[p] is nontrivial absolutely
irreducible because p is an odd prime of good reduction for X.

TaeEoOREM 13.10. — Suppose X is an elliptic curve of conductor N with
complex multiplication by the ring of integers O in an imaginary quadratic
field L of class number 1. There is a set T" of rational primes consisting of a
finite set together with some (possibly no) primes in quadratic progression
such that the following is true:

Ifp ¢ T', p splits in L, and S is the set of places of Q determined by
the prime numbers dividing pN together with the archimedean place of Q,
then the versal deformation ring R(Gs,V*®) is universal and isomorphic to
a power series algebra over W in four commuting indeterminates.
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14. Appendix: Background.

In this section, we provide a few results from Milne [21] which we have
restated to fit our situation. The proofs are similar to the proofs in [21].
Note that in [21, Lemma VI1.8.17] (resp. [21, Lemma V1.8.18]), the condition
“m is surjective on terms” (resp. “4 is surjective on terms”) is necessary in
the statement.

~

LemmaA 14.1 (see [21, Lemma VI.8.17]). — Let R € Ob(C), let G be
a profinite group, and let M* 2, L* <" N* be morphisms in C~ ([[RG]])
such that 7 is a quasi-isomorphism which is surjective on terms. If M* is a
complex of topologically free pseudocompact [[RG]]-modules, there exists
a morphism ¢: M* — N* in C~ ([[RG]]) such that m) = ¢.

Remark 14.2. — Suppose R, Ry € Ob(C) so that Ry is a quotient ring
of R. We write X — Xg, ¢ — ¢ for the functor Ro®@p —. Let G be a
profinite group, and suppose M, N are topologically free pseudocompact
[[RG]]-modules. Then every continuous [[RoG]]-module homomorphism
7+ My — Ny can be lifted to a continuous [[RG]]-module homomorphism
¢ : M — N so that m = ¢g.

Lemma 14.3 (see [21, Sublemma VI.8.20)). — Let R, Ry € Ob(C) so
that Ry is a quotient ring of R, and let G be a profinite group. As in
Remark 14.2, we write X — Xo, ¢ — ¢¢ for the functor Ry®p —. Let
¢:L* — M* be a morphism in C~([[RG]]) of complexes of topologically
free pseudocompact [[RG|]-modules. Then any morphism Ly — Mg in
C~([[RoG]]) that is homotopic to ¢q is of the form v, where p:L* — M*
is a morphism in C~ ([[RG]]) which is homotopic to ¢.

LEMMA 14.4 (see [21, Lemma VI.8.18]). — Let R,Ry € Ob(C) be
Artinian so that Ry is a quotient ring of R. Let G be a finite group.
As in Remark 14.2, we write X — X, ¢ — ¢q for the functor Ry Rr—.
Let M* (resp. N*) be a bounded above complex of abstractly free finitely
generated [RG]-modules (resp. [RoG]-modules), and let 1) be a quasi-
isomorphism ¢: M§—N* in C~([RyG]) which is surjective on terms. Then
there exist a bounded above complex L* of abstractly free finitely generated
[RG]-modules, a quasi-isomorphism ¢:M* — L* in C~([RG]), and an
isomorphism p: L§—N* in C~ ([RoG]), such that ppg = 1.
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