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Abstract
We show that if M is an arithmetic hyperbolic 3-manifold, the set QL(M) of all rational
multiples of lengths of closedgeadesicsof M both determines and is determined by the commen-
surability classof M. This implies that the spectrum of the Laplace operator of M determines
the commensurability classof M. We also show that the zeta function of a number eld with
exactly one complex place determines the isomorphism class of the number eld.

1 Intro duction

Let M be a closed, orientable Riemannian manifold of negative curvature. The rational length
spectrum QL (M) of M is the set of all rational multiples of lengths of closedgeadesicsof M. The
commensurability classof M is the set of all manifolds M © for which M and M ° have a common
nite unramied cover. Our main result is:

Theorem 1.1 If M is an arithmetic hyperlolic 3-manifold, then the rational length spectrum and
the commensumbility classof M determine one another.

This sharpens [10], where it was shown that the complex length spectrum of M determines its
commensurability class.

SupposeM Cis an arithmetic hyperbolic 3-manifold which is not commensurableto M . Theorem
1.1 implies QL(M) 6 QL(M9, though by Example 2.4 below it is possiblethat one of QL(M 9
or QL(M) contains the other. By the length formulas recalled in x2.1 and x2.2, each elemen of
QL(M)[ QL(MY is a rational multiple of the logarithm of a real algebraic number. As noted by
Prasad and Rapinchuk in [9], the Gelfond Schneider Theorem [1] implies that a ratio of such loga-
rithms is transcendenal if it is irrational. Thusif * 2 QL(M) QL(M 9 then *="is transcendertal
for all non-zero*°2 QL(M 9.

Recenly Prasadand Rapinchuk have shown in [9] that if M is an arithmetic hyperbolic manifold
of even dimension, then QL(M) and the commensurability class of M determine one another.
In addition, they have shown that this is not always true for arithmetic hyperbolic 5-manifolds.
However, they have announceda proof that for all locally symmetric spacesassaiated to a speci ed
absolutely simple Lie group, there are only nitely many commensurability classesof arithmetic
lattices giving rise to a given rational length spectrum.

It is known (see[4] pp. 415{417) that for closed hyperbolic manifolds, the spectrum of the
Laplace-Beltrami operator action on L2(M ), courting multiplicities, determinesthe set of lengths
of closedgeadesicson M (without cournting multiplicities). HenceTheorem 1.1 implies:
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Corollary 1.2 The spectrum of the Laplacian of an arithmetic hyperbolic 3-manifold M determines
the commensumbility classof M .

This result was claimed but not proved in [10] where the corresponding result was proved for
arithmetic hyperbolic surfaces. There have been many constructions over the years of manifolds
with the same Laplace-Beltrami spectrum which are not isometric; see[7], [12], [13], [5], [11] and
[3]. Apart from [5] the methods of these papers all provide commensurablemanifolds.

We now describe the organization of this paper. Somepreliminary results concerningarithmetic
Kleinian groups are recalledin x2. Supposethat PSL,(C) is a torsion-free arithmetic Kleinian
group assciated to an arithmetic hyperbolic three-manifold M. The invariant trace eld of s
the number eld k generatedover Q by squaresof traces of pre-imagesof elemeris of in SL,(C).
It is clear that the commensurability classof M determinesQL (M ). The rst stepin proving the
converseis to show in Theorem 6.1(a) that k is determined by QL(M). We then determine the
commensurability classof M from QL(M) following ideas similar to those in [10] (see Theorem
6.1(b)).

The main technical work in the proof of Theorem 1.1 is number theoretic. We give in x3 -
x5 a detailed analysis of the Galois theory of number elds k having one complex place and of the
quadratic extensionsof k which embedin a xed quaternion division algebraover k. One by-product
is the following result:

Theorem 1.3 Supmsethat k and k® are number elds having exactly one complex place and the
same Galois closure over Q. Then after replacingk® by an isomorphic eld, either k = k° or k and
k9 are quadmtic non-isomorphic extensionsof a common totally real sub eld k* . In the latter case,
the zeta functions (s) and yo(s) are not equal.

Sincenumber elds with the samezetafunction havethe sameGalois closureover Q, this implies:

Corollary 1.4 If k is a number eld having one exactly one complex place, then k is determined
up to isomorphism by its zeta function.

This Corollary contrasts with the fact that that there are many examplesof number elds which
are not determined up to isomorphism by their zeta functions (see[8] and [2]).

2 Preliminaries

In this section we recall some facts about arithmetic Kleinian groups PSL,(C); seel6] for
details.

2.1 Length spectra and eigenvalues

Let be atorsion free discrete nite covolume Kleinian group, sothat M = H3= is a hyperbolic
3-manifold. For 2 , let be an eigenvalue of a pre-imageof in SL,(C) for whichj j> 1. Then
is well-de ned up to multiplication by 1, and we will referto = ( ) asan eigervalue of
The axis of in H3 projects to a closedgeadesicc( ) in M which dependsonly on the conjugacy

classof in . This de nes a bijection betweenthe conjugacy classesof hyperbolic elemeris of
and the set of closedgeadesicsof H3=. The length of ¢( )isI( ) = 2Inj j= Inj jwhere is
algebraic over Q.



2.2 Arithmetic Kleinian groups

Let k be a number eld with onecomplexplace,and x anon-realembedding ¢ : k! C. Let B=k
be a quaternion algebra which is rami ed at all real placesof k, andlet g : B! Mat,(C) be an
embedding extending the embedding «. Let Ok be the integersof k, and let O be an O-order of
B. De ne O to be the multiplicativ e group of elemeris of O of reducednorm 1to k. Then g (O%)
is a subgroup of SL(2; C) whoseprojection 5 (O?) to PSL(2;C) is discrete and of nite covolume.
A Kleinian group is called arithmetic if it is commensurablewith a group of the form —5 (O?) for
somek, B, g and O of the abovekind. If is a subgroup of some—g (O1), then is called derived
from a quaternion algeba. It can be shavn (see[6, Theorem 8.3.1and Cor. 8.3.6]) that a Kleinian
group of nite covolume is arithmetic if and only if the group @ generatedby the squaresof
elemerns of s derived from a quaternion algebra, and in this case

k=Q(ftr( ?): 2 g =Q(ftr(): 2 5(0Y)9g): (2.1)

The orbifold M = H3= is a manifold if and only if hasno elliptic elemerts, and this orbifold
is compact if and only if B is a division algebra. Our analysis of the commensurability classof M
hingeson the following fact (c.f. [6, Thm. 8.4.1]).

Theorem 2.1 The commensurbility classof M determines, and is determined by, the isomorphism
classof B as a Q-algeba.

2.3 Invariant trace elds and quaternion division algebras

In this sectionwe will supposethat k and B satisfy the conditions in x2.2 and that B is a division
algebra. We x an embedding of B into Mat,(C), which xes an embedding of k into C. The
following facts are provedin [6, Chapter 12].

Theorem 2.2 Supmsethat is derived from B and that is a hyperbolic element of  with
eigenvalue = ().

i. The eld k( ) geneated by over k is a quadmtic extension eld of k which emteds into B.
If isreal, then hasdegree 2 over the eld k\ R.

ii. LetL be a quadmtic extensionof k. Then L emtedsin B=k if and only if L = k( ( 9) for
some hypertolic ©2 . This will be true if and only if no place of k which splits in L is
ramiedin B.

iii. Let By and B, be quaternion algebas over number elds k; and k.. A eld isomorphism
t ki ! kp extendsto an isomorphism B; ! B, of Q-algebias if and only if (R1) = R»
whenR; is the set of places of B; which ramify over k;.

iv. Let :k( )! Chbeanemledding. Then (k) Rifandonlyifj ( )j=1,andf; 1=; ; 1= g
is the set of conjugatesof o the unit circle.

Lemma 2.3 Let beasin Theorem2.2. If isnotrealthenk= Q( + 1=)and[Q( ):k]= 2.
If isreal thenk* = Q( + 1=) is the maximal totally real sub eld of k, [k : k*]= 2 and Q( ) is
a degree 2 extensionof k* .

Pro of. Since is derived from a quaternion algebra,tr( ) = + 1= 2 k by (2.1). Suppose
that Q( + 1= ) is a proper sub eld of k. Sincek has one complex place, all proper sub elds of k
must be totally real, so + 1= s totally real. Because is hyperbolic,j j6 1,s0 + 1= 2 R
implies 2 R. Henceif s not realthen k = Q( + 1= ), and then [Q( ) : k] = 2 by Theorem



2.2(). For the rest of the proof we supposethat 2 R. Then F = Q( + 1= is a proper
subeld of k, so + 1= istotally real. Supposethat [k : F] 6 2. Sincek has just two non-real
embeddings, the embedding F R determined by the non-real embedding k  C we have xed
can be extendedto an embedding :k( )! Csudthat (k) R. Theorem 2.2(iv) now implies
implies2<j +1=j=j ( +1=)j=j ()+ () %Y 2sothe contradiction shows[k : F] = 2.
The last sertence of the lemma now follows from this, Theorem 2.2(i) and the fact that k is not
totally real. u

We nish this section by shawving how Theorem 1.1 can be usedto provide proper inclusion of
rational length sets.

Example 2.4 Let B and k be asin x2.2, and let B® be a quaternion algeba over k which is not
isomorphic to B but which rami es over every place of k where B ramies. Let M1 (resp. M) be
the manifold de ned by a Kleinian group 1 (resp. ) without elliptic elementswhich is derived
from B (resp. B9. Then by Theorem 2.1, M; and M, are not commensu@ble. By Theorem 2.2,
if is a hyperbolic elementof , thenL = k( ( )) embeds into B over k, where ( ) is a unit
of O_ having norm 1 to k. Since O_ emleds into some maximal order O of B, we conclude that
there is a hyperbolic element °2 —5 (O!) suchthat ( ) = ( 9. A positive integral power of ©°
lies in a conjugate of 1, sowe conclude from the length formulas of x2.1 that QL(M,) QL (My).
Note that Theorem 1.1 will imply that because M1 and M, are not commensuible, QL (M 1) must
properly contain QL (M ).

3 Num ber theoretic results

Let k be a number eld, which at the outset we do not assumehas one complex place. We will
regard k as a subeld of C via a xed non-real embedding « : k! C. Let kC be the Galois

closureof k over Q in C. Dene G = Gal(kCI:Q). Letn=[k:Q],andlet =f 1;:::; ngbethe
embeddingsof k into C. Then (k) kSl for all i. We x aleft action of G on by letting 2 G
send {2 to i. This xes an embedding of G into the symmetric group S, = Perm(). Let

¢ 2 G bethe restriction of complex conjugation on C to kCl. Let Cbethe conjugacy classof cin G.

3.1 Counting archimedean places

Theorem 3.1 Supmpsethat H is a sulgroup of G. Let k%= (k°h", and de ne n®= [k°: Q] = [G :
H]. The numbers ry(k% and r,(k% of real and complex places of k° are given by

_ #(C\ H) #(C\ H)

k)= T #C
Pro of. There is a bijection betweenthe set G=H of left cosetsgH of H in G and the emdeddings

of :k9%! C of k%into C which sendsgH to the restriction of g to k% An embedding is real if
and only if it is xed by complex conjugation. This is equivalent to cgH = gH, which is the same
asg 'cg2 H. Let Zg(c) bethe certralizer of cin G. The map G! Cwhich sendsg2 G to g 'cg
is surjective and de nes a bijection betweenthe right cosetsZs(c)nG and C. This gives
#(C\ H) #G_

#C ’
The equalities (3.2) now follow from this and [G : H] = n%= r (k% + 2r,(k9.

Corollary 3.2 One hasr,(k9 = 1if and only if

n® and ro(k%=n° 1 =2: (3.2)

#H ri(k)=#fg2G:g cg2 Hg= #(C\ H) #Zg(c) =

#C #(C\ H)= 24::_OC: (3.3)



3.2 Fields with one complex place and the same Galois closure

In this section we will make the following hypothesis.

Hyp othesis 3.1 The elds k and k®= (kCl)H have exactly one complexplace, and the same Galois
closure k¢! over Q. After replacingk by KO, if necessary, we can supmsen®= [k°: Q] = [G : H]

n=[k:Ql

We may order the set = f 1;:::; g of complex embeddings of k in such a way that ; is
not real, , = ~1=c¢ ;isthe complexconjugateof 1, and 3;:::; , arereal. Let G(1) be the

stabilizer of 31 under the action of G = Gal(kC|:Q) on . We may identify k with (kCl)G(l) C
via 1:k! C.

De nition 3.3 Identifying the element ; of  with the integeri xes an identi ¢ ation of S, =

transposition (1;2). The conjugacy classC is thus a set of transpsitions in S,,. For all sulgroups
of G, de ne the conjugation graph C() of to be the union over all transpositions (i; j) 2 C\
of the undirected graph which hasverticesi and j and an edge between thesevertices.

Prop osition 3.4 For all sulgroups of G, the conjugation graph C() is a nite (possiblyempty)
disjoint union of completegraphs. If  acts transitively on f1;:::; ng there are two possibilities:

i. ¢() isempty,or

ii. Thereis adivisor () > 1ofn suchthat C() is the disjoint union of n="() completegraphs,
each of which have™() vertices.

Pro of. For the rst statemenrt, it is enoughto show that if T is a (non-empty) connected

m 2 by the construction of C(). SinceT is connected,we can order the t; sothat foralli 2,
there is an integer j (i) such that 1 j(i) < i and (t;;t;()) is a transposition in C\ . Then the

or (ii) of the Proposition hold if acts transitively on f1;:::;ng is clear from the fact that then
acts transitiv ely on the connectedcomponerts of C(). u

Corollary 3.5 Since = G acts transitively on f1;:::;ng, and C(G) contains ¢ = (1;2), we can
dene~ 2to bethedivisor “(G) of n. The numkber of elementsof Cis (n=")"(C 1)=2= n(" 1)=2.
The normal sulgroup N generated by the set C of all complex conjugations in G is isomorphic to
the direct product over the connected components of C(G) of the symmetric groups on the vertices
in each component. Thus N = (S)™ .

Prop osition 3.6 LetH bea sulgroup of G asin Hypothesis3.1, andlet ™ = “(G) be asin Corollary
3.5. Then n = n®and there are the following possibilities for the conjugation graph C(H):

i. If > 2, then C(H) is the disjoint union of (n=") 1 complete graphson " vertices together
with a completegraph on © 1 vertices. There is a unique integerj in therangel | n
suchthat j is not a vertex of C(H ), and the edgesof C(H) are exactly the edgesof C(G) which
do not havej as a vertex.

ii. If " =2, then C(H) is the union of (n=") 1 complete graphson = = 2 vertices. There are
exactly two distinct integersj in therangel | n which are not vertices of C(H).



Pro of. Sincen® n in Hypothesis 3.1, corollaries 3.2 and 3.5 shav

#C #(C\H)zzi—f:(‘ 1)% C 1 (3.4)

Because® 2, we concludethat #C #(C\ H) > 0. Henceby Proposition 3.4, C(H) 6 C(G)
is a union of complete subgraphsof C(G) which contains no isolated points. By (3.4) there are at
most © 1 edgesof C(G) not in C(H), where C(G) is a disjoint union of n=" complete graphson °
vertices. If somecomponernt T of C(G) contains two componerts T; and T, of C(H), we can order
the T; sothat #V; =2and# V Vi) #V, 2whenV (resp. V) is the set of verticesof T
(resp. Ti) . This leadsto at least2 =2 = " edgesof C(G) not in C(H), cortradicting (3.4). Hence
the intersection of C(H) with ead connectedcomponert of C(G) is a complete graph, sothere must
be a vertex j of C(G) which is not a vertex of C(H). There are™ 1 edgesof C(G) having this j as
a vertex, and none of theseare in C(H). Henceby (3.4), theseare exactly the edgesof C(G) not in
C(H), and this leadsto (i) and (ii).

Corollary 3.7 Supmsethat = > 2 in Proposition 3.6, and let j be the integer specied in part (i)
of this Proposition. Then H equalsthe sulgroup G(j ) of G which stabilizesj, and k®is a conjugate
eld to k. In particular, k and k°® are isomorphic as elds. Finally, if k* is the maximal totally real
sub eld of k, then [k : k*]> 2.

Pro of. The action of H on C(G) sendsC(H) to itself, sothis action must x the unique vertex
j notin C(H). HenceH G(j), soH = G(j) becausen®= [G:H]= n= [G:G(j)]. SinceG acts

then N \ G(1) must have index two in N when N is the normal subgroup of G generatedby all
complex conjugationsin G. We seefrom Corollary 3.5that N cortains the symmetric group on the
set of * vertices which form the connectedcomponert of C(G) which cortains the vertex 1 xed by
G(1). Thus[N :N\ G(1)] [S:S 1]= "> 2solk:k"]1>2. u

For the rest of this section we suppose™ = 2 in Proposition 3.6. We label the real embeddings

5 the set of n=2 commuting transpositions f (1;2); (3;4);(5;6);:::;(n  1;n)g. The group N =
wrc Z=2 = (Z=2)"=2 generatedby the elemens of Cis normal in G, and G = G=N actson N via
the permutation action of GonC. Let :G! G = G=N be the natural quotient homomorphism.

Prop osition 3.8 When " = 2, there is a unique homomorphisms : G! G which is a section to
suchthat s(g) permutesthe setfl;3;:::;n 1g of odd integersin f1;:::;ng. This makesG the

Pro of. Since G permutes the elemers of C= f(1;2);:::;(n 1;n)g, thereis for eahh g2 G
aunique n 2 N suc that ng permutes the elemerns of f1;3;:::;n 1g. The setmaps:G! G
de ned by s(Ng) = ng is the unique section of for which s(Ng) permutesf1;3;:::;n 1g for
all g. The uniquenessof s implies s is a homomorphism. The action of s(G) onf1;3;:::;n 1gis
faithful, and the action of G on f1;2;:::;ng is transitiv e, soit follows that the action of G on Cis
faithful and transitive. u

Prop osition 3.9 Supmsethat * = 2, and that H is not conjugateto G(1) in G. After replacingH

by a conjugate by an elementof G, which does not changethe isomorphism classof k®= (kC|)H , we
can assumethat the two vertices which do not appear in C(H) are 1 and 2. Let G(1) be the sulgroup
of G which xes the transposition c= (1;2) in C, and let G(1) =  (G(1)).

a. The group G(1) is the direct sum of G(1) and the cyclic group hci of order 2.



b. One hass(G(1)) G(1), and the group G(1) is the semi-direct product No:s(G(1)).

c. Let :G(Q)! G(1)=G(1) = Z=2 be the surjection resulting from (a). There is a unique
character : G(1) ! Z=2 of order two in ate d from a character of G(1) for which H the
kernel of the character + :G(1)! Z=2denedby( + )(g) = (g + (0).

d. Conversely,if isthe ination to G(1) of any order two character of G(1), and we de ne H
to be the kernel of the sum character + : G(1)! Z=2, thenk®= (kCI)H has exactly one
complex place and Galois closure k¢ over Q, and k®is not isomorphic to k.

Pro of. Any elemen g2 G(1) xes c= (1;2), sog permutes f 1; 2g and commutes with c. This
leadsto part (a). Sinces(G(1)) sendsodd integersto odd integersand permutes f 1; 2g it must lie
in G(1). WehaveH \ N = Ng= G(1)\ N from Proposition 3.6(ii). The sequence

11 GIU)\N ! G@Q) ! G@1) ! 1

is exact sinces(G(1)) G(1), and this leadsto part (b). Sincethe action of H on C must x the
unique elemert ¢ = (1;2) of Cwhich is not in H, wehave (H) G(1), soH 1G(1) = G(1).
Since[G : H] = [G: G(1)] and [G(1) : G(1)] = 2, H must be an index two subgroup of

Gl)=hi G@)=hi (No:s(G(L):

SinceH\ N = G(1)\ N = Ng hasindex 2in N, and ¢ 62H , this leadsto part (c). Finally, suppose
we construct H and k®asin part (d). Then n°= [G : H] = [k°: Q] equalsn = [G : G(1)] = [k : Q].
Wehave C\ H = f(3;4);:::;(n 1;n)g by the de nition of H asthe kernelof + . Sok®= (kCl)H
has exactly one complex place by Theorem 3.1. If k° were isomorphic to k, sothat H is conjugate
to G(1), then H = G(j) with j 2 f1;2gin view of C\ H. Let be an elemen of s(G(1)) G(1)
suththat ( )6 0in Z=2. Then ( )= 06 (c) and xes both 1 and 2 sinceit acts both on
f1;3;:::;n 1gandfl;29. Hence + isnon-trivial on 2 G(1) and trivial onc 62G(2). This
shovs H = Ker( + ) is not G(1) or G(2) sok®and k are not isomorphic. To show (k°)CI = k¢l
it will suce to show that H contains no non-trivial normal subgroupJ of G. The group (H) =
(G(1)) = G(1) cortains no non-trivial normal subgroup of (G) = G sinceby Proposition 3.8, G
is a transitiv e subgroup of Perm(C), and G(1) is the subgroup of G which stabilizes c 2 Perm(C).
It followsthat (J) must betrivial, soJ N = Ker( ). However, H\ N = G(1)\ N = Nyg, soJ
would be a non-trivial normal subgroup of G contained in G(1). There is no such subgroup because

Corollary 3.10 In all casesof Proposition 3.8, the elds k = (k¢h®® and k® = (k¢hHH are
guadmatic extensionsof the totally real eld k* = (kCl)G(l). The Galois closure of k* over Q is
(kYN The eld k* (and hene (k*)C!) is determined up to isomorphism by (k* ).

Pro of. The eld k* is totally real becauseG(1) contains C. We have [k : k*] = [G(1) :
G(1)] = 2= [G(1) : H] = [K°: k*]. The group G(1) contains the normal subgroup N of G, while
G(1)=N = G(1) contains no normal subgroupof G = G=N by the argumen at the end of the proof
of Proposition 3.8. This meansthat N is the maximal normal subgroup of G contained in G(1),
sok* has Galois closure (k®)N over Q. We have Gal((k* )¢'=Q) = G=N = G, and both G(1) and
H ha\I/e the sameimage G(1) in G. Thusk* = ((k*)Cl)g(l) is determined up to isomorphism by
k*)Cl b
( I)n view of Corollaries 3.7 and 3.10, the following result completesthe proof of Theorem 1.3.



Prop osition 3.11 Suppsethat H 6 G(1) in Proposition 3.8. Then the zeta functions of k =
(k€he® and ko= (kCYH are not equal.

Pro of. By Proposition 3.9(b,c) there isa 2 s(G(1)) G(1) which is not in H. It will be
enoughto show that if B( ) is the conjugacy classof in G, then

#(B( )\ H)< #(B( )\ GQ)): (3.5)

Dene B( ( )) to be the conjugacy classof () in G = G=N. Then gives a surjection
g :B()! B( ()). Weclaim that

s(B()\VH) B(()N\G@)= s(B()\ GA): (3.6)

The rst containment follows from H  G(1) and G(1) = 1(G(1)), and the non-trivial part of
the secondequality is the assertionthat B( ( ))\ G(1) (B( )\ G(1)). Supposethat ~2 G and
that = ()" * 2 B( ())\ G(1). Applying the section homomorphisms : G! G and using the
fact that = s( ( )) because 2 s(G(1)), we nd 12 s(G(1)) G(1) when = s(). Thus
12B( )\ G() satises g( Y =7"() 1 s0(3.6) holds.
We now claim that
s (8(B()\ G1) =B()\ G(1) (3.7)

where as before g : B( ) ! B( ()) isthe map inducedby : G ! G. One containment is
obvious. Supposenow that z z ! is an elemen of Bl( g(B( )\ G(1))) for somez 2 G. SinceG
is the semi-direct product N:s(G), we canwrite z = n s(g) for someg 2 G. Thens(g) s(g) 2 s(G)
and

(s(9) s(@ M2 s(B()\GQ) (GQ)=GQ):

Hence %= s(g) s(g) ' 2 s(G(1)) G(1) relative to the semi-direct product description G =
N:s(G). Now

zz'=nHhl=(mnn 109 0=pntH°o (3.8)
where (n 1) °is the imageof n 2 N under the conjugation action of °2 G(1). Recall that
Y
N= (Z=2) (3.9)
co2C

and that the action of G on N factors through G = G=N and is via the permutation action of G on
C. The elemeris of G(1) x the elemer c of C. Sowe concludethat for all n 2 N, the ¢ componert
of n(n 1) ° relative to the description of N in (3.9) is 0. Thus n(n 1) ° lies in the subgroup
No H\ G(1). Since °2 s(G(1)) G(1), we nd from (3.8)that z z 1= n % ! 2 G(1), and
clearly z z 2 B( ). This completesthe proof of (3.7).

In view of (3.6) and (3.7), we have

B()\H 2 g1 ()=B()\ G(Q): (3.10)
2 g(B( )\ G(@1)

where the coproduct just meansthe disjoint union of sets. Now note that when
= e()2 8(B()\ GQ)

we have 2 Bl( ), but 62H by our choiceof . Thus#(B( )\ H) < #(B( )\ G(1)) which
completesthe proof of Proposition 3.11. u



Remark 3.12 The smallest possibledegree over Q of non-isomorphic elds k and k°asin Theorem
1.3 is 6, and it is not hard to check that all minimal degree examplescan be constructed in the
following way. Let k* be a totally real non-Galois cubic extensionof Q. The Galois cI05u_re (k* )CI
is then a totally real Sz extension of Q, so it contains a unique real quadmtic eld Q( d), where
d > 0 is a squae free integer. Supmsethat 2 k* is positive at two of the real pIacEs of k*
andpneg;ative at the other real place. Then k and k° can be taken to be isomorphic to k* (* ) and
k*( d ), respctively. A numerical exan}gleis giveB by letting be tiﬂp unique neg?,tive real root
off(x)=x3 4x+ 1L k" =Q( ), k=k*(C )=0Q(C )andk®’=k*( 37 )=Q( 37 ).

4 Galois closures of elds generated by eigenvalues and log-
arithms of lengths.

Throughout this sectionwe assumethat is an arithmetic Kleinian group derived from a quaternion
algebraB=k. We view k asa sub eld of C via a xed a non-realenbedding ¢ :k! C. Let 2
be a hyperbolic elemen with eigervalue = (), soj j > 1. We assumethe notations of x3
concerningk. Let k* be the maximal totally real sub eld of k.

Prop osition 4.1 If s real, thenQ( )= Q( )= Q( 2), soQ( )¢ = q( 7).

Pro of. Since 2 haseigervalue 2, we concludefrom Lemma2.3that k* Q( ?) Q( ) and
that ead of Q( 2) and Q( ) have degree2 over k* . HenceQ( 2)= Q( ). t

Lemma 4.2 Supmsethat isnotreal. Then[Q(; ):Q( )] = 2andevery 2 Gal(Q( )el=q( 7))
either xes or interchanges and

Pro of. Since is not real, complex conjugation takes to__ 6 and xes Q( ). The Lemma
now follows from the fact shovn in Theorem 2.2(iv) that and havelarger complexabsolute value
than any of the other conjugatesof . t

Lemma 4.3 Supmsethat * = 2 in Corollary 3.5andthat isnotreal. Thenk=Q( + !)isa
degree two extension of the totally real eld k*. There are two possibilities:

a. The eld Q( )= Q( ) is quadmtic over k and Galois of degree four over k* .

b. The extensionsQ( ) and Q( ) are distinct quadmtic extensionsof k. The extensionQ(; ) is
a dihedral extension of degree 8 of k*. The eld Q( ) is a non-Galois degree four extension
of k* inside Q(; ),andQ( )\ k= k*.

Pro of. We know from Lemma 2.3that k= Q( + 1), so + !isnot real. By Corollary
3.10, k is stable under complex conjugation, and k* = k\ R is the maximal totally real sub eld of
k, with [k : k*]= 2. By Theorem2.2(i), [Q( ) :kK]=[Q( ):Q( + Y= 2.

If Q( ) = Q( ), complex conjugation de nes an automorphism of Q( ) over k* which givesa
non-trivial automorphism of k. Then [Q( ) : k] = [k : k*] = 2 implies Q( )=k* is Galois of degree
4.

Now supposeQ( ) 6 Q( ). Then Q( )=k* is a quartic extension containing the quadratic
extensionk=k* . Complex conjugation sendsk to k, xes k* and carriesQ( ) to Q( ). This implies
Q(; ) is adihedral extensionof k* of degree8. By Lemma4.2,[Q(; ):Q( )] = 2. The rest of
part (b) follows from this and the fact that Q( )= Q( )\ R k* is xed by complex conjugation
while k is not.



Prop osition 4.4 Supmsethat is not real, and that either * > 2 or that * = 2 and that option (b)
of Lemma 4.3 holds. Then the Galois closure Q( )¢! of Q( ) over Q equalsQ( ).

Pro of. If * = 2, Lemma4.3(b) implies Q( ) is a non-Galois quartic extensionof k* inside the
dihedral degree8 extensionQ(; ) of k*. Hencethe Galois closureof Q( ) over k* is Q(; ),
and this implies that Q( )¢ = @( ).

The remaining caseto consideris when is complexand = > 2. Then Q( ) is a quadratic
extensionofk = Q( + 1) by Lemma 2.3. The inclusion kCl Q( )CI givesa surjection q: G=
Gal(Q( )¢!=Q) ! Gal(k®!=Q) = G. Dene H = Gal(Q( )'=Q( 7)) G. It will suce to show
that the intersection J of all the conjugatesof H in G equalsthe trivial subgroup f eg.

We know by Lemma4.2that every ~2 H either xes eaof and or interchangesthem. If all
~2J x ,thensinced isnormalin Gwewill seethat J xes all of Q( )Cl, soJ = fegandweare
done. We may thus supposethat there is an elemert ~2 J for which ~( )= and~( )= . Then
~ + Y= "+ ' sincek= Q( + 1), weconcludethat = q(~)2 G satises 1= o,
where ; and , are asbeforethe non-real complex conjugate embeddingsof k into C. Since™ > 2,
the description of the conjugation graph C(G) in Proposition 3.4 and Corollary 3.5 shows that there
isaj 6X1;2gsuchthat ;= jsand = ; forsome 2 G. Then 1,= -

Let ~2 G = Gal(Q( )C|=Q) be any element for which q(~) = . By the de nition of J
as the intersection of all the conjugatesof H in G, we know that ~2 H and ~~ ' 2 H. We
have (~~~ 1)( + 1=) = ;( + 1=). On the other hand, ~~ ! 2 H and Lemma 4.2 shov
(=Y +1=)2f +1=; + 1=g. This would give ;( + 1=) = ( + 1=) for some
i 2 f1;2g, which is impossiblesincek = Q( + 1= ) andj 62f 1;2g. The cortradiction completes
the proof of Proposition 4.4. t

5 Cebotarev Results

We will assumethe notations of the previous two sections. Let b: | Z* be a function on
hyperbolic elemers of andletl,( )= ( () ( )X ) for 2 .

5.1 The intersection of Galois closures

Lemma 5.1 The intersection \ 5 Q(Ip( ))CI is equal to k¢ unlessk is a gquadmatic extensionof a

totally real eld k*, and in the latter case this intersection equals(k*)CI. These two alternatives
correspnd to © > 2 and * = 2 in the notation of Corollary 3.5.

Pro of. Suppose rst that * > 2. Then the maximal totally real sub eld k* ofk has[k : k*]> 2
by Corollary 3.7. On applying Lemma2.3to " ) weseethat ( )™ ) is not real. Lemma 2.3 and
Proposition 4.4 now showv

QU () ) =k( () and Qs N=qQ( () e ko (5.11)

Theorem 2.2(i) also shaws that Q( ( )™ )) is a quadratic extension of k, so Q( ( )* )¢l is an
elemenary abelian two-extensionof k€. Henceto show that \ > Q(lp( )€ is equalto k!, it will
be enoughto show that for ead quadratic extensionL of k¢ there is a hyperbolic element 2

such that Q( ( )™ )¢l L = k¢,
By the Cebotarev density Theorem, we can nd a rational prime p which splits completely in

kCI, doesnot lie under a prime of k which rami es in B, and for which someprime P over p in kCl
is inert to L. By the approximation theorem for absolute values of k, we can construct a quadratic

10



extensionF of k which is rami ed at ead place of k which rami es in B, and suc that ead prime
over p in k splits in F. By Theorem 2.2(ii) there is a hyperbolic elemen 2  such that k( ( ))
is isomorphicto F. Then Q( ( )®) = k( ( )®) = k( ( )) = F for all positive integersb by (5.11).

Since p splits completely in F by construction, we concludethat p splits in Q( ( )X ))Cl = (F)Cl.

Since p does not split in the quadratic extension L of k€, this forcesQ( ( ) )¢\ L = k¢ as
required.

Supposenow that = = 2. Then [k : k*] = 2 by Corollary 3.10,and Q(lp( )) k* by Lemma
4.3, so

)\, Qs Nk (5.12)

Since kC|:(k* )CI is a two-extension,the right side of (5.12) is also a two-extensionof (k* )CI. Hence
it will suce to shaw for eadh quadratic extensionL of (k*)CI it is possibleto nd a hyperbolic

2 sudh that suc that Q(Iy( ))CI\ L = (k*)CI. This can be done by a Cebotarev argumernt
similar to the onefor ~ > 2. t

5.2 The case = 2.

Throughout this section we will assumeall the notation of the previous section and that ~ = 2.
Thus k is a quadratic extension of a totally real eld k*.

Lemma 5.2 There areinnitely many 2 for which = ( ) ) hasthe following properties.
a. satis es the conditions in option (b) of Lemma4.3.

b. All emkeddings of the eld k* into Q( ) over Q havethe sameimage.

Pro of. By the Cebotarev density theorem, we can nd in nitely many primes p of Q which
split completely in k and do not lie under any place of k rami ed in B. Fix such a prime, and let g;
and op be primes of Ok over a prime " of k* which lies over p. We can nd a quadratic extension
F=k which is rami ed over eac place of k which ramies in B and such that q; isramied in F,
and ¢ splits in F. We then have quOr = Q% and O = Q.QY where Q; is a prime ideal of F.
By Theorem 2.2, there is an elemert 2  suc that F = k( % where °= (). By Theorem
2.2(i) we have F = k( @) for all integersb 1. ThusF = k( ) when = ( 9b() = ()o() The
extension F=k* cannot be Galois, since Q; and Q, are primes of F over the sameprime g* of k*
which have di erent rami cation degrees.If werereal, then by Lemma 2.3, the extension Q( )
would be quadratic over k™, sok( ) would be Galois over k*, which is not the case.Thus is not
real, soeither option (a) or option (b) of Lemma 4.3 holds. However, option (a) is impossible,since
then k( ) would again again be Galois over k*. Sooption (b) holds.

Note that by Lemma 4.3 there is an embeddings; : k* | Q( ). Supposethat there is another
embedding s, : k¥ | Q( ) sud that s;(k*) 6 s,(k*). Regarding k* asa subeld of Q( )
via s;, the composite eld L = k*sp(k™) is now a totally real non-trivial extension of k* inside
Q( ). By option (b) of Lemma 4.3, L must bethe xed eld Q(; )7 of the order 4 subgroup J°
generatedby the conjugatesof J = Gal(Q(; )=Q( )) in Gal(Q(; )=k*). Let A be a prime of
Q(; ) lying over the prime Q, of F. Recall that Q, is unramied over k*, sincethe prime o, of
k under Q; is split from k to F, and @, is unrami ed over the prime g of k* which is unrami ed
over Q. Howewer, since Q(; ) is a Galois extension of k*, A must be conjugate to a prime of
Q(; ) lying over the prime Q1, which is quadratically rami ed over k. Soit follows that A must
be quadratically ramied over F, i.e. A2 = Q204. - By considering the rami cation indices of

primes lying below A in the tower of extensionsk* F  Q(; ) it followsthat the inertia group
I(A) of Ain H = Gal(Q(; )=k") equalsGal(Q(; )=F) = Gal(Q(; )=Q( )). No conjugate of
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I (A) liesin the group J; sinceJ"is generatedby the conjugatesof J and J is a non-certral group of
order 2 in H which intersectsGal(Q(; )=k) trivially . (Note that Gal(Q(; )=k) is the Klein four

subgroup generatedby the conjugatesof | (A) = Gal(Q(; )=Q( )).) Thusg" must ramify in the
extensionL = k*sy(k*) = Q(; )Y sinceno prime over g* in L canramify in Q(; ). Howewer,
we choseq” to be a prime over the rational prime p which splits completely in k*. Thus p splits
completely in sy(k*) and thus also in L, which is impossibleif g* ramies from k* to L. The
contradiction shawsthat there could not have beena secondembeddings, : k* ! Q( ) such that
sp(k*) 8 k.

6 Proof of Theorem 1.1

Clearly the commensurability classof M determinesthe rational length spectrum QL(M). Hence
Theorem 1.1 will follow immediately from the next result and Theorem 2.1.

Theorem 6.1 Supmsethat M; = H3= ; and M, = H3= , are arithmetic hyperbolic 3-manifolds
with the same rational length spectrum. Let k; (resp. B;) be the invariant trace eld (resp. the
invariant quaternion algebs) of M.

a. Thereis an eld isomorphism :k;! ks.

b. The isomorphism in (a) can be extendel to an isomorphismB; ! B».

To begin the proof of Theorem 6.1, note that by (2.1), we canreplace ; by i(2) soasto be able
to assumethat ; is derived from B;. Since M; and M, have the samerational length spectrum
there are functions b : | feg! Z* fori = 1;2 with the following property. Supposei = 1;2 and
that j = 3 i isthe other elemen of f1;29. Then foreach 2 ; feg, the product b( ) I( ) lies
in the setL (M;) of lengths of closedgeadesicsof M, wherel( ) is the length of the closedgeadesic
on M; assaiated to

De ne b ()

W)= () () =00
where () isthe eigervalueof . Let S( i;B)=fh(): 2 ; fegg Sinceb( )I( )=1( 92
L(M;) for some °2 ; feg, we concludethat

S(i;b)  S(j5Y) (6.13)
whenl; : ; feg! Z* isthe function which takesthe value 1 on all elemeris of ; feg.
6.1 Pro of of Theorem 6.1(a)
By Lemma 5.1,
Q)™ 28( ish)g= (K)° (6.14)

where kP = k; except when k; is a quadratic extension of its maximal totally real subeld k", in
which casek?= k" . This result is independert of b. Soby (6.13),

(k) = (k) (6.15)

It was shown in Corollaries 3.7 and 3.10 that the isomorphism class of k? can be determined
from that of (k9. So (6.15) implies Theorem 6.1(a) if k; = k°for i = 1;2. We thus reduceto the
casein which [k; : ki ] = 2 for at leastoneof i = 1;2. Then (6.15) gives[k; : k' ]= 2and " = 2 for
i 2f1;2g.
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By Lemma 5.1,
Q) 2S(iih)g= (k)™
The cortainments in (6.13) now show (k1)® = (k2)¢. By Corollary 3.10, this forcesk; and k; to
be isomorphic.

In Lemma 5.2 we showved there is an element 2 1 such that = ( )() satises all the
conditions in option (b) of Lemma 4.3 and for which all embeddingsof the eld k; into Q( ) over
Q have the sameimage, where = *, (). Fixing one sudh embedding, the eld Q( ', ( )) is a
non-Galois quartic extension of ki , and the Galois closure F of Q('p,( )) over k; is a dihedral
extension of ki of degree8. Now Lemma 4.3 forcesk; to be isomorphic to F® where D is the
unique Klein four subgroup of Gal(F=k; ) which doesnot contain Gal(F=Q( ,( )))-

We now use the fact described above that “p, ( ) = “1( 9 for some °2 , (see6.13). Since
we have shown (k1)* is isomorphic to (k2)*, all embeddings of (k2)* into Q(1( 9) = Q(p,( )
have the sameimage becauseof condition (b) of Lemma 5.1. This image is the sameas that of
(k1)* under the embedding discussedabove. Running the above argumerts through now with
replacing 1, we concludethat “;( 9 = ", ( ) implies k; is isomorphic to the eld FP = k;.

6.2 Pro of of Theorem 6.1(b)

We adopt the notations and assumptionsof x6.1. By Theorem 6.1(a) we can assumethat B; and
B, are quaternion division algebrasover the samenumber eld k. Let R; be the set of placesof k
which ramify in B;.

Prop osition 6.2 There is an automorphismc®: k! k suchthat cAR;) = Ro.

Before proving this Lemma, we note that it implies B; and B, are isomorphic as Q-algebrasby
Theorem 2.2(iii), sothis and Theorem 2.1 will show Theorem 6.1(b).

To begin the proof of Proposition 6.2, note that sincethe two non-real embeddings of k into C
are taken to ead other by complex conjugation, we can apply complex conjugation to the image
of one of the embeddings g, : Bi ! Mat,(C) usedto dene ; to be ableto assumethat the g,
de ne the sameembedding :k! C.

Lemma 6.3 Supmwsethat 12 1 and , 2 , are hyperbolic elementssuch that the lengthsI( ;)
and I( ,) are (non-zero) rational multiplies of one another. Dene ; = ( ;) to be the eigenvalue
assamiated to i, sothatj ;j> 1. Then either k( 1) = k( 2) or k(" 2) = k( 1), andif k( 1) 6 k( 2)
then k is stableunder complex conjugation.

Pro of. By Theorem 2.2(i), k( ") = k( i) is quadratic over k for all integersn 1. Since
I( )=1Inj; ;jandl( 1) andI( ») are non-zerorational multiples of one another, we can replace
and » by suitable positive powers of themselvessothat the following is true. There is a real number
r> Osudthat ; = ré i forsome ; 2 Randj = 1;2. The assumptionthat k( 1) 6 k( ) implies
there is an automorphism 2 Gal(k( 1; 2)=k( 1)) such that ( 2) = 1= ».

Let F be the smallest Galois extensionof Q containing k and all Galois conjugatesof ; and ».
Consideralift to F of . We have

(2

2 = 21(_2)=r2(2_2)_2(r2)_2_

) ) (11 | ™"

By consideringthe Galois conjugatesof the  (seeTheorem 2.2(iv)), this implies

~

i (2i=r=19 ()i and (1)2fl=1;1=19 and (2)2f 2 20
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If (1)= 1= 1 then (_1) = 1 would imply 1 = 1= ; which is impossiblesince ; is not on the
unit circle. Similarly, ( ) 6 » because ( 2) = 1= ,. Hence

(1)=11 and (2)= 2

N

Therefore ‘ o o o o ‘
e?2="5=5= (22= ()= (11)= 1=1=¢€""

S0 5 = r2e 22 = p21 = 2. Hence Theorem 2.2(i) shows the desired equality of elds

— —2
k("2) = k(" 2) = k( ) =k( 1): .

Suppose nally that k( 1) 6 k( 2). Then k( 1) = k( 2), k( 1) = k( 2) and neither ; nor

2 canbereal. By Lemma 2.3, Q( i) = k( i) is quadratic overk = Q( j + 1= ;) fori = 1;2. If
"2+ 1= 52 k= Q( 2+ 1= ,) then k is stable under complex conjugation. Otherwise ,+ 1= , 6X
so

QU 1) =k(1)=Kk(2)=k(2+1=3)=Q( 2+ 1= 5; 2+ 1= )

is stable under complex conjugation. But then k( 1) = k( 2) and k( 1) = Q( 1) show

k( 2)=k(1)=Q( 1; 1)=Q( 1)=k( 1)
contrary to hypothesis. This shows k must be stable under complex conjugation. ti
Pro of of Prop osition 6.2.

We regard k, B; and B, as subalgebrasof Mat,(C) via our xed embedding :k! C and xed
extensionsof this embedding to B, and B,. SinceH3= ; and H3= , are length commensurable,
foreadh 12 ;1 fegthereisanelemen ,2 , fegfor which the conclusionsof Lemma 6.3
hold, and the sameis true if ; and ; are interchanged.

Suppose rst that for all such pairs 1 and , onehask( 1) = k( 2) in Lemma 6.3. In view
of Theorem 2.2(ii), this implies that the quadratic eld extensionsof k which embed into B; are
exactly those which embed into B,. Therefore Theorem 2.2(iii) shows B; and B, are isomorphic
over k, sowe can let c® be the identit y isomorphismin Proposition 6.2.

For the rest of the proof we assumethat there is at least onepair ; and , asabove suc that
k( 1) = k( 2) 6 k( 2). WecanalsoassumeR; 6 R,, sinceotherwisethe proof can be completedas
before,with c°the identit y isomorphism. By Lemma 6.3, complex conjugation on C inducesan order
two automorphism c®: k ! k. If cR1) = Ry, then c extendsto a Q-automorphismc®: B; ! B,
by Theorem 2.2(iii), and Proposition 6.2 follows. We therefore assumethat ci(R;) 6 R..

By exdhanging B; and B, if necessarywe may supposethat jR,j jRij. SincecqR;) 6 R, 6
R1, we may chooseplacesP 2 R, R;andQ 2 R, cX(R1). Note that then c{Q) 62R;.

By Theorem 2.2(ii), a quadratic extensionL=k embedsinto B if and only if no placein Ry splits
in L=k. SinceP and cYQ) do not lie in R, we may by Theorem 2.2(ii) choosea hyperbolic elemert

2 1 with eigervalue () sothat P and cXQ) both split in k( ( )). SinceH3= ; and H3= , are
length commensurable,Lemma 6.3 implies that there is a 02 , with eigervalue ( 9 sud that
KC(9)=k( () ork( (9. Ifk( (9 =k( ()) then P splitsin k( ( 9), which contradicts the
fact that k( ( 9) embedsinto B, overk and P 2 R, rami es in B,. Similarly, if k( ( 9) = k( ()),
then Q splits in k( ( 9) becausecqQ) splits in k( ( )). This is alsofalsesinceQ 2 R, ramies in
B, and k( ( 9) embedsinto B,. The contradiction completesthe proof of Proposition 6.2. ti
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