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Overview

Talk 1: This talk focused on coherent Euler
characteristics of G-sheaves F on projective
schemes X having an action of a finite group
G. We used Riemann-Roch Theorems and
Chern classes to study the Euler map

K§(X) ™ K§ (V)

when # : X — Y is a proper morphism of
Noetherian G-schemes and G is a finite group.

This Talk: We'll add additional structure by
metrizing X and F. This leads to Arakelov
Euler characteristics, and the use of arithmetic
Riemann-Roch results.

Talk 3: We'll add the additional structure
of pairings on cohomology provided by Serre-
Grothendieck duality Theorems. This leads
to hermitian Euler characteristics in Frohlich’s
hermitian classgroup.

The classical picture: rings of integers

Suppose N/K is a finite Galois tame extension
of number fields.

Taylor (Frohlich’s Conjecture) The class [Oy]
of Oy in Kg(ZG) can be determined from [N : Q]
and the root numbers W (V) = £1 of the irre-
ducible symplectic representations V of G.

But [Op] doesn't determine the W(V).

Frohlich suggested considering invariants of
Oy together with the trace pairing (z,y) —
TrN/Q(a:y). This leads to local and global Her-
mitian discriminants of (Opn,Tr) in “Hermi-
tian classgroups.” Cassou-Nogueés and Taylor
showed these discriminants were enough to de-
termine both local and global symplectic root
numbers. This approach will be generalized to
projective schemes over Z in lecture 3.

One application: Unconditional geometric proofs
that various root numbers are positive, as pre-
dicted by other conjectures (Birch-Sw-Dyer).
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The Arakelov approach for rings of inte-
gers Instead of the trace pairing, consider the
G-equivariant Hecke pairing

rflecke . (C @ N) x (C ® N) — C
defined by
rHecke (X @m,v@n) = XD o (m)o(n)
(e

where the sum is over the embeddings o : N —
C. This form arises from the volume form de-
fined by the Euclidean absolute values of N. It
was used by Hecke in his proof of the functional
equation for L-functions.

In the Arakelov approach, one considers the

class of [Oy, hf1eck€] in an appropriate G-equivariant

Arakelov class group A(ZG). This class is re-
ally a metrized G-equivariant Euler character-
istic. We'll show it determines (and is deter-
mined by) the symplectic root numbers W (V).

Goal today: Generalize [Op, hfecke] and its
connection to symplectic root numbers to pro-
jective schemes X having a tame action of G.
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Some related topics:

Classically there are also results on trace forms
restricted to the square root DX,}(/; of the in-
verse different of N. On schemes X there is
a literature concerning analogous ‘quadratic
bundles,” which have hermitian and Arakelov

characteristics.

Various height functions on subschemes of a
fixed projective scheme over Z can be rephrased
in terms of metrized Arakelov Euler character-
istics. Often these subschemes have natural
actions of finite groups or group schemes (e.g.
when they are Grassmanians). In these cases
it's useful to have metrized G-equivariant Euler
characteristics.

Definition of Arakelov Euler

characteristics

Standard Hypotheses

e X = a regular scheme, flat and projective
over Z.

e G = a finite group acting tamely on X.
Recall that this means the order of the in-
ertia group I, C G of each point z € X is
prime to the residue characteristic of x.

e Y = X/@G is also regular, and the irreducible
components of finite fibers of Y are smooth

with normal crossings and multiplicities prime

to the residue characteristic.

Let h be a G-equivariant Kahler metric on
X (€) invariant under complex conjugation. So
h is defined by a closed (1,1)-form; one needs
this for Arakelov theory to work.

Definition 1 A G-hermitian bundle on X is a
pair (E,k) for which:

FE is a locally free Ox-module having an action
of G compatible with the G-action on X;

k is a G-invariant smooth hermitian metric on
the bundle Eq induced by E on X(C), and k
is invariant under complex conjugation.

Example: Assume X satisfies the Standard
Hypotheses. Let E be the sheaf Q}((Iog) of
log-differentials on X with respect to the re-
duction of the union of the bad fibers of X.
This agrees with Q}( on the general fiber, so

we can let k result from the Kahler metric h.
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¢ € G = irreducible complex characters of G
Vg = the ¢-isotypic part of a CG-module V

Let h be a G-equivariant Kahler metric X(C)
invariant under complex conjugation.

Definition 2 The ¢-determinant of cohomol-
ogy of a locally free Ox-module E is the com-
plex line

det(H"(E)y) = ®idet(Hi(X(@),E®)¢)<—1>i

The Quillen-Bismut metric on this line induced
by a metric k on E will be written I<:¢.




Rationale for Quillen metrics

For simplicity, take G trivial. Suppose X(C) is
the fiber X, at w € W of a smooth projective
family X — W of complex varieties, and that
E = &, for some vector bundle £ on X. Sup-
pose £ has a smooth metric extending that of
E and that there is a smooth Kahler metric on
X extending that of X.

X X

w

w o T

One can construct algebraically a line bundle
det(H*(&)) on W which specializes to det(H*(E))
at w. The Quillen metric on det(H*(F)) =
det(H*(&))w extends to a metric on det(H*(&))
which varies smoothly with w.

Quillen metrics and analytic torsion

The first approximation to constructing such
a metric is to use the L2-metrics on the har-
monic forms

where A, is the Laplace operator on (0,q)
forms Al = A%9(Xx,,EL). This won't in gen-
eral vary smoothly with w because the individ-
ual HY, = HI( Xy, Ew) don't vary smoothly.

Example:(Faltings) Let ¢ = complex curve.
For m >> 0, let X — W = Pic™(C) be the
constant family with fiber C. Define £ by let-
ting &, be the line bundle on X, associated to
w € Pic™(C). The dimensions of HO(Xy,Ew)
and of H1(Xy, Ew) can jump for special w. But
by Riemann-Roch the difference of these di-
mensions is the constant 1 — genus(C) + m.
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Let A wx C Al be the eigenvectors for AY
of elgenvalue A. Suppose dim(Xy) = 1. For
A>0,6: A?U — A%U ) IS an isomorphism which

multiplies L2 norms by v/}, since
(6v,6v) 2 = (6"6v,v) ;2 = (AL, v) ;2 = A(v,v) 2
Thus
6 : Det(A) ,) — Det(A}, )
is an isomorphism of one dimensional C-vector

i 1
spaces which multiplies L2 norms by )\d'm(Awﬂ)/z.

Because of this, the natural inclusions
Hl, = AL o — Agu,<b = Dr<pAlq
for b > 0 and ¢ = 0,1 induce an isomorphism
Det(H9) , Det(A )
T, ¥ w<b
Det(HL) Det(AL <b)
This 7 is an isometry for the L2 norms after we

multiply on the L2 norm on the right (which
varies smoothly near w) by

dlm(Al )
H ( w,A
0<A<b \/_
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Conclusion:Let

dlm Al
Tw’u H ( ( ’ll},)\/)
<,\/

Multiplying the L2-norms on the domain and
range of 7 by Ty,0 and Tmb, respectively, makes
T an isometry. Letting b — oo, we get that the
norm

DH% . DAS),O
DHL, DAL,
varies smoothly with w. This is the Quillen
norm. The analytic torsion Ty, o is defined rig-

orously via this zeta function of a complex vari-
able s:

(L°Norm) x Two ©ON

() =Y A —sdim(Ag )
* 0<A

The function
H )\dlm(A%U’)\) — Tz;,% — eXp(_CA}U(O))
0<A
is the regularized determinant of the Laplacian
AL
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Multiplicative Arakelov degrees
(L, ko) = Hermitian line bundle on Spec(Z).

Choose [g, I, for all primes p so Q® L = Qlo,

Then lg = aplp for some ap € Q.
Definition 3
deg(L, ko) = (J] ) x ko(lo)
P
in the Arakelov divisor group
J(Q)
A(Z = 2% = R
( ) ot Q* : Hp<oo Z; >0
Example: Pickingl e L so L = 7 -1, we can
take lo = lp =1 for all p. Then deg(L,kq) =
ko(l) is the length of the generatorl. Note that
the logarithm gives an isomorphism from A(Z)
the 1f/'rst arithmetic Chow group of Gillet-Soulé
CH"™ (Spec(Z)) = R.
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Equivariant generalization
P® = perfect complex of ZG-modules
jo = {j¢}¢eé metrics on det((H*(P*) ® C)y).

Choosing local ind global bases gives
deg(P*, je)(¢) € J(Q) for ¢ € G and a class

deg(P*, jo) € Homr(Be. J(Q)) _ 4(zay
denominator def

where ' = Gal(Q/Q).

Definition 4 The Arakelov Euler characteris-
tic of a hermitian G-bundle (E,k) is

xA(E, k) = deg(RIN(X, E), kQ’.) € A(ZG)
Here the total cohomology RI'(X,E) is rep-
resented by a perfect complex of ZG-modules
because the G action on X is tame. kg, IS
the Quillen metric on the determinant of the
isotypic pieces of RI'(X, E).

Note:This extends from (E,k) to complexes
of hermitian G-bundles.
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Arakelov Euler characteristics and

Epsilon Factors

g = subgroup of virtual symplectic characters
in RG'

Restricting to R{, gives a quotient A%(ZG) of
A(ZG).

Proposition 5 (Cassou-Nogués and Taylor)
A%(ZG) contains a subgroup Homr(R¢, Q*) of
“rational classes”.

For ¢ € R, Deligne defines a constant eq(X/G, ¢)
using the local ¢ constants associated to the
Euler characteristic of H2,. (X x Qp) and of

etale
[ )
HHodge(X)'
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For simplicity we add the following to the
Standard Hypotheses:

(*)The fibers of Y over Z are reduced.

Let h stand (also) for the metrics on the
terms AiQx (log) of the log de Rham complex
A*Q x(log) which result from a suitably nor-
malized Kdhler metric h on X.

Let

x4 (2% (109),hge) = image of x4(2%(109),hq.e)
in  AS(ZQG)

Theorem 6 (CPT) Assuming (*), one has

x4 (2% (109),hq.e) = €}
where € € Homp (R, Q") is the rational class
in AS(ZQG) defined by the character function
¢ - 6O(‘Xv/(% ¢)
for ¢ € R,.
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Outline of the proof

Let E = Q}((Iog). Suppose G is trivial. Then
X =Y and AE = wy 7 = dualizing sheaf be-
cause of (*). The compatibility of Serre duality
with L2 norms on harmonic forms implies

_1)d+1
deg(Ty—s hyp,) = deg(Ti hyp )Y
for all i in A(Z) = R, where T; = RI(X,\E).
This leads to
X (2% (109), hy2 ) = [[dea(T;, hyp )1 =1
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Soulé showed us how to use the Arithmetic
Riemann Roch Theorem to prove
Xa(2%(109), b2 ) = x4 (2% (109), hq.a)

One can also show this with results of Ray-
Singer on analytic torsion. Finally, Saito proved

R
60 — 1
under hypothesis (*). Thus
x4 (Q%(l0g),hge) =1 =€}

which proves the Theorem when G is trivial.
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For general GG, one uses the result for trivial
G to reduce the problem to considering char-
acters of degree 0. Furthermore, E = n*Ey
when Ey = QL (log) and 7 : X — Y is the pro-
jection. So cd)(/E) = 7*(c%(Ey)) where the d"
Chern class

d
(By) = (-1)* Y (1N Ey
§j=0
lies in the d term F{} of the ~-filtration on
Ko(Y). Since F{ is contained in the d-th term
of the topological filtration on Kg(Y), we can
write

MNE) =1 (By) =Y m;-n*F; (1)
J
in K§(X) where F; is a sheaf supported on a
dimension d+ 1 —-d = 1 scheme Z; CY. To
compare the metrized Euler characteristics of
both sides of (1), one needs an important Lef-
schetz Riemann Roch result of Bismut. This
reduces the problem to one on metrized one-
dimensional schemes, where one can apply re-
solvent theory a la Frohlich and Taylor.
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Comments

1 There is a correction factor at the triv-
ial character if one assumes only that the
fibral multiplicities of Y are prime to the
residue characteristic.

2 When G is trivial this proves a conjecture of
Bloch under our hypotheses. An indepen-
dent proof of Bloch's conjecture under the
same hypotheses was given by Arai. Kato
and Saito have a stronger result showing

Bloch's conjecture without assumptions about

the fibral multiplicities of Y.

3 The Theorem shows that the metrized de Rham

Euler characteristic x% (2% (l0g),hg.) de-
termines the constants eg(X/G, ¢) for sym-
plectic ¢. This is because Hom(R%, Q*)
injects into A%(ZG).
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4 Resolvent theory on 2-dimensional schemes
will be discussed by Taylor. If one has
a good method for computing (metrized)
Euler characteristics on dimension j sub-
schemes of an arbitrary scheme X, it can
be used to study (metrized) classes of com-
plexes 7*c when ¢ lies in FI=IKy(Y).

5 One can prove an Arakelov Euler charac-
teristic result for Qk using Dold-Puppe ex-
terior powers of a bounded perfect com-
plex L®* of Ox-G-modules quasi-isomorphic
to Q}(. This result involves e-factors over
X/G and the branch locus of X — X/G as
well as ¢g factors over X/G.
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6 D. Burns has suggested a common refine-
ment of the Arakelov and hermitian Euler
characteristics of Q2% (log) using the com-
parison isomorphisms between de Rham and
Betti cohomology.

7 There are other natural Arakelov (and her-
mitian) Euler characteristics to consider.
Suppose, for example, that one has a G-
equivariant embedding ¢ : X — PéV and one
wants to define the G-height of X with re-
spect to . (We will assume G acts on

OPN(]-)-)
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Faltings heights for trivial G

Give Pév the Fubini-Study metric. Choose a
Green’'s current gx so dd°gx + 6x is harmonic
and gx has trivial harmonic projection. Let

height(X) = fu(X -&(0(1)4T ) e R

where:
X € cHY4(PN) is the class of the cycle (X, gx);

e1(0(1)41) € GHY(PN) is the first arithmetic
Chern class of O(1) with Fubini metric on PV;

£ CHY(PMN) 9 Q — CHY(Spec(Z)) = R

is the direct image.

Comments :

e T he definition generalizes the classical de-
gree of the generic fiber X¢q in Pg. It
agrees with the usual log-height of a ra-
tional point in projective space.
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e One can replace P]%, by other spaces on
which one has canonical metrized line bun-
dles or vector bundles, e.g. Grassmanni-
ans and flag varieties. Many authors have
worked on the "arithmetic Schubert cal-
culus” needed to compute intersections in
the arithmetic chow group of such spaces.
(Gillet-Soulé; Philippon, Cassaigne and Mail-
lot, Tamvakis, Kaiser-Kohler-Roessler,...)
This often leads to interesting rational num-
bers, e.g. for the heights of flag varieties
under various Pllicker embeddings.

e Kohler and Roessler have proved an Arakelov
theoretic Lefschetz - Riemann Roch result
when one has a finite diagonalizable group
acting on a scheme X. They and Kaiser
have shown how this can be useful when
studying non-equivariant heights of flag va-
rieties, using the actions of subgroups of
maximal tori. Diagonalizable group actions
make it possible to take eigenspaces “over
Z7."
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X dicior)wl (Pﬁb)d — (G%’l)d cano_m‘}cal Gdn,d

Arakelov heights for non-trivial constant
groups G:

Here is one example of such a height when
G acts tamely on X — P} and on O}DN. The
Grassmannian G,"", which represents the func-

tor Schemes — Sets defined by

isomorphism classes of locally

T— free rank n quotients of O’%er

Both G‘é”’d and the tautological quotient bun-
dn,d

dle Qgp,q of rank d on G;"" have canonical

metrics. Now use the embeddings

Z
Pulling back Qg 4 to X gives a line bundle E on

X with hermitian metric h. Using the induced

Kahler metric on X we set
height(X,G) = xa(E, hQuillen) in  A(ZG)

One Goal: Use heights associated to constant

group actions to derive additional information

about non-equivariant heights.
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