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Calculus of Vector Functions
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Calculus of Vector Functions

-

Given a vector function 7(t) = £(t)i + g(t)j + h(t)k, the
derivative r’ is defined by

ar -
_— = t) =
=
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Calculus of Vector Functions

-

Given a vector function 7(t) = £(t)i + g(t)j + h(t)k, the
derivative r’ is defined by

if the limit exits.
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Calculus of Vector Functions

-

Given a vector function 7(t) = £(t)i + g(t)j + h(t)k, the
derivative r’ is defined by

S . By 7
dr - 7(t+ h) — r(t)

if the limit exits.

This looks similar to the definition of derivatives for regular
funcitons.
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Calculus of Vector Functions

Given a vector function 7(t) = £(t)i + g(t)j + h(t)k, the
derivative r’ is defined by

S . By 7
dr - 7(t+ h) — r(t)

if the limit exits.

This looks similar to the definition of derivatives for regular
funcitons.

Maple Demonstration
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F(t+ h) — 7(t)
h

As h — 0, we get a vector, which is just /j(t) This is called the

tangent vector.
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dr — fm F(t+ h) — r(t)

As h — 0, we get a vector, which is just /j(t) This is called the
tangent vector.

Given a point P and a tangent vector at this point, we can define
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dr ~ im F(t+ h) — r(t)

As h — 0, we get a vector, which is just /j(t) This is called the
tangent vector.

Given a point P and a tangent vector at this point, we can define
a line: the tangent line.
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dr ~ im F(t+ h) — r(t)

As h — 0, we get a vector, which is just /j(t) This is called the
tangent vector.

Given a point P and a tangent vector at this point, we can define
a line: the tangent line.

The unit tangent vector is
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dr ~ im F(t+ h) — r(t)

As h — 0, we get a vector, which is just /j(t) This is called the
tangent vector.

Given a point P and a tangent vector at this point, we can define
a line: the tangent line.

The unit tangent vector is

Tong Zhu Math 114-004, Fall 2009



To compute the derivative, if f, g, h are differentiable,

-
/

r(t) =< f'(t), g (t), W (t) >= f'(t)i + g'(t)] + W (t)k
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Find the unit tangent vector to
7(t) = cos(t)i + 3tj + 2sin(2t)k

at t = 0.
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Find the unit tangent vector to
7(t) = cos(t)i + 3tj + 2sin(2t)k

at t = 0.

Solution:

—

r(t) = —sin(t)i 4 3j + 4 cos(2t)k.
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Find the unit tangent vector to
7(t) = cos(t)i + 3tj + 2sin(2t)k

at t = 0.

Solution: . .
r'(t) = —sin(t)i + 3j 4 4 cos(2t)k.

So r'(0) = 3/ + 4k.
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Find the unit tangent vector to
7(t) = cos(t)i + 3tj + 2sin(2t)k

at t = 0.

Solution: L .
) = —sin(t)i + 3j + 4 cos(2t)k.

r(t
So r/(0) = 3] + 4k. |F(0)| = v/9 + 16 = 5.

Tong Zhu Math 114-004, Fall 2009



Find the unit tangent vector to
7(t) = cos(t)i + 3tj + 2sin(2t)k

at t = 0.

Solution: o )
r'(t) = —sin(t)i 4 3j + 4 cos(2t)k.
So F/(O) = 3j+ 4K. \Fl(o)\ = 1/9+ 16 = 5.Hence
F0) 3+, 4

7_":A =—j+ =k
() > 5
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Find parametric equations for the tangent line to the
curve with parametric equations x(t) = t°, y(t) = t*, z(t) = t3 at
the point (1,1,1).
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Find parametric equations for the tangent line to the
curve with parametric equations x(t) = t°, y(t) = t*, z(t) = t3 at
the point (1,1,1).

Solution: The vector equation of the curve is
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Find parametric equations for the tangent line to the
curve with parametric equations x(t) = t°, y(t) = t*, z(t) = t3 at
the point (1,1,1).

Solution: The vector equation of the curve is

F(t) = 57 + t4] + £3k.
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Find parametric equations for the tangent line to the
curve with parametric equations x(t) = t°, y(t) = t*, z(t) = t3 at
the point (1,1,1).

Solution: The vector equation of the curve is
F(t) = 57 + t4] + £3k.
Its derivative is

-
/

r(t) = 5t*T+4t3+ 3%k
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Find parametric equations for the tangent line to the
curve with parametric equations x(t) = t°, y(t) = t*, z(t) = t3 at
the point (1,1,1).

Solution: The vector equation of the curve is
F(t) = 57 + t4] + £3k.
Its derivative is

-
/

r(t) = 5t*1+4t3/+3t%k = at point (1,1,1) /(1) = 5i+4j+3k
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Find parametric equations for the tangent line to the
curve with parametric equations x(t) = t°, y(t) = t*, z(t) = t3 at
the point (1,1,1).

Solution: The vector equation of the curve is
F(t) = 57 + t4] + £3k.
Its derivative is

-
/

r(t) = 5t*1+4t3/+3t%k = at point (1,1,1) /(1) = 5i+4j+3k

The tangent line passes through the point (1,1,1) and has a
directional vector
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Find parametric equations for the tangent line to the
curve with parametric equations x(t) = t°, y(t) = t*, z(t) = t3 at
the point (1,1,1).

Solution: The vector equation of the curve is
F(t) = 57 + t4] + £3k.
Its derivative is

-
/

r(t) = 5t*1+4t3/+3t%k = at point (1,1,1) /(1) = 5i+4j+3k

The tangent line passes through the point (1,1,1) and has a
directional vector 5/ + 45 + 3k. So its parametric equations are
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Find parametric equations for the tangent line to the
curve with parametric equations x(t) = t°, y(t) = t*, z(t) = t3 at
the point (1,1,1).

Solution: The vector equation of the curve is
F(t) = 57 + t4] + £3k.
Its derivative is

-
/

r(t) = 5t*1+4t3/+3t%k = at point (1,1,1) /(1) = 5i+4j+3k

The tangent line passes through the point (1,1,1) and has a
directional vector 5/ + 45 + 3k. So its parametric equations are

x=1+4+5bt, y=14+4t z=1+3t
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Differentiation Rules:
1. %[U(t) + v(t)] =
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Differentiation Rules:
1 G[d(t) + V()] = u/(t) + v/(¢)
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Differentiation Rules:
1 4[d(t) + v(t)] = /() + V/(¢)
2. Slci(t)] =

Tong Zhu Math 114-004, Fall 2009



Differentiation Rules:
1 G[d(t) + V()] = u/(t) + v/(¢)
2. Zlcii(t)] = cu/(t)
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Differentiation Rules:
1 Lla(t) + v(t)]) = /() + v/(¢)
2. dlci(t)] = cu'(t)
3. glf(t)a(e)] =
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Differentiation Rules:
1. &[a(t) + v(e)] = o/ (t) + V(1)
2. gleti(t)] = cu/(t)
3. LIF(e)i(t)] = F/(£)id(t) + F(£) (t)
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Differentiation Rules:
1. &[a(t) + v(e)] = o/ (t) + V(1)
2. Glci(t)] = cu(t)
3. LIF(e)i(t)] = F/(£)id(t) + F(£) (t)
4

- gela(r) - v(1)] =
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Differentiation Rules:
1 Lla(t) + v(t)]) = /() + v/(¢)
2. dlci(t)] = cu'(t)
3. GUF(D)a(e)] = £ (£)d(r) + f
4. gla(t) - v(t)] = u'(r) - v(t) + d(t) - v/(t)
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Differentiation Rules:
1 Lla(t) + v(t)]) = /() + v/(¢)
2. dlci(t)] = cu'(t)
3. GUF(D)a(e)] = £/(£)d(t) + f(1)u'(t)
4. Gi(t) - v(t)] = u'(¢) - ¥(t) + d(t) -
5. 4[i(t) x v(t)] =

N—r
\
—~~
~
N
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Differentiation Rules:
1 Lla(t) + v(t)]) = /() + v/(¢)
2. dlci(t)] = cu'(t)
3. glf(t)a(e)] = f'(¢
4. dla(e) - v(t) = o

5 )
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Differentiation Rules:
1 G[d(t) + V()] = u/(t) + v/(¢)

- dci(t)] = cu(t)

2

3. LIF(e)i(t)] = F/(£)id(t) + F(£) (t)

4. Lla(t) - V()] = d(t) - v(t) + d(t) - V(1)

5. Gli(t) x V(t)] = u/(t) x U(t) + T(t) x V/(t)
6. Fla(f(t)] =
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Differentiation Rules:

1 Lla(t) + v(t)]) = /() + v/(¢)
2. dlci(t)] = cu'(t)
3. glf(t)a(e)] = f'(¢
4. 21i(t) -
5
6
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Show that if |F(t)] = c (c is a constant), then r/(t) is
orthogonal to 7(t) for all t.
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Show that if |F(t)] = c (c is a constant), then r/(t) is
orthogonal to 7(t) for all t.

Solution: If |F(t)| = c, then |7(t)|? = F(t) - F(t) = 2.
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Show that if |F(t)] = c (c is a constant), then r/(t) is
orthogonal to 7(t) for all t.

Solution: If |F(t)| = c, then |7(t)|> = 7(t) - F(t) = 2.

d ~ . . . -
S [F(8) - F(O)] = 0= r'(2) - F(&) + F(t) - r'(2)
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Show that if |F(t)] = c (c is a constant), then r/(t) is
orthogonal to 7(t) for all t.

Solution: If |F(t)| = c, then |7(t)|? = F(t) - F(t) = 2.

% F(t) - F(£)] = 0= r(t) - F(t) + F(t) - (t) = 27 (t) - F(t)
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Show that if |F(t)] = c (c is a constant), then r/(t) is
orthogonal to 7(t) for all t.

Solution: If |F(t)| = c, then |7(t)|> = 7(t) - F(t) = 2.

% F(t) - F(t)] = 0 = r(t) - F(t) + 7(t) - r(t) = 2r(t) - F(t)

So r/(t) - F(t) = 0, which means r/(t) is orthogonal to 7(t) for all t.
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Integrals of Vector Functions
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Integrals of Vector Functions
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Integrals of Vector Functions

b

/f F(t)dt = (/ab f(t)dt)7+ (/

a

b

g(t)dt)f+ (/

a

h( t)dt) K
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Find 7(t) if r/(t) = sin(t)i — cos(t)j+ 2tk and 7(0) = 0.
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Find 7(t) if r/(t) = sin(t)i — cos(t)j+ 2tk and 7(0) = 0.

Solution:
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Find 7(t) if r/(t) = sin(t)i — cos(t)j+ 2tk and 7(0) = 0.

Solution:
F(t)—/ﬁ(t)dt— /sin(t)dt?—/cos(t)dtf+/2tdt/?

- - —

= —cos(t)i — sin(t)j + t?k +
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Find 7(t) if r/(t) = sin(t)i — cos(t)j+ 2tk and 7(0) = 0.

Solution:
F(t)—/ﬁ(t)dt— /sin(t)dt?—/cos(t)dtf+/2tdt/?

— -

= —cos(t)i —sin(t)j + 2k + C
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Find 7(t) if r/(t) = sin(t)i — cos(t)j+ 2tk and 7(0) = 0.

Solution:
F(t)—/ﬁ(t)dt— /sin(t)dt?—/cos(t)dtf+/2tdt/?

— -

= —cos(t)i —sin(t)j + 2k + C
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