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Vector Algebra
» Vector Addition A
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» Scalar Multiplication
» How about the product of two vectors?

1. Dot Product v - i
2. Cross Product v x i
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Before the geometry,

Determinant
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Before the geometry,

Determinant

» Determinant of a 2 x 2 matrix,

a b
= ad — bc
c d ‘
» Determinant of a 3 x 3 matrix,
ay a a
Loe2 o3 by b3 by b3 by b
by by b3 |=a; —a + a3
C 3 G C G C
i & ¢3

=ai(bac3 — b3cn) — ax(bics — bscy) + az(bicx — bocy)
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~1 2
‘ 3 5‘——5—6——11
2.
2 46
35 15 -1 3
135 :2‘ ‘_4‘ \+6‘ ‘
2 5. 2 6 7 6 7 2
=2(18 — 10) — 4(—6 — 35) + 6(—2 — 21) = 42
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~1 2
‘ 3 5‘——5—6——11
2.
2 46
35 15 -1 3
135 :2‘ ‘_4‘ \+6‘ ‘
2 5. 2 6 7 6 7 2
=2(18 — 10) — 4(—6 — 35) + 6(—2 — 21) = 42
3.
2 46
3 5 5 -1 3
-1 3 5 :2‘ ’—4’ ’+6’ ’:0
13 3 5 15 13
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Cross Product

In 3-D,

Definition If two vectors 3 =< a1, as, a3 > and b=< b1, by, b >,
then the cross product of 3 and b is defined as

EY% B =< 32b3 — 331327 a3b1 — 31[)37 aib, —ar)by >
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Cross Product

In 3-D,

Definition If two vectors 3 =< a1, as, a3 > and b=< b1, by, b >,
then the cross product of 3 and b is defined as

EY% B =< 32b3 — 331327 a3b1 — 31[)37 aib, —ar)by >

Remark: Cross product gives a vector.
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Cross Product

In 3-D,

Definition If two vectors 3 =< a1, as, a3 > and b=< b1, by, b >,
then the cross product of 3 and b is defined as

EY% B =< 32b3 — 331327 a3b1 — 31[)37 aib, —ar)by >

Remark: Cross product gives a vector.

But the components of this vector is hard to memorize. There
must be a neat formula!
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By the notation of determinant, if 3 =< a1, a», a3 > and

b =< by, by, b3 >,
) ik

ax b= day a as

bi by b3

3=<2,3,4> b=<1,5-6>

Tong Zhu Math 114-004, Fall 2009



By the notation of determinant, if 3 =< a1, a», a3 > and
b=< by, by, b3 >,

ik
ax b= dayp az as
bi by b3

3=<2,3,4> b=<1,5-6>

TR
axb=|2 3 4
15 —6

|3 4|2 4 | ]2 3]

5 —6 1 6’715

= — 38/ +16] + 7k
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Some properties of cross product:

> ax3d=0
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Some properties of cross product:

»ax3d=0
[
axa= da]p a» as =0
dy d2 as
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Some properties of cross product:

»ax3d=0
[
axa= da]p a» as =0
dy d2 as
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Some properties of cross product:

> ax3d=0

i J ok
axa= da]p a» as =0
dy d2 as
» 3xb=—-bx3a
B I bs | | by b b
by by bs b, b3 1 b3 1 b
- i ] k b by b3 |~ b -
b><5:b1b2b3:b231—13j+1b2k
dy a3 ay as a; ap
dy d2 as

Tong Zhu Math 114-004, Fall 2009



Tong Zhu Math 114-004, Fall 2009



Tong Zhu Math 114-004, Fall 2009



> (c3) x b=c(3x b) =3 x (cb)
» ix(b+3) =3xb+3x¢
» (G+b)xcé=3x2+bx¢d
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> (c3) x b=c(3x b) =3 x (cb)
» ix(b+3) =3xb+3x¢

» (+b)xé=3xE+bx¢

» 3. (bx3) =(3xb)-&
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algebraic way
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> (c3) x b=c(3x b) =3 x (cb)
» ix(b+3) =3xb+3x¢
» (G+b)xcé=3x2+bx¢d
» 3. (bx3) =(3xb)-&
Proof: Method 1: algebraic way
Method 2:
. ap ax as
F-(bxd)=|b b bs
i & G
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> (c3) x b=c(3x b) =3 x (cb)
» ix(b+3) =3xb+3x¢
» (G+b)xcé=3x2+bx¢d
» 3. (bx3) =(3xb)-&
Proof: Method 1: algebraic way
Method 2:
. dry a2 as
F-(bxd)=|b b bs
i C 3

3. (b x &) is called the scalar triple product of 3, b and .
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> (c3) x b=c(3x b) =3 x (cb)
» ix(b+3) =3xb+3x¢
» (G+b)xcé=3x2+bx¢d
» 3. (bx3) =(3xb)-&
Proof: Method 1: algebraic way
Method 2:
. dry a2 as
i-(bx<c)=| b1 by b3
i C 3
3. (b x &) is called the scalar triple product of 3, b and .
> 3x (bx¢)=(3-¢)b—(3-b)C
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Geometric Aspect of Cross Product
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Geometric Aspect of Cross Product

5 x b is a vector | to both 3 and b.

Proof:
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Geometric Aspect of Cross Product

5 x b is a vector | to both 3 and b.

Proof: Compute the dot product
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Geometric Aspect of Cross Product

5 x b is a vector | to both 3 and b.

Proof: Compute the dot product

5\ = a as a1 as a az
axb)-a= a; — ar + a
( ) > by |7t ‘ by by | by by |7
= a1(axbs — a3bp) — ax(a1b3 — azb1) + az(ai1by — azb1)

=0
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By the right hand rule

A
axb
X b
6
bxa a
=-axb
Y
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Some special cross products:

; -

xJ
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Some special cross products:
i

xj=k
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Some special cross products:

ixj=k i X k
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Some special cross products:

i i

xf:E '></?z—j
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Some special cross products:
i i

xf:E '></?z—j

.
X
=1
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Some special cross products:

ixj=k ixk=— Jjxk=i
|3 % b| = |3]|b|siné, 0 is the angle between 3 and b
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Some special cross products:

ixj=k ixk=— Jjxk=i
|3 % b| = |3]|b|siné, 0 is the angle between 3 and b

It is the area of the parallelogram with sides 3 and b.

axb
b b
a
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Proof:

|3 x b|? = (axbs — asb2)? + (azhy — a1b3)? + (a1by — ashy)?
—=(a3b3 — 2apbzashy + a3b3) + (a3b3 — 2a3byarbs + a2 b3)+
+ (a2b3 — 2ay1brasby + a3b?)
=(a3b% + a3b3 + a3b? + a3b3 + a?b3 + a3b?)—
— (2apasbybs + 2a1a3b1 bz + 2a1a,b1 by)
—(a2b3 + a2b3 + a3b? + a2b3 + a2b3 + a3bh? + a2b? + a3b? + a3b3)—
— (2axbpasbs + 2a1byashs + 2a1byashy 4 a3b? + a3bs + a3b3)
=(ai + a3 + a3)(b + b3 + b3) — (a1b1 + axby + a3bs)?
—[a|b* — (- b)?
—[a[*|b|* — (3]|b| cos 0)°
=|312|b|3(1 — cos? 0) = |3]2|b|?sin®6 O
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5xb=0<sinf=0
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5xb=0osinf=0=0=0orT
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ixb=0<sind=0<0=0orm< 3 and Bareparallel
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-

ixb=0<sind=0<0=0orm< 3 and Bareparallel

Back to the triple product 3- (b x &).
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-

ixb=0<sind=0<0=0orm< 3 and Bareparallel

Back to the triple product 3- (b x &). Its
magnitude is the volume of the parallelepiped determined by 3, b
and C.

V = area of the base - height
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-

ixb=0<sind=0<0=0orm< 3 and Bareparallel

Back to the triple product 3- (b x &). Its
magnitude is the volume of the parallelepiped determined by 3, b
and C.

V = area of the base - height = |b x &||3]| cosa| = |3 - (b x &)

where « is the angle between 3 and bx e

Tong Zhu Math 114-004, Fall 2009



Physical Interpretation of Cross Product
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Physical Interpretation of Cross Product

Tighten a bolt by applying a force F to a wrench at a point given
by the position vector F. This produces a turning effect. The
torque 7 is defined as

F=FxF
Hence, |7 = |F||F|sin 6, where 6 is the angle between the position
and the force vector.

P
v
t
MMR».
= —
turn of magnitude ©F sint
so
no turn at all maximum turn
t=0 and sint=0 t=90° and sint=1

e

http://en.wikipedia.org/wiki/Torque
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Determine whether the following expression is
meaningful.
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Determine whether the following expression is
meaningful.

1.
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Determine whether the following expression is
meaningful.

1.
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Determine whether the following expression is
meaningful.

1.
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Determine whether the following expression is

meaningful.
1.
(@3-b)-¢ NO
2.
(- b)c YES
3. .
3-(bx¢)
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Determine whether the following expression is

meaningful.
1.
(@3-b)-¢ NO
2.
(- b)c YES
3.

YES
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Determine whether the following expression is

meaningful.

1.

(@3-b)-¢ NO
2.

(- b)c YES
3. .

3-(bx¢) YES

4.
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Determine whether the following expression is

meaningful.

1.

(@3-b)-¢ NO
2.

(- b)c YES
3. .

3-(bx¢) YES

4.
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(a) Find a nonzero vector orthogonal to the plane
determined by the points P = (1,0,0), Q = (0,2,0) and
R =(0,0,3) and (b) find the area of triangle APQR.
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(a) Find a nonzero vector orthogonal to the plane
determined by the points P = (1,0,0), Q = (0,2,0) and
R =(0,0,3) and (b) find the area of triangle APQR.

Solution: (a) Let p be the plane determined by P, Q, R. Choose
two vectors on p

.
PQ =< -1,2,0 >
.

PR =< —1,0,3 >
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(a) Find a nonzero vector orthogonal to the plane
determined by the points P = (1,0,0), Q = (0,2,0) and
R =(0,0,3) and (b) find the area of triangle APQR.

Solution: (a) Let p be the plane determined by P, Q, R. Choose
two vectors on p

.
PQ =< -1,2,0 >
.

PR =< —1,0,3 >

— =
Let v = PQ x PR.
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(a) Find a nonzero vector orthogonal to the plane
determined by the points P = (1,0,0), Q = (0,2,0) and
R =(0,0,3) and (b) find the area of triangle APQR.

Solution: (a) Let p be the plane determined by P, Q, R. Choose

two vectors on p

.
PQ =< -1,2,0 >
.

PR =< —1,0,3 >

=6/ +3j + 2k

<i

Il

|

_
O N .y
w O x|
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V is orthogonal to two nonparallel vectors on p. So V is orthogonal
to the plane p.
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V is orthogonal to two nonparallel vectors on p. So V is orthogonal
to the plane p.

(b) The area of APQR is half of the area of the parallelogram
— —

determined by PQ and PR. And the area of the parallelogram is
IPQ x PR| = /36 + 9+ 4 =49 = 7

So

Area(APQR) = %
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