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Equations of Lines and Planes in 3D
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Equations of Lines and Planes in 3D

Vectors and Vector Algebra
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Equations of Lines in 3D
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Equations of Lines in 3D

Recall:
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Equations of Lines in 3D

Recall:

1. A point (xp, yo) which the line passes through
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Equations of Lines in 3D

Recall:

1. A point (xp, yo) which the line passes through
2. The slope s of the line
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Equations of Lines in 3D

Recall:

1. A point (xp, yo) which the line passes through
2. The slope s of the line

Yy —Yo=5(x—=x) =y =5x—5x+
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1. A point (xo, Yo, z0) which the line passes through
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1. A point (xo, Yo, z0) which the line passes through

2. A direction V to which the line is parallel
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The Line
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The Line

Let P(x,y,z) be an arbitrary point on this line. Observe the three

vectors
. —_—
a .= PP the vector from Py to P
— g -
o := OPg the position vector of Py

- - -
r:= OP the position vector of P
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The Line

By vector addition,

F=r+a
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The Line

By vector addition,

F=r+a

Note that 3 is parallel to the direction vector V.
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The Line

By vector addition,

F=r+a

Note that 3 is parallel to the direction vector V. So we can write
d=tv.

F= R+ tv
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The Line

By vector addition,

F=r+a

Note that 3 is parallel to the direction vector V. So we can write
d=tv.

r=r+tv the vector equation of the line
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t<0

The Line

r=r+tv
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t<0

The Line

Write each vector in the component form:
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t<0

The Line

Werite each vector in the component form: ¥ =< x,y,z >,
R =< X, Y0,20 >, V=< a,b,c>

X = xg + at Yy =y + bt z=12zy+ct

the parametric equations of the line.
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From x = xg + at Yy = Yo+ bt z=2Zzy+ct
If a#£0,b+# 0,c # 0 and solve for t, we can get

X=X Y=Y Z—2

a b c

t =

the symmetric equation of the line.
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From x = xg + at Yy = Yo+ bt z=2Zzy+ct
If a#£0,b+# 0,c # 0 and solve for t, we can get

X=X Y=Y Z—2

a b c

t =

the symmetric equation of the line.

If a =0, the symmetric function is

Y=Y _z—2
b c

X = Xp
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From x = xg + at Yy = Yo+ bt z=2Zzy+ct
If a#£0,b+# 0,c # 0 and solve for t, we can get

X=X Y=Y Z—2

a b c

t =

the symmetric equation of the line.

If a =0, the symmetric function is

Y—>Y Z—2
X = Xp =

b c

If b =0, the symmetric function is

X—Xg Z—2

y=>x a - C
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From x = xg + at Yy = Yo+ bt z=2Zzy+ct
If a#£0,b+# 0,c # 0 and solve for t, we can get

X=X Y=Y Z—2

a b c

t =

the symmetric equation of the line.

If a =0, the symmetric function is

Y=Y zZ— 2
X = X =

b c

If b =0, the symmetric function is

X—Xg Z—2

y=>x =
a c

If ¢ =0, the symmetric function is
X—Xo Y—Yo
a b

Z =2



(a) Find the parametric equations and a vector equation
of the line passing through the points A(2,4,3) and B(-3,1,1).
(b) At what point does this line intersect the xy-plane.
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(a) Find the parametric equations and a vector equation
of the line passing through the points A(2,4,3) and B(-3,1,1).
(b) At what point does this line intersect the xy-plane.

Solution: (a) Let L be the line and P(x, y, z) be an arbitrary point
on L.

1. Choose A(2,4,3) and its corresponding position vector
rp =< 2,4,3 > as the initial vector.
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(a) Find the parametric equations and a vector equation
of the line passing through the points A(2,4,3) and B(-3,1,1).
(b) At what point does this line intersect the xy-plane.

Solution: (a) Let L be the line and P(x, y, z) be an arbitrary point
on L.

1. Choose A(2,4,3) and its corresponding position vector
rp =< 2,4,3 > as the initial vector.

2. Choose a direction vector from Ato B: Vv =< —5,—-3,-2 >
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(a) Find the parametric equations and a vector equation
of the line passing through the points A(2,4,3) and B(-3,1,1).
(b) At what point does this line intersect the xy-plane.

Solution: (a) Let L be the line and P(x, y, z) be an arbitrary point
on L.

1. Choose A(2,4,3) and its corresponding position vector
rp =< 2,4,3 > as the initial vector.

2. Choose a direction vector from Ato B: Vv =< —5,—-3,-2 >

Then, a vector equation is

r=r+tv, r=<x,y,z>
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(a) Find the parametric equations and a vector equation
of the line passing through the points A(2,4,3) and B(-3,1,1).
(b) At what point does this line intersect the xy-plane.

Solution: (a) Let L be the line and P(x, y, z) be an arbitrary point
on L.

1. Choose A(2,4,3) and its corresponding position vector
rp =< 2,4,3 > as the initial vector.

2. Choose a direction vector from Ato B: Vv =< —5,—-3,-2 >

Then, a vector equation is
r=r+tv, r=<x,y,z>
The parametric equations

x=2-—5bt y=4-3t z=3-2t
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(b) Let
z = 0 and solve for t.

3
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(b) Let
z = 0 and solve for t.

3

Plug t = % in to x and y.

3 —11 3
x=2-5 > > y 3 >
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(b) Let
z = 0 and solve for t.

3

Plug t = % in to x and y.

3 —11 3
x=2-5 > > y 3 >

Note: The equations of a line are not unique.

Tong Zhu Math 114-004, Fall 2009



Tong Zhu Math 114-004, Fall 2009



Let rp =< xo, ¥0,20 > and r; =< x1, y1,21 >. The direction vector
is
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Let rp =< xo, ¥0,20 > and r; =< x1, y1,21 >. The direction vector
isVv="n—r.
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Let rp =< xo, ¥0,20 > and r; =< x1, y1,21 >. The direction vector
isVv="n—r.

—

Fr=rn+th—n)=(1-t)n+tn
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Let rp =< xo, ¥0,20 > and r; =< x1, y1,21 >. The direction vector
isVv="n—r.

—

Fr=rn+th—n)=(1-t)n+tn 0<t<1
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Given two different lines
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Given two different lines

» Parallel: if and only if
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Given two different lines

» Parallel: if and only if v; and V5 are scalar multiples of each
other, i.e. Vi = kv for some constant k.
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Given two different lines

» Parallel: if and only if v; and V5 are scalar multiples of each
other, i.e. Vi = kv for some constant k.

> Intersecting: if and only if
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Given two different lines

» Parallel: if and only if v; and V5 are scalar multiples of each
other, i.e. Vi = kv for some constant k.

» Intersecting: if and only if there are t; and t, so that L; and
Ly share the same point, i.e.

A+tvi=nH+tn
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Given two different lines

» Parallel: if and only if v; and V5 are scalar multiples of each
other, i.e. Vi = kv for some constant k.

» Intersecting: if and only if there are t; and t, so that L; and
Ly share the same point, i.e.

A+tvi=nH+tn

» Skew: neither parallel nor intersecting
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Given two different lines

» Parallel: if and only if v; and V5 are scalar multiples of each
other, i.e. Vi = kv for some constant k.

» Intersecting: if and only if there are t; and t, so that L; and
Ly share the same point, i.e.

A+tvi=nH+tn

» Skew: neither parallel nor intersecting
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Given two different lines

» Parallel: if and only if v; and V5 are scalar multiples of each
other, i.e. Vi = kv for some constant k.

» Intersecting: if and only if there are t; and t, so that L; and
Ly share the same point, i.e.

A+tvi=nH+tn

» Skew: neither parallel nor intersecting

vi-vo =0

Tong Zhu Math 114-004, Fall 2009



Determine whether the line L1 and L, are parallel, skew
or intersecting. If intersecting, find the point of intersection.

Li:x=1+2t,y=3t,z=2—1t
Ly x==-14+s,y=4+4s5,z=1+3s
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Determine whether the line L1 and L, are parallel, skew
or intersecting. If intersecting, find the point of intersection.

Li:x=1+2t,y=3t,z=2—1t
Ly x==-14+s,y=4+4s5,z=1+3s

Solution: The direction vector of L is V| =
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Determine whether the line L1 and L, are parallel, skew
or intersecting. If intersecting, find the point of intersection.

Li:x=1+2t,y=3t,z=2—1t
Ly x==-14+s,y=4+4s5,z=1+3s

Solution: The direction vector of Ly is vi = < 2,3, —1 >.
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Determine whether the line L1 and L, are parallel, skew
or intersecting. If intersecting, find the point of intersection.

Li:x=1+2t,y=3t,z=2—1t
Ly x==-14+s,y=4+4s5,z=1+3s

Solution: The direction vector of Ly is j = < 2,3,—1 >. The
direction vector of Ly is vo =
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Determine whether the line L1 and L, are parallel, skew
or intersecting. If intersecting, find the point of intersection.

Li:x=1+2t,y=3t,z=2—1t
Ly x==-14+s,y=4+4s5,z=1+3s

Solution: The direction vector of Ly is j = < 2,3,—1 >. The
direction vector of Ly is ih = < 1,1,3 >.
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Determine whether the line L1 and L, are parallel, skew
or intersecting. If intersecting, find the point of intersection.

Li:x=1+2t,y=3t,z=2—1t
Ly x==-14+s,y=4+4s5,z=1+3s

Solution: The direction vector of Ly is j = < 2,3,—1 >. The
direction vector of Ly is v, = < 1,1,3 >. V4 and ¥, are not scalar
multiples of each other. So NOT parallel.
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x=142t=-14s=2t+2=s (%)
y=3t=44+s=3t—4=s (k)

z:2—t:1+3s:>%(1—t):s (Fehk)

Solve (%) and (%% ). We get t =6 and s = 14.
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x=142t=-14s=2t+2=s (%)
y=3t=44+s=3t—4=s (k)

z:2—t:1+3s:>%(1—t):s (Fehk)

Solve (%) and (%% ). We get t = 6 and s = 14. BUT they do
not satisfy (Jck % ).
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x=142t=-14s=2t+2=s (%)
y=3t=44+s=3t—4=s (k)

z:2—t:1+3s:>%(1—t):s (Fehk)

Solve (%) and (%% ). We get t = 6 and s = 14. BUT they do
not satisfy (J% % ). So NOT intersecting.
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x=142t=-14+s=2t+2=s ()
y=3t=4+4s5s=3t—4=s (Fe k)

z:2—t:1+3s:>%(1—t):s (Fehk)

Solve (%) and (%% ). We get t = 6 and s = 14. BUT they do
not satisfy (J% % ). So NOT intersecting.

Hence, L1 and L, are skew.
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Equations of Planes in 3D
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Equations of Planes in 3D
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Equations of Planes in 3D

1. A point in the plane, say Po(xo, yo,20)
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Equations of Planes in 3D

1. A point in the plane, say Po(xo, yo,20)

2. A vector orthogonal to the plane, say A, called normal vector
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For any point P(x, y, z) in the plane, observe the three vectors
—
» OP, := 1y, the position vector of point Py
—
» OP := T, the position vector of point P

fr— — — .
» PoP =F — Iy, a vector in the plane
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Since i is orthogonal to the plane, it is orthogonal to any vector in
the plane. Hence

called a vector equation of the plane.
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Since i is orthogonal to the plane, it is orthogonal to any vector in
the plane. Hence

—

called a vector equation of the plane.

If write the vectors in the component way, 1 =< a, b, ¢ >,
fo =< Xo, Y0,20 > and ¥ =< x, y,z >, then

n-(f—rn)=0=
<ab,c> - <x—x0,y—Y¥,Z2—20>=0=
a(x —xo) + b(y —yo) + c(z—2) =0
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Since i is orthogonal to the plane, it is orthogonal to any vector in
the plane. Hence

—

called a vector equation of the plane.

If write the vectors in the component way, 1 =< a, b, ¢ >,
fo =< Xo, Y0,20 > and ¥ =< x, y,z >, then

n-(f—rn)=0=
<ab,c> - <x—x0,y—Y¥,Z2—20>=0=
a(x —xo0) + by —yo) +c(z—2) =0

called a scalar equation of the plane through Py(xo, yo, 20)
with normal vector i =< a, b, ¢ >.
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We can also write a(x — xp) + b(y — yo) + c(z — z0) = 0 as
ax+by+cz+d=0

with d = —(axo + byo + czo).
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We can also write a(x — xp) + b(y — yo) + c(z — z0) = 0 as
ax+by+cz+d=0

with d = —(axo + byo + czo).

We can see that a linear equation in 3D represent a plane.
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Find the equation of the plane through the points
P(3,-1,2), Q(8,2,4) and R(—1,—2,3). Find the intercepts and
sketch the plane.
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Find the equation of the plane through the points
P(3,-1,2), Q(8,2,4) and R(—1,—2,3). Find the intercepts and
sketch the plane.

Solution: 1. Choose a point in the plane, say P(3,—1,2).
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Find the equation of the plane through the points
P(3,-1,2), Q(8,2,4) and R(—1,—2,3). Find the intercepts and
sketch the plane.

Solution: 1. Choose a point in the plane, say P(3,—1,2).
2.
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Find the equation of the plane through the points
P(3,-1,2), Q(8,2,4) and R(—1,—2,3). Find the intercepts and
sketch the plane.

Solution: 1. Choose a point in the plane, say P(3,—1,2).

2.

Choose two nonparallel vectors in the plane and take the cross
product.
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Find the equation of the plane through the points
P(3,-1,2), Q(8,2,4) and R(—1,—2,3). Find the intercepts and
sketch the plane.

Solution: 1. Choose a point in the plane, say P(3,—1,2).

2.

Choose two nonparallel vectors in the plane and take the cross
product.

.
PQ =< 5,3,2 >
.

PR =< —4,—1,1>
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Find the equation of the plane through the points
P(3,-1,2), Q(8,2,4) and R(—1,—2,3). Find the intercepts and
sketch the plane.

Solution: 1. Choose a point in the plane, say P(3,—1,2).

2.
Choose two nonparallel vectors in the plane and take the cross
product.
—
PQ =<5,3,2 >
.
PR=<—-4,-1,1>
Let
i J Kk
— = - 2 o7
i=PRxPR=| 5 3 2|=5—13j+7k
-4 -1 1
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So an equation of the plane is

5(x—=3)—-13(y+1)+7(z—2)=0=
5x =13y + 7z =42
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So an equation of the plane is

5(x—=3)—-13(y+1)+7(z—2)=0=
5x =13y + 7z =42

The intercept with x-axis is

42
5X—13'0+7-0:42:>x:€
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So an equation of the plane is

5(x—=3)—-13(y+1)+7(z—2)=0=
5x =13y + 7z =42

The intercept with x-axis is
42
5x—13-0+7-0:42:>x:€
The intercept with y-axis is
42

0-13y +0=42=y =13
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So an equation of the plane is

5(x—=3)—-13(y+1)+7(z—2)=0=
5x =13y + 7z =42

The intercept with x-axis is

42
5X—13'0+7-0:42:>x:€

The intercept with y-axis is

42
0-13y +0=42=y =13

The intercept with z-axis is

42
0—0+7z:42:>z:7
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Given two distinct planes
Y1 :a1x+biy+caz+di =0
Yo i axX+ by +cz+d=0
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Given two distinct planes
Y1 :a1x+biy+caz+di =0
Yo i axX+ by +cz+d=0
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Given two distinct planes

Y1 :a1x+biy+caz+di =0
YoiaXx+ by +cz+dr=0

» Parallel <= the two normal vectors 7 || 7ip are parallel <=
< alablacl >=k < 32,b2,C2 >
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Given two distinct planes

Y1 :a1x+biy+caz+di =0
YoiaXx+ by +cz+dr=0

» Parallel <= the two normal vectors 7 || 7ip are parallel <=
< alablacl >=k < 32,b2,C2 >

<

» Intersecting in a line, if not parallel

'\ Planes intersect

at aline
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Find the symmetric equation for the intersection line L
of the two planes x+y+z=1and x—y+z=1.
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Find the symmetric equation for the intersection line L
of the two planes x+y+z=1and x—y+z=1.

Solution: To find the equation of L, we need
1. A point on L:
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Find the symmetric equation for the intersection line L
of the two planes x+y+z=1and x—y+z=1.

Solution: To find the equation of L, we need

1. A point on L: Choose some simple and special value. Say let
x =0, in the two plane equations

y+z=1
—y+z=1

Then y =0 and z = 1. So the point (0,0,1) is on L.
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Find the symmetric equation for the intersection line L
of the two planes x+y+z=1and x—y+z=1.

Solution: To find the equation of L, we need

1. A point on L: Choose some simple and special value. Say let
x =0, in the two plane equations

y+z=1
—y+z=1

Then y =0 and z = 1. So the point (0,0,1) is on L.

2. We need to find a direction vector of L, say V.
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Find the symmetric equation for the intersection line L
of the two planes x+y+z=1and x—y+z=1.
Solution: To find the equation of L, we need

1. A point on L: Choose some simple and special value. Say let
x =0, in the two plane equations

y+z=1
—y+z=1

Then y =0 and z = 1. So the point (0,0,1) is on L.
2. We need to find a direction vector of L, say V. L is in both
planes. So L is orthogonal to both normal vectors riy, i,
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Find the symmetric equation for the intersection line L
of the two planes x+y+z=1and x—y+z=1.
Solution: To find the equation of L, we need

1. A point on L: Choose some simple and special value. Say let
x =0, in the two plane equations

y+z=1
—y+z=1

Then y =0 and z = 1. So the point (0,0,1) is on L.

2. We need to find a direction vector of L, say V. L is in both
planes. So L is orthogonal to both normal vectors 1y, i, i.e.
vLln; and vLi,
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Hence, we may let

i J ok o
\7251XI72: 1 1 1 |=2i—2k
1 -1 1
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Hence, we may let

i J ok o
\7251XI72: 1 1 1 |=2i—2k
1 -1 1

Since the y component of the direction vector is 0. The symmetric

equations of L are
x z—1 _ 0
5T o Yy =
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No matter two planes are parallel or intersect in the line, there is
an angle between them.
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No matter two planes are parallel or intersect in the line, there is
an angle between them.
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No matter two planes are parallel or intersect in the line, there is
an angle between them.
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No matter two planes are parallel or intersect in the line, there is
an angle between them.

The angle 6 between two planes can be defined as the angle
between the two normal vectors, iy and ri>. And we have know

|7i1 - |

cosf = 0<éo

IA
TS

| 1| | 2]’

Tong Zhu Math 114-004, Fall 2009



Find the angle the two planes x +y +z=1
and x —y+z=1.
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Find the angle the two planes x +y +z=1
and x —y+z=1.

Solution: iy =< 1,1,1 > and b, =< 1,—1,1 >. So
Al =V3 |Rl=V3 =1

Hence

Ay - | 1

1
il 3 =0= arccos(g)
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Given a point Pi(xi1,y1,z1) and a plane ax + by + cz+d =0,
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Given a point Pi(xi1,y1,z1) and a plane ax + by + cz+d =0,

1. From P; draw a line perpendicular to the plane. Let Pj be the
intersection. Then the distance is just |P1P]] .

2. Choose a point Py(xo, yo, 20) in the plane, other than Pj.
3. In the right triangle AP; PPy, the distance is the scalar
P
projection of PyP; onto i. So

- =
D [compsPoPy] = 02"
la(x1 — x0) + b(y1 — y0) + ¢(z — 20))|
a Va2 + b2+ 2
_ lax1 + byr + cz1 + d|
IRV
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Find the distance between the two planes
2x —3y+z=4and 4x — 6y + 2z =3.
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Find the distance between the two planes
2x —3y+z=4and 4x — 6y + 2z =3.

Solution: 1. Find an arbitrary point in one plane. Choose
2x =3y +z =4 and P(0,0,4) in it.
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Find the distance between the two planes
2x —3y+z=4and 4x — 6y + 2z =3.

Solution: 1. Find an arbitrary point in one plane. Choose

2x =3y +z =4 and P(0,0,4) in it.

2. The distance between the two planes is equal to the distance
from P to 4x — 6y + 2z = 3.

_|4-0-6-0+2-4-3] 5

B V16+36 +4  2V/14

D
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In Example 2, we have found that
Li:x=142t,y=3t,z=2—t and
Ly:x=—-145s,y=4+s,z=1+ 3s are skew. Find the distance
between them.
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In Example 2, we have found that
Li:x=142t,y=3t,z=2—t and
Ly:x=—-145s,y=4+s,z=1+ 3s are skew. Find the distance
between them.

Solution: Think of Ly and Ly as lying in two parallel planes '; and
5. Then the distance between L; and L is equal to the distance
between 1 and 5.
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In Example 2, we have found that
Li:x=142t,y=3t,z=2—t and
Ly:x=—-145s,y=4+s,z=1+ 3s are skew. Find the distance
between them.

Solution: Think of Ly and Ly as lying in two parallel planes '; and
5. Then the distance between L; and L is equal to the distance
between 1 and ;. Since the two planes are parallel. they have a
common normal vector 7.

E — — —
1 [=10i—7/—k
3

=1

Il
=N =y
=W .
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In Example 2, we have found that
Li:x=142t,y=3t,z=2—t and
Ly:x=—-145s,y=4+s,z=1+ 3s are skew. Find the distance
between them.

Solution: Think of Ly and Ly as lying in two parallel planes '; and
5. Then the distance between L; and L is equal to the distance
between 1 and ;. Since the two planes are parallel. they have a
common normal vector 7.

E — — —
1 [=10i—7/—k
3

=1

Il
=N =y
=W .

Choose a point P, on L by letting s =0, P, = (—1,4,1). Then
> has an equation

10(x+1)—7(y—4)—(z—1)=0=10x—7y —z+39=0
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Choose a point P; on Ly by letting t =0, P; = (1,0,2). Then the
distance from P; to 5 is

C[10-1-7-0-1-2+439 47

D
V100 +49 + 1 5v6
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