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an integrating factor /(x) = el P(x)dx
2. Predator-Prey Systems
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.
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» distance between Pi(xi1, y1,2z1) and Pa(xa, y2, 22)
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» equation of a sphere centered at (a, b, ¢) with radius r:
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» 3.3=13?
> 3-b=|3||b|cosh

6. Cross Product:

i J ok
3 x B = | a a2 as
b1 by b3
» 3 X I_J'_,orthogonal to both 3 and b
» |3 x b| = |3||b|sind
> |3- (b x &)|: volume of the parallelepiped
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9. Cylinders and Quadric Surfaces:
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> derivative r/(t )_< f’( ).g ( ) '(t) >
> integration fb_' <f f(t)dt, f (t)dt, f h(t)dt >
11. Space curve: a vector functlon r(t) =< f(t), g(t), h(t) >

generates a space curve x = f(t),y = g(t) z = h(t)
> tangent vector at ty: r (to) tangent line at t: the pomt
= (f(to), g(to), h(to)) and the direction vector r'(tp); unit
tangent vector: T (t) = r(t)

12. Motion in Space:
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10. Vector Functions: r(t) =< f(t), g(t), h(t) >
|

> limit tIerg F(t) =< I|m f(t), ( ), tlljg h(t) >

> derivative r/(t )_< f’( ).g ( ) '(t) >
> integration fb_' <f f(t)dt, f (t)dt, f h(t)dt >
11. Space curve: a vector functlon r(t) =< f(t), g(t), h(t) >

generates a space curve x = f(t),y = g(t) z = h(t)
> tangent vector at ty: r (to) tangent line at t: the pomt
= (f(to), g(to), h(to)) and the direction vector r'(tp); unit
tangent vector: T (t) = r(t)

12. Motion in Space: curve 7(t)
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10. Vector Functions: r(t) =< f(t), g(t), h(t) >

> limit tIergo F(t) =< I|m f(t), I ( ), tlljg h(t) >

> derivative r/(t )_< f’( ).g ( ) '(t) >

> integration fb_' =< f f(t)dt, f g(t)dt, fab h(t)dt >
11. Space curve: a vector functlon r(t) =< f(t), g(t), h(t) >

generates a space curve x = f(t),y = g(t) z = h(t)
> tangent vector at ty: r (to) tangent line at t: the pomt
= (f(to), g(to), h(to)) and the direction vector r'(tp); unit

tangent vector: T (t) = |r:8|

12. Motion in Space: curve 7(t)

> velocity vector:
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10. Vector Functions: r(t) =< f(t), g(t), h(t) >
|

> limit tIerg F(t) =< I|m f(t), ( ), tlljg h(t) >

> derivative r/(t )_< f’( ).g ( ) '(t) >
> integration fb_' <f f(t)dt, f (t)dt, f h(t)dt >
11. Space curve: a vector functlon r(t) =< f(t), g(t), h(t) >

generates a space curve x = f(t),y = g(t) z = h(t)
> tangent vector at ty: r (to) tangent line at t: the pomt
= (f(to), g(to), h(to)) and the direction vector r'(tp); unit
tangent vector: T (t) = C:(t)

12. Motion in Space: curve 7(t)
o

» velocity vector: V(t) = r'(t)
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10. Vector Functions: r(t) =< f(t), g(t), h(t) >
|

> limit tIerg F(t) =< I|m f(t), ( ), tlljg h(t) >

> derivative r/(t )_< f’( ).g ( ) '(t) >
> integration fb_' <f f(t)dt, f (t)dt, f h(t)dt >
11. Space curve: a vector functlon r(t) =< f(t), g(t), h(t) >

generates a space curve x = f(t),y = g(t) z = h(t)
> tangent vector at ty: r (to) tangent line at t: the pomt
= (f(to), g(to), h(to)) and the direction vector r'(tp); unit
tangent vector: T (t) = C:(t)

12. Motion in Space: curve 7(t)
» velocity vector: v(t) = r/(t)
> acceleration vector:
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10. Vector Functions: r(t) =< f(t), g(t), h(t) >
|

> limit tIerg F(t) =< I|m f(t), ( ), tlljg h(t) >

> derivative r/(t )_< f’( ).g ( ) '(t) >
> integration fb_' <f f(t)dt, f (t)dt, f h(t)dt >
11. Space curve: a vector functlon r(t) =< f(t), g(t), h(t) >

generates a space curve x = f(t),y = g(t) z = h(t)
> tangent vector at ty: r (to) tangent line at t: the pomt
= (f(to), g(to), h(to)) and the direction vector r'(tp); unit
tangent vector: T (t) r(t)

12. Motion in Space: curve 7(t)

» velocity vector: v(t) = r/(t )
> acceleration vector: 3(t) = v/(t)
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10. Vector Functions: r(t) =< f(t), g(t), h(t) >

> limit tIergo F(t) =< I|m f(t), I ( ), tlljg h(t) >

> derivative r/(t )_< f’( ).g ( ) '(t) >

> integration fb_' =< f f(t)dt, f g(t)dt, fab h(t)dt >
11. Space curve: a vector functlon r(t) =< f(t), g(t), h(t) >
generates a space curve x = f(t),y = g(t) z = h(t)

> tangent vector at ty: r (to) tangent line at t: the pomt
= (f(to), g(to), h(to)) and the direction vector r'(tp); unit

tangent vector: T (t) C’Egl

3

12. Motion in Space: curve 7(t)
» velocity vector: v(t) = r/(t )
» acceleration vector: 3(t) = v

//(t)

» Newton’s second law of motion:
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10. Vector Functions: r(t) =< f(t), g(t), h(t) >
|

> limit tIerg F(t) =< I|m f(t), ( ), tlljg h(t) >

> derivative r/(t )_< f’( ).g ( ) '(t) >
> integration fb_' <f f(t)dt, f (t)dt, f h(t)dt >
11. Space curve: a vector functlon r(t) =< f(t), g(t), h(t) >

generates a space curve x = f(t),y = g(t) z = h(t)
> tangent vector at ty: r (to) tangent line at t: the pomt
= (f(to), g(to), h(to)) and the direction vector r'(tp); unit

tangent vector: T (t) C:Egl

12. Motion in Space: curve 7(t )
> velocity vector: V(t) = r/ t)
> acceleration vector: 3(t) = v/(t)
» Newton's second law of motion: F(t) = ma(t)
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Solve the differential equation xy’ = y + x?sin x with
initial condition y(7) = 0.

Solution: It is a linear differential equation. Write it in the
standard way:

y' — =y = xsinx
X
So the integrating factor is /(x) = e/ ~1/%% = 1/|x|. We only
need to multiply 1/x to both sides of the DE, because if we

multiply —1/x, the —1 can be cancelled out on both sides of the
differential equation.

(I(x)y) =sinx = I(x)y = /sinxdx = —cosx+ C

= y(x) = —xcosx + Cx

By the initial condition y(7) = 0, we can get C = —1. Hence,
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Let v =< 0,7,0 > and i be a vector of length 5 which
starts at the origin and lies in the xy-plane. What is the maximum
value of the length of & x V7

Solution: Since |4 x V| = |d||V|sin 6, when sinf = 1, |4 x V| gets
the maximum 35.
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What conditions should x and y satisfy so that
d=<x+y,l,y>and b=<1,x—y,—1> are perpendicular to
each other?

Solution: Two vectors are perpendicular to each other if and only
if their dot product is easy. And

—

i-b=x4+y+x—-y—y=2x—y=0

So, if x and y satisfy 2x — y =0, 3 and b are perpendicular to
each other.
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Determine whether the following statements are true or
false.

1. For any 3-dimensional vectors 4 and Vv, i x Vv =V X .
2. The cross product of two unit vectors is a unit vector.
3. The vectors < 1,0,1 > and < 2,0,2 > are parallel.
4

. The velocity vector of a curve in three dimensional space is
always perpendicular to the acceleration vector.

5. The planes are parallel if the cross product of their normal
vectors is 0.

Answer: 1. F2. F3. T4. F5. T
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Find the equation of the plane through the line of
intersection of the planes x —z =1 and y +2z = 3 and
perpendicular to the plane x +y — 2z = 1.

Solution: To decide the equation of a plane, we need a point which
the plane passes through and a normal vector.

(1) To find a normal vector 7i to the plane, we need to analyze the
two given conditions.

» Since the intersection line L is in the plane, 7 is perpendicular
to L. If v is a direction vector to L, i L V.

» The plane is perpendicular to x + y — 2z = 1. If ng is the
normal vector to x +y — 2z =1, then i L .

Hence, we may let i = V X ng. ng is easy to decide:
n=<11,-2>.
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Since L is in both x — z=1 and y 4+ 2z = 3, it is perpendicular to
the normal vectors of these two planes. Let i} be the normal
vector to x —z=1. So n; =< 1,0,—1 >. Let n5 be the normal
vector to y +2z = 3. So n; =< 0,1,2 >. The directional vector v
to L is perpendicular to both ny and ny. We may let

/_() —
1| =7—2+k
2

— —

V= 1 X nNp =

O = -
= O .

So the normal vector 7i to the plane we want to find is

rJok
A=vxm=|1 -2 1 |=3i+3]+3k
1 1 -2

(2) To find a point in the plane, we only need to find a point from
the line L, since L is in the plane. Say we choose z = 0, then
x =1and y = 3. So the point (1,3,0) is in the plane.
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The equation to the plane is

3(x—=1)4+3(y —3)+3(z—0)=0=3x+3y+3z—-12=0

Note: You may check that if you choose a different point or a
different normal vector (but which has to be parallel to i), you will
get the same equation.
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