A PARTIAL TABLE OF INTEGRALS
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FOrRMULAS INVOLVING BESSEL FUNCTIONS

e Bessel’s equation: r2R” + rR' + (a?r? — n?)R = 0 — The only solutions of this which are bounded at r = 0 are

R(r) = cJp(ar). .
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) n+2k

Jo(0) =1, Jp(0) =0 if n > 0. 2, is the mth positive zero of J,(z).

e Orthogonality relations:

If m # k then /01 dn (Znm@)JIn(znkr)dx =0 and /01 :r(Jn(znmx))2 dx = %Jnﬂ(znm)z.
e Recursion and differentiation formulas:

%(ann(a:)) =z"J,—1(z) or /a:"Jn_1(a:) de =a"J,(x) +C formn >1 (1)
e (@) = o (@) for n>0 (2)
Ta(@) 4 T In(@) = Juoa () 3)
T (@) = 2 (@) = =i () (4)
2} (x) = Jp_1(x) = Jnqa () (5)
2 Jw) = Jua (o) 4 T (a) (6)

e Modified Bessel’s equation: 72R” + rR' — (a?r? + n?)R = 0 — The only solutions of this which are bounded at r = 0
are R(r) = cl,(ar).
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FORMULAS INVOLVING ASSOCIATED LEGENDRE AND SPHERICAL BESSEL FUNCTIONS

Associated Legendre Functions: % (sin zj)(‘li—g) + (p - %) g = 0. Using the substitution z = cos ¢, this equation

1—x2

0 < m < n. The solution P"(x) is called an associated Legendre function of the first kind.

becomes % ((1 — m%%) + (,u - )g = 0. This equation has bounded solutions only when u = n(n + 1) and

Associated Legendre Function Identities:

PO(z) = S %(””2 —1)" and P™(z) = (-1)™(1 — 2?) /2d7mpn(x) when 1 <m <n

Orthogonality of Associated Legendre Functions: If n and k are both greater than or equal to m,

1 1 n m).
If n # k then /1P7T(I)P,gn(a;)dx —0 andL (P (2))2 dx = <2n2£ 1)JEn _)'m>!.

Spherical Bessel Functions: (p?f’) + (a?p? — n(n + 1))f = 0. If we define the spherical Bessel function j,(p) =
P_%Jn+% (p), then only solution of this ODE bounded at p = 0 is j,(ap).

jn(z) = 2 <_;;;>" <sn;x) |

Spherical Bessel Function Orthogonality: Let z,,, be the m-th positive zero of j,,.

Spherical Bessel Function Identity:
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1
If m # k then / xzjn(znmx)jn(znkx)dx =0 and / mz(jn(znmx))zdx = §(jn+1(znm))2.
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ONE-DIMENSIONAL FOURIER TRANSFORM

Flu](w) ! /OO w(z)e*de,  FHU](z) = /Oo U (w)e™ ™ du

2T —c0 —00

TABLE OF FOURIER TRANSFORM PAIRS

FOURIER TRANSFORM PAIRS FOURIER TRANSFORM PAIRS
(a>0) (8>0)
| we)=F'U] | Uw=Fu [ w@)=F'0] [ Uw=Fu ]
e’ ! 6_%2 167% o8
dra B
_ 1 2a 2/ _
alz| o e Blw|
21 22 + a? 22 + 32
0 |z| >« 1 sin aw sin Sz 0 |w|>p
@=1" 1" ! 2 v =17
1 |zl <« T w x 1 |wl<pB
1 LW —twoT
§(z — x0) gelw“’ e~ two §(w — wp)
ou o P U
ot ot ot? ot?
ou . 82u . \2
. —iwU 922 (—iw)*U
oU 0*U
Tu i zu (—z)zw
) 1 0
u(z — xo) Ty o (s)g(x — s)ds FG
T J-—co




