Math 603. Homework 2
(due Monday, February 8, 2010)

1. Let X be a set and let p : X — GL(V) be a finite dimensional com-
pletely reducible representation of X and let A : X — GL(W) be a
finite dimensional irreducible representation. Suppose

V=VioVe® -0V (1)

is a decomposition of V' as a direct sum of minimal p-invariant sub-
spaces.

(a) Show that every subrepresentation of V' and every quotient rep-
resentation of V' is isomprphic to a direct sum of some of the
(Viﬂ pVi)’S'

(b) Suppose that U C V' is a p-invariant subspace such that (U, py) is
isomorphic to (W, \). Show that (U, pyy) projects non-trivially on
some (V;, pv;) only if (V;, py,) is isomoprhic to (W, A).

(c) Define the A-isotypic component (V{x), p(r)) as the direct sum of all
(Vi, pv;)’s is isomoprhic to (W, X). Use (b) to argue that (Viy, pey))
is independent of the decomposition (f).

2. Let S be an affine space over a field k, modelled on the vector space
V. Let f: S — S be an affine map. Let Df : V — V be the unique
linear map for which f(s+v) = f(s)+ Df(v) forallv € V and s € S.
The map Df is called the differential of f. Show that if 1 is not an
eigenvalue of D f, then f has a fixed point.

3. Let S be an affine space over R, and let M C S be a convex subset.
Show that if s ¢ M, then the convex hull C' of the subset M U{s} C S
is given as C' = U,e /5T, where 5T denotes the convex hull of the points
s and x.



4. Let S be a finite dimensional affine space over a field k. Show that the
group Aff;(S) of affine linear transformations of S admits a faithful
representation in GLx (k) for some appropriately chosen N > 0.

5. Let S be a finite dimensional affine space over R and let M be a convex
subset of 5. Show that the closure M of M is also convex and that
every interior point of M belongs to M.



