
Math 603. Homework 4
(due Friday, March 1, 2010)

1. Let E be the set of faces of a standard cube, and let V be the 6-
dimensional vector space of all C-valued functions on E. The isomor-
phism of S4 with the rotations of the cube gives a permutation ac-
tion of S4 on E and so by pullback of functions gives a representation
ρ : S4 → GL(V ).

(a) Show that the character χρ of (V, ρ) is given by

χρ(g) = the number of faces fixed by g.

(b) Find the decomposition of (V, ρ) into irreducibles.

(c) Describe all minimal ρ-invariant subspaces in V .

2. Let G ⊂ Sn be a 2-transitive subgroup, i.e. for every i 6= j, p 6= q ∈
{1, . . . , n} there exists σ ∈ G, s.t. σ(i) = p, σ(j) = q.

(a) Recall the Burnside formula for the number of orbits of a finite
group H acting on a finite set S:

# (S/H) =
1

#H

∑
h∈H

#Sh,

where Sh ⊂ S is the subset of h-fixed points on S. Use the
Burnside formula to count the number of orbits of G on the set
{1, . . . , n} × {1, . . . , n}.

(b) Show that the representation of G in the space of functiuons on
{1, . . . , n} decomposes into a direct sum of two irreducible rep-
resentations and that one of these is the trivial one dimensional
represenation.
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3. Describe the character table of A5.

4. Let G be a finite group and let (V1, ρ1), . . . , (Vs, ρs) be all complex irre-
ducible representations of G. Suppose (V, ρ) is some finite dimensional
representation of G and let πi : V → V be the projector of V onto its
ρi-isotypic component. Show that

(a) The element
dim Vi

|G|
∑
g∈G

χρi
(g−1)g ∈ CG

belongs to End(Vi) ⊂ CG and is equal to idVi
.

(b) Show that

πi =
dim Vi

|G|
∑
g∈G

χρi
(g−1)ρ(g).
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