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1. Introduction
Let A be an n xn matrix of zeros and ones, and suppose that 4 has
r; ones in its ¢¢4 row (¢=1, 2, ..., »). It has been conjectured [2] that for
the permanent of A we have the inequality
Lid
(D Per A< ] (rih)m.
i=1

The purpose of this paper is to prove

Theorem 1: There 1s a universal constant v=.136708 . ... such that
(2) Per A< TJ {(ri")Vri+1}.
i-1

Previous work on inequalities of the form
(3) Per A< T] o(r)
i=1

has been done by Minc [2] who showed that ¢(x)=}{x+ 1) is admissible
in (3), Minc [3] who found @(x)=(1+)2)L(z +}2) for (3), JURRAT and
Ryser [4], WILF [5], and others, but no previous ¢(z) has given even
the correct first term of the asymptotic behaviour of

4) TCR L il o)

2e e

(x = o0)
whereas our theorem 1 above correctly gives the first two terms.

2. The function @(n)

Let @ be a fixed function of the positive integers, and suppose (3)
holds for all matrices A of zeros and ones of order <n—1. Now let 4
be an n xn matrix of this type, with row sums ry, ..., rs. If any r=1,
then (3) holds for 4 provided only that ¢(1)=1. Otherwise, suppose the
rows and columns of 4 have been permuted, if necessary, so that the
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ones in the first column occur in the first ¢ rows. Expanding by minors
down the first column we find

Per A = 3 Por (4%)

i=1
< 3 {1 ete—1) TT olrel}
i=1 ;’ﬁ:i k=c+1
c l [ n
- zl p(ri— 1) 1!;[1 pr=1) k;l:[rl o).

Comparing this expression with the right side of (3) we see that in
order to prove (3) for A it is enough to exhibit a function ¢ such that

< 1 o oplre—1)
®) igl pri—1) z21 (re) <1

for all positive integers ¢, r1, ..., 7e. ‘
Consider the function ¢ which is recursively defined by

3 (@) ¢(1)=1
(b) @(n+1)=g(n)el/ertn),

(6)

For this ¢, the left side of (5) is
4 1

> Ic]' e-1/ev(r;—1)

=1 plri—1) =5

|5 wmn) el 2 )

=gewle

<max xe %le
>0

=1

It follows that the function ¢ of (6) is admissible for the inequality (3).
The remainder of this paper is devoted to a close study of the recurrance
(6) with a view to establishing the relations

. n  logn A
(7) pn)=—+ ——+—+o(l)  (n—o0)
and
(8) p(n)<nlin4 éllﬂeg—‘/—g’ (all n>1).

3. Asymplotic behaviour of ¢.
We remark first that putting b,=(ep(n))! in (6) (b) yields
bri1=bpetn=F(b,)
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where F(z)=xe-%. The asymptotic relation (7) then follows from well-
known theorems about the successive iterates of functions # which have
the form

F(x)=x—ax?+... (a>0)
near the origin (see, e.g., [6]). Nonetheless, we prove (7) independently

of those results.
First, from (6b),

and so

(a) p(n)>

Next, from (6b),

(10) pm)< = +0(logn)  (n - o)
Now write
H(z)= el/x—l—-l———l—é

=02  (x— 0)

Then, with yn,=ep(n), we have

1
Ynir=Yn+ 11 '2——3/" + H(yz).

Summing,

n-1 | —
Yn=1+n—1+3 3 — + 3 H(y)
1 Yk 1

n-—l] n—1 k_ n—1
=n+te—1+% > E+% > ( T yk) + > Hyx)
(11a) : T\ kye e
Y15 (kY N
=n+e—1+44logn+ 5 + H(yx) +o
nte-tidlognt L i 3 (Sp¥) + 3 Hw vo)

=n+3logn+4d+o(l)
which proves (7), with

(11b) A_e—1+ +4 Z (k y“’") + zHyk)
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4. Proof of (8)
We claim that the differences
{plm) —nWimyp

increase monotonically. In view of (7) and (4), this will establish (8).
We have first,

n

n+1
S (n + 1)l —pliin— f %{F(x!*l)}‘/zdx
(12)

n+1 . 1 F’(IIJ+1) 1 ,
= 1z ) 2T 2 -
e ;.f Ix+1) x{x Tt T leogl(a, i 1)} dz.

From [1], p. 18, eq. (27),

I''z+1) 1

Twr1) < 8+ =327
(13) 1

< log x4+

% s
From [1], p. 22, eq. (9),

S log Nz+1)> (x+—;> log (x5 1)—x—1+C

. : 1 N A 1
>zlogor—x+ E—log x+0— o

The quantity in braces in (12) is therefore

1 logz 1-C 1
{ }<E— 22 T a2 x?

Next, from [1], p. 21, eq. (8),
. 1 K
log I'(z+1) < <a: -4 5) log(z+1)—z—1+C+ -

where
1
K=max 7
t>0

1 1+1
et—1 t 2

and after some calculation, one finds that

; 2
I’(z+1)1/x<£ + log x + c N (log x) N Clog x + A
e 2e e 8ex 2ex z

(15)
(x> 20)
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where xy, Az are any pair such that

As > max
x>x0

e Sex 2ex 4ex?

3 4
el 0 ar)
8ex x 22

{Al . C (log x)? N A4, log x N Ay (log x)?

and A{=2K+1.
Substituting (15), (14) in (12),
a1l ] 1 (log x)2

n 1 !1/7H-1 _.n!l/n< _ - _
(r+1) ;Y e +2ex 8ex?

(16) _{(C=}logz A3
? 2ex? + ;5} de

(n > x0, 21)

where x;, A3 are any pair such that

1 Ci3-C) (logx)2 A4 Clogx
4s > T;:{(Az + g) = ! TR T E T e }

Then (16) gives

S Wit _pme o4
(17) (m+1) n e 1 2en 8en? 2e n? n?

1 1 (og n)2 <C - é) logn N A4

(n>ng)

where n;, A4 are any pair such that n>mns implies

_[log (n+)E O~} log (n+1) | As

8e(n + 1) 2 (nt12F @ nZ
_(C—3}) logn Ay (ogmn)?
< 2e nt = n? 8en?
Now from (6b),
1 1
Pt D>+ =t 5am
and since
n  log n
pn)< < 5 4s
we find that

1 1 log n As
1 - Bl T i stad - St
(18) p(r+1)—g(r)> e + 2ne } 4en? 2n2



Subtracting (17) from (18),

[p(n+1)= (n F 1) 1Vm41]— [p(n) —n11]

- (logn)2 2C—1 log n  As5-+24,
8en? 4e n? n?

>0

for n>n*. By simple estimations, one can take, successively, K=1/12,
(%0, A2)=(1, 1.5), (21, A3)=(1, 1.9), (ne, 44)=(1, 2), As=1, and finally
n* = €12 < 5000, which proves the monotonicity of the sequence for n > 5000.
By actual calculation 1) one observes the monotonicity for » <5000 also,

completing the proof.

5. Conclusion
Since {p(n)—n1/m} } we have from (7) and (4) the desired inequality (8).
By computation we found, for example

7(99,000) = 36,422.65517926 . . . .

(99,000) 11/99,000 = 36,422.5186529 . . . .

We remark that the constant A can be exhibited as the solution of a
certain functional equation, as is characteristic of problems of functional
itcration. Suppose we let @(n, &) denote the solution of the recurrence
(6) (b) with the starting value ¢(1, £)=¢, in place of (6) (a). One has again
the formula (7),

Now, since
p(n+1, &) =gp(n, &el/e)

there follows

(19) A(getlet) =1+ A(§).

Thus, our constant 4 is A(1), where A (&) is a solution of (19). We remark
finally that the method will not prove the conjecture in the sense that
the function @(z)==z!1% does not satisfy the relation (5), for example
when r1=...=7rm=2m; r'mt1=...=Tmin=2n.

The constant 4=1.2905502.... was computed from (11b) in which

the series shown are rapidly convergent.
University of Pennsylvania

1)  We gratefully acknowledge the assistance of the University of Pennsylvania
Computer Center in providing the time for numerous ecalculations related to
this paper.
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