Math 425 Final exam practice problems

1. Find the solution to
Ut = Ugy + 2Uyp + U.

u(z,0) = 22

ug(2,0) =0

Solution:

Set v = we®, then by the product rule,
vy = uge® + ue®

Vga = Ugpzpe” + 2u,e” + ue”

_ x
Vit = Ugt€

So,

Vg = (Ugg + 2y + u)e” = upe” = vy

So v is a solution to the wave equation with wave speed 1. The general
solution is

v=flz—t)+g(z+1)
The initial conditions are
v(z,0) = u(x,0)e” = r%e®
ve(z,0) = u(x,0)e” =0
Which is
f(@) +g(x) = a?e”
—f'(x)+4'(x) =0
The first equation becomes

f'(x) +g'(2) = (2%e")

Adding the equations we have

So

Similarly



From here we see that ¢; + ¢o = 0, So our solution is

v(z,t) = %[(z + )2 4 (z — )% = [(z+ t)%el + (z — t)267t}
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2
So

u(z,t) =e v =z [(z+t)e + (z —t)% ]
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2. Is there a solution to the boundary value problem
u'(x) 4+ 3 (z) ==

u'(0) + 3u(0) = v/ (1) + 3u(1)?
If so then find one, if not then prove that no such solution exists.

Solution: There is no solution because if there were then we could inte-
grate both sides of the equation

/0 (u"(z) + 3u'(z))dx :/0 xdx
o' () + 3u(x)|§ = %
(W (1) + 3u(1)) — ('(0) + 3u(0)) =

2

But this is impossible since the left hand side of the equation is zero by
the boundary conditions.

3. Let
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(a) Find the sine series of f on [0, 7].

Solution:
2 [T .
A, = f/ f(z) sin(nx)dzx
™ Jo
2 [ /% ™
= - / xsin(nx)dm+/ (m — z) sin(nz)dz
7T i 0 %
2 [ . 3 _
- Z |-z cos(nx)|0/2+/ cos(nm)dx_ <7T x) cos(nz)|z
T| n 0 n n 2
2] nmw sin(nz) ;2 0w nmw sin(nx)
—;55047ﬁ“ﬁ*0+%w47y'm
4sin ()

mn?2




When n is even, sin (7’7”) is zero. So we only need to consider when
n is odd, that is when n = 2m — 1. But then

(B2 ()

Which is 1 when m is odd and —1 when m is even, so

_1\n+1
4 1D
7w (2n —1)2

and the Fourier series is
4 & n+1
- Z 1) 5 sin ((2n —1)x)

What is the solution to the boundary value problem
Ut = Uz
u(0,t) = u(m,t) =0

u(z,0) = f(z)
ug(x,0) =07

Solution: This is the wave equation with Dirichlet boundary condi-
tions. The solution is

u(z,t) = % Z ((2;117?)2 cos((2n — 1)) sin((2n — 1)x)



4. The full Fourier series of the function

1 1 2 & cosQnm
2 s Eg 4n271

(a) Draw the graph of the function which the Fourier series converges to
pointwise on —37 < x < 37.

Solution:

-1 -

(b) Find the solution to the Laplace’s equation on the unit disc with
boundary value f
Au=0

u=f(6)
Solution: In polar coordinates the solution is
1 r 2 X 2" cos(2n6)
Z 1 gin(g) = =2 it Sl
L Ol D

n=1



(¢) Use the Fourier series to find

> 1
Z4n2—1'

n=1

Solution: We want to use the convergence theorem for Fourier series
to find this sum, so we need to plug in an appropriate value for x to
get the desired sum. We see this will happen if

cos(2nx) =1

for every m, which is the case if + = 0. Then by the pointwise
convergence theorem for Fourier series we have that

11, 2~ 1
JO=24gO-20

1 2 & 1
0==-4+0-=-Y ——
7r+ W;4n2—1
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(d) Use the Fourier series to find

— (-n"
nzz:l an?2 —1°

Now we want
cos(2nx) = (—1)"

We see this is satisfied when z = 7, since we then have

cos(nm) = (—=1)"

3 -debn(p) 25 5

2 2 2 T 4n? —1
n=1

so by the pointwise convergence theorem,

i(—l)"_l T
71:14n2—1_2 4




5. The full Fourier series of the function

-3 —nm<z<0
1 0<zx<m

is

(a) Draw the graph of the Fourier series on —37 < z < 3.

=

-3+

b Compute an infinite sum by applym Parseval’s equation to the
g
Fourier series.

Solution:
Parseval’s equation gives that

[e%s} 1 T
n=1 -7
But
T ™ 2 3
[ iswras= [ Tar=%
So we obtain
—(2n—-1)2 8
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Find the function of the form
p(xz) = ay cos(x) + by sin(x) + by sin(3z)

which minimizes the quantity [*_(f(z) — p(x))°.
Solution: This is just the Fourier coefficients so

ale
by =1

1
bg_g

Find the Fourier sine series of the function g(z) =
Justify your answer.

%0n0§x§7r.

Solution: f is just the odd extension of g. Therefore, the sine series
for g is just the fourier series for f

((2n —1)x)
Z (2n —1)

Let f and g be nonnegative functions on some interval [a,b]. Show
that

1f = gll* < IFI1* + llgll*.

Solution:

I£1% = 2(f. ) + llg]I?

/f 2)dz >0

Since f and g are both nonnegative. Plugging this into the above
gives

But

1f = gl < 1I£1” + llgll?

Show that for any (not nec. nonnegative) functions ||f — g||* =
Il £II? + [|g||? if and only if f and g are orthogonal.

Solution:

From the above we have

1F = gl = 1I£1” = 2(f.9) + llg]I*
SO
1F = gll® = 1I£1* + llglI?
if and only if
(f9) =
which is the definition of f and g being orthogonal.



(¢c) Use part (b) to show that

/7; (sin(ma) — cos(nz))? do = 27

for any integers m and n.

Solution: We know that sin(nz) and cos(mz) are orthogonal on
[—7, 7], so from part b we know that

| sin(nz) — cos(ma)||” = || sin(na)|* + || cos(ma)|

Which by definition says

/ " (sin(ma) — cos(na))’ dz = / sin? (nz)da-+ / cos(ma)dz = mbm = 27

—T —T —T
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7. For each positive integer n define

0 0<z<i
3 2 1 2
n’r —mn E§x<ﬁ
Jn(z) =
—n3z + 3n? g<ac<%
3

(a) Sketch the graph of f,.

Solution: The graph of the function is zero except for a triangular
spike starting at the point (%, 0), reaching its top at the point (%7 n?)
and then returns the z-axis at (%70). An example is drawn below.

As n gets larger the spike moves to the left towards zero and becomes
thinner and taller.




(b) Show that the sequence of functions f, converges pointwise to the
zero function on the interval [0, 1].
Solution: Fix a point in [0, 1] call it 2. By the definition of point-
wise convergence we just need to show that the sequence of numbers
{fn(z)} converges to zero. In fact, if we let n be large enough so that
x > 3 then z will be to the right of the spike, so f,(z) = 0 for all
n > = and therefore

lim f,(xz)=0.

n—oo

(¢) Show the the sequence f,, does not converge in the mean.
Solution:

If a function converges pointwise and converges in the mean then it
must converge in the mean to its pointwise limit. Therefore, we just
need to show that f,, does not converge in the mean to zero. In other
words we need to show that

1
lim |fn() 0]%dx # 0

n—00

We compute

fmm—wm
0

3

/ L (n*z —n?)?dx + / (=n3z + 3n?)dx

n

3o

2
= / n6x2—n5x+n4dac—|—/ n%2% — 6n°z + Indx

-
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= 3n3 2 —|—n—|—3n—15n +9n3
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_ 135
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The limit as n — oo is 0o, not zero, so the sequence does not converge
in the mean.



8. Find the solution to
Ut = Ugy

u(0,t) =0 u(m,t) = 5
u(z,0) =0

Solution: We use the method of ”shifting the data”. Let U(x,t) = §,
then U is a solution to
Ut = wa

UO,8)=0  Umt) = %
So if we let w = u — U, the w solves
Wt = Wyy

w(0,t) =0 = w(m,t)

w(z,0) = )

To solve this equation we need the Fourier sine series for —z/2 on [0, 7],
which is just

n

Z (=1)" sin(nz)

(Just the Fourier series for z multiplied by —1/2.) So we have

w(z,t) = Z (_;)n67”2t sin(nz)
n=1

Then u =w + U so

u(wt) =5+ =L

n

n 2
e " 'sin(nx)

9. Find the solution to Laplace’s equation on the square
O<z<m O<y<m
Satisfying the boundary conditon

uz(0,y) =0 ug(m,y) =0 u(z,m) =0 u(z,0) = cos(2x)

Solution: We seperate variables

u(z,y) = F(z)G(y)

10



then Laplace’s equation says that

F(2)G(y) + F(x)G"(y) =
F'@) Q')
Flo) Gl

The boundary conditions in x are

F'(0)=0 F'(m)=0
The boundary conditions in y are
G(1)=0
cos(2x) = u(z,0) = F(x)G(0)
So we notice that in this particular case we can take F'(z) = cos(2z) and
G(0)=1 G(r)=0

and satisfy all the boundary conditions. Then we have that A = —4, so
our equation for G is

G"(y) = 4G(y)
So
G(y) = c1e® + coe™ 2

Applying the boundary conditions for G

c1+co=1

1% + e 2T =0

SO
™ +(1—c)e ™™ =0
61(6271' _ 6—277) _ _6—271'
6—277
€1 = _627r _ e—27r
and
6271'
C2 = e27r _ 6727‘—
Therefore
u(z,y) = F(z)G(y)

6727r 9 6271' 9
_ _ y -2y
= cos(2z) ( T 6_%) eV + (62” — e—27r) e >

cos(2
- _(eﬂi)%r (_€2<y—w> L e2<w—y>)
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10. Find all the nonnegative harmonic functions on the unit disc such that

u(0,0) =0

Solution:

The only such function is the constant function u(x,y) = 0. To see this
let w be a nonnegative function on the unit disk such that «(0,0) = 0.
Then 0 is a minimum for u, so u is a harmonic function on the disc which
achieves its minimum in the interior of the disc. By the strong maximum
principle (or the mean value property of harmonic functions) u must be
constant. Since it is already 0 at the origin, it must be zero everywhere.

11. Let D be a bounded region in 3-space. A constant A is called a Dirichlet
eigenvalue of D if there is a function other than the zero function v on D
such that

Au = lu

that satisfies the Dirchlet boundary condition
u=0
on 0D. The function u is called an eigenvector for D

(a) Show that A < 0.
Solution:
Let Au = Au.
First we show that A < 0. Apply Green’s first identity to the pair

(u,u).
S = I o ] e

Since u satisfies Dirichlet boundary conditions we get

o~ fff o ff

_Jp Ivul®

JIpw?
So A < 0 since both terms on the right are nonnegative (note that
the denominator is not zero, because u is assumed to not be the zero
function.)
Now to see that A < 0 suppose that A = 0, then

fl e

Which implies u is constant, but since u is zero on the boundary this
implies that u is the zero function which is impossible, so A < 0

SO
A:

12



(b) Show that any two eigenfunctions on D corresponding to different
eigenvalues are orthogonal over D.

Solution: Two functions u, v are orthogonal on D if

fl

Let u; and usy be Dirichlet eigenfunctions with different corresponding
eigenvalues \; and As. In other words

Au1 = )\1U1
AUQ = )\2712

Apply Green’s second identity to the pair (u1,usg)

// <u16ul _u28112> = /// ulAuz —ugAul
8D on on D

Applying the equation and boundary conditions gives

0= =) [[[ wus

Since A\ # A2, we must have u; and ug orthogonal.
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