Math 425 Midterm practice problems

. Find the general solution to 3ug + gy = 1.

Let v = u,, then the equation becomes

3v+v, =1

multiply both sides by the integrating factor e3V
e (3v + vy) = €%

%(63%) =%

Integrate (with respect to y).
3 L 3
e yv:§e Y+ f(x)

1

Uy =V = 3 + f(z)e Y

Integrating (with respect to x) we obtain

u= g+ F@)e ™ +6(y)

3
where F' and G are arbitrary functions of one variable.

CHECK, that this is a solution.

Uy = % + F'(x)e™

Uypy = —3F' (x)e ™

g +Upy = 1+3F (z)e —3F (x)e™
1



2. Let u(x,t) be a solution to
U = klyy — TU O<z<L0<t<oo
where k and r are positive constants, with Dirichlet boundary conditons
u(0,t) =0 u(L,t) =0
and initial conditions

u(@,0) = o(x)  u(x,0) = ()

(a) Show that the total energy

is a decreasing function of ¢

dE Lda
T = | eens

L
= / 2uusdx
0

L
= / 2u(kug, — ru)dx
0
L L
= Qk/ uum—r/ u?dx
0 0
L L
= 2k [uumﬁfé—/ (uw)de] —r/ u?da
0 0
L L
= Qk[O—/ (ux)2da:—r/ u?dx
0 0
L L
= —2k:/ (um)de—r/ u?dx
0 0

< 0

Where the 3rd line is obtained from the second line by plugging in the
equation, the 5th line is obtained from the fourth using integration
by parts, and the first term in the fifth line vanishes because of the
boundary conditions.



(b) Prove that the solution to the above problem (if it exists) is unique.
Let u; and ug be solutions and set w = us — u; then

Wy = (Ul)tt - (u2)tt
= k(u1)ze —1(ur) — k(u2)ee +r(ur)
= kwg, —rw
w(0,t) = u1(0,t) — uz(0,t) =0
w(L,t) =uy(L,t) —us(L,t) =0

So w is also a solution to the problem with intiial conditions
w(z,0) = ui(2,0) — uz(z,0) = ¢(z) — ¢(z) =0

wi(,0) = P(x) —(z) =0

But then the initial Energy of w is zero. E(0) = 0. Since the energy
is decreasing this implies E(t) < 0 for all . But then

L
0< / wg(x,t)dx <0
0

This is only possible if w(z,t) = 0 for all z and ¢, which implies
uy = ug for all x and ¢, and the solution is unique.

. Let u(z,t) 0 <ax<1,0<t< oo be a solution to
Up — Ugpy = 32
such that u(z,0) < 1 and u(0,t),u(1,t) <3+ 1.

Show that u(x,t) <3+ 1forall 0 <z <1and 0 <t < oo.
Let v(x,t) = u — t*. Then

vt—vmzut—um—?)tzzo
So v is a solution to the diffusion equation on the rectangle 0 < z < 1,

0 <t < oo. Therefore by the maximum principle its maximum must occur
on the boundary of the rectangle.

On the bottom of the rectangle,
v(z,0) =u(z,0) <1

And on the sides,
v(0,t) = u(0,t) —t3 < 1

v(L,t) =u(L,t) —t* <1

So v(x,t) < 1for all x and ¢ in the rectangle, which implies u(z,t) < t3+1.



4. The solution u(z,t) to the heat equation

Ut = Ugy —o<r<oo,0<t<

with initial condition

is

u(z,0) =zt

u(z,t) =z + 12t2% + 1262

Use this fact to...

(a)

. o) 4 —p2
Find [~ p'e " dp.
We have the formula for the solution to the diffusion equation in
terms of the source function

1 o0 2
47Tt/ e—(a=w)*/atyd g

So by uniqueness of solutions we get that the two functions are equal
for every x and t.

]. 2
4 2 2 —(z—y)°/4t, 4
x* +12tx” + 12t° = u(x,t) = / e d

Setting x = 0 and ¢t = 1 we obtain

1 oo
12 = 7477/ e~ W/ Aytay

Setting p = y/2, we have p* = y*/16 and 2dp = dy. So we obtain

1 o 2
12 = — e P 32ptdp
\V/ 47T [oo
e 3
/ e pldp = \f

Find the solution to the heat equation with initial condition u(z,0) =

xb.

Since u(x,t) is a solution to the diffusion equation, so is uz(z,t), but
ug(x,0) = 5zt
Therefore, by uniqueness of solutions
ug(z,t) = 5(x* + 12tx? + 12t7)
To find u(x,0) we integrate with respect to =

u(z,t) = 2° + 20tz® + 60t%x + f(t)



Since u(x,0) = 2%, we see that f(0) = 0. Also
ug(z,t) = 202> + 120tz + f(t)

Uge (2, 1) = 202° + 120tz

So since u; = ugz,; We have f/(t) = 0, and so
u(z,t) = 2° + 20t2® 4 60t
5. Solve the wave equation with friction
Upy = U + 2Uy O<z<mt>0
with initial conditions
u(z,0) = sin(z) ug(x,0) = 0.

(Hint: Look for separated solutions.)
Set u(x,t) = F(x)G(t) Then

uzz = F"(2)G(t)
g + 2uy = F(x)G" () + 2F (z)G'(t)
Setting the two sides equal we obtain

F'(z)  G"(t)+2G'(t)
F(z) G(t)

Since u(z,0) = sin(z) we see that F(x) = sin(z) and G(0) = 1. Then we
have

|G +26' ()
-1 T

G"(t)+2G"(t) + G(t) =0

So G(t) = Ae' + Bte!. Since us(z,0) = 0, we also have G'(0) = 0, so we
have
1=G0)= A

0=G'(0)=A+B
so B = —1 and we have G(t) = ¢! — te! and thus
u(z,t) = sin(x)(e" — te)
Check
Uyy = — sin(x) (e’ — tel)

gy + 2up = — sin(z) (e’ + te') — 2sin(z)(te') = — sin(z) (e’ — te')



6. Find the eigenvalues and eigenfunctions for
u’ + =0
with boundary conditions
w0)=0 wu(l)+d(1)=0
If A > 0 then the solutions are
u(x) = Acos(VAx) + Bsin(vVAx)
u(0) = 0 implies that A = 0. Then

u(1) = sin(VX)

and

u'(1) = VAcos(V)
so we have

sin(VA) = — cos(V\)

tan(VA) = —VA

Thus the eigenvalues are

2
Wi

i=1,2,3...
where w; are the positive roots to the equation

tan(w;) = —w;
And the eigenfunctions are sin(w;x).

If A\ = 0 the solutions are

u(xz) = Az +b
u(0) = 0 implies that b =0,
u(l)=A
and
u'(1)=A
so u(1) = —u/(1) implies that A = 0, and 0 is not an eigenvalue.

If A < 0 then the solutions are

u(x) = AeV=AT 4 BemV e



u(0) = 0 implies

We then have

W'(1) = AV=A(eV + eV
u(1) = —u/(1) implies that either A =0 or

eV VA o —\/—7/\(6\/3 + e_\/j‘)

Which is impossible since the left hand side is positive and the right hand
side negative, so there are no negative eigenvalues.

7. Let f(x)=2(1—2)0< 2 <1

(a) Find the fourier sine series of f on [0, 1].

1
A, = 2/ z(1 — z) sin(nwz)dz
0

integrate by parts with u = x — 22 and dv = sin(n7z).

1 1 1
A, = 2 [m(ir — %) cos(nmz)| 255 + — / (1-2x) cos(mm:)dx}
0
2 1
= — [ (1—2z)cos(nmx)dz
nw Jo
2 1 2 1
= [m(l — 2z) sin(nmr) 255 + — / Sin(mrx)da:]
0
4 1
= a2 / sin(nma)dx
™ Jo
= #(cos(nw) —1)

Where we have integrated by parts again in going from the second
to third lines.

So we have that the coefficients are zero if n is even and
n is odd. Thus the Fourier sine series is

8 i in((2n — 1)7mx)
3 —~ (2n —1)3

(b) What is the solution to the wave equation

W when

Utt = Ugy



with Dirichlet boundary conditions
u(0,t) = u(1,t)

and initial conditions
u(z,0) = f(z)
ug(z,0) =0

The solution is

8 = cos((2n — 1)7t) sin((2n — 1)z
o = & 55 = s - e



