
Math 661 – Spring 2009 – Homework 6
(1) Given p, q ∈M the excess function is

ep,q(x) = d(p, x) + d(q, x)− d(p, q)

Show that ep,q ≥ 0 and that ep,q = 0 for any point on a minimal geodesic
between p and q. Use this fact and the Laplacian comparison theorem
to give a different proof of the Myer’s theorem, if M is complete with
Ric ≥ (n− 1)k then diamM ≤ π√

k
.

(2) Given f : M → R there is a generalization of Ricci curvature due the
Bakry and Emery which gives a volume comparison theorem for the measure
e−fdvol. This is the (∞)-Bakry-Emery tensor;

Ricf = Ric + Hessf

(a) Show by way of an example that there are complete noncompact man-
ifolds with Ricf ≥ λ > 0 (for some choice of f). (Hint: consider flat
Euclidean space.)

Thus strictly speaking, Myer’s theorem is not true for the Bakry-
Emery tensor. However the weaker topological consequence of Myer’s
theorem, that M has finite fundamental group is still true for the
Bakry-Emery tensor. Define the f -Laplacian as

∆f (u) = ∆(u)− 〈∇f,∇u〉
(b) For any u : M → R prove the following version of the Bochner formula

for the Bakry-Emery tensor and f -Laplacian.
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∆f |∇u|2 = |Hessu|2 + Ricf (∇u,∇u) + 〈∇u,∇∆f (u)〉

(c) Use the Bochner formula to show that if Ricf ≥ λ then for any geodesic
γ and t > 1

∆f (r)(γ(t)) ≤ ∆f (γ(1))− λ(t− 1)

(d) Show that if M is complete and Ricf ≥ λ > 0 then∫
M

e−fdvol <∞

Hint : Define Af = e−fA and show that A
′
f

Af
= ∆f (r). Now inte-

grate out in a similar way as we did in proving the regular volume
comparison.

(e) Show that π1(M) is finite if M is complete and there is a function f
on M such that Ricf ≥ λ > 0. (Hint: Apply the volume comparison
theorem to the universal cover of M with the function f̃ = f(π(x))
where π is the covering map.)
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