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Abstract

1 Multiplicative generator for some finite field

Notations:
Let Fp» = F[z]/(2P —  — 1) be the finite field with p? elements,

Conjecture 1.1. Is T a multiplicative generator of the norm 1 subgroup in ¥, ? Equivalently, this is

asking if ord(Z) = ’f:ll —pP L4 pP 2 4. 41 =N,

2 Attack 1: Prime Factorization

Naively, the order of < z > is a factor of N,,. In [MNW] it is stated that the current status of factoring N,
is around the level 137 < p < 173, with some factorization not complete. However, it is also summarized
in their paper some patterns of the prime factors of IV, we list them in the following:

1. (Euler) When p is odd, every prime factors of N, has the form 2kp + 1.

2. If 2p+1 is prime and ¢ = 1 mod 4, then 2p + 1|N,.

3. If 4p + 1 is prime, then 4p + 1|N,. In general, if p is just an odd integer, m positive s.t. 4m?p + 1 is
prime, then 4m?2p + 1|pm2p —1.

4. Heuristically, fix k and varies p. If k odd, and 2kp+1 is a prime, then the probability that 2kp+1|N,
is approximately % For k even it is approximately 2—1k Anomalies lie in the case when k = 2m? for some
m, where the probability is %.

For more general results of this sort see [MNW].

2.1 An analogy

I can not pass this result without mentioning it, though it does not apply to our problem:

Theorem 2.1. ([Chung])For Fpa = Flx]/(f(x)), every element in Fpa can be written as (x+a1) - - - (+am)

. 2d+4dlogd
fO')"aie]Fp Zf\/];>d_]. (mdmzm,

3 Attack 2: Permutation of cycles
Denote @ := (ag,a1 - -+ ,ap—1). Define the map

p:ZP — 17, p@ =ag+ap+---+ap,_1p’*



Give ZP the reverse lexicographic ordering, then p is an order preserving map to Z.
Look at the map: ¢ : ZP — Fp»,

(;5(6) = xp(a) — xao (m + 1)0‘1 e xap—l
The kernel of ¢ is a lattice in ZP, denote it by K. We have

0—-K—272F -<z2>—0

In particular, covol(K) = ord(z), (1,1,1---,1) € K. We want to know if (1,1,1---1) is the minimum
element in K with respect to the reverse lexicographic ordering. In other words, we can ask if there is a
p-tuple@s.t. 0<a;, <p—1,a<(l,1---1), and Zf;ol a;p’ is the order of 2. WLOG we can have ag = 1,
ap—1 = 0. A priori, not every p(a) could be the order of < Z >. Denote the absolute Frobenius morphism
by Fr € Gal(Fpr /F,). Fr(ag,a1---ap—1) = (a1,---ap—1,a0) cycles the coordinates around. Let’s look at
the linear span @®c; F'ri(@), with ¢; € Z. There is a unique nonzero minimal element in the linear space
with regard to the reverse lexicographic ordering. Only such minimal element in its linear span could be
a candidate to give the correct order of < Z >.

4 Attack 3: A Naive restriction on the volume

In particular, if it happens that Fr/ (@) generate a full dimensional sub-lattice in K, (how often does that
happen?), then covol(Fri(@)) > covol(K) = Zf:_ol a;p'.
Denote the complex p-th roots of unity by (;, by elementary matrix operation,

covol(F'ri (@) = det(Fr?(a)) = H?;é(ao + ang + aggﬁj e ap_lg“g(p_l)) =: IT*

One can eliminate those p-tuples s.t. II* < Zf;ol a;p'. The nice thing for this expression is that it
relates our problem to describe norm of elements in a cyclotomic number field. Though it is hard to
estimate it as an exponential sum.

Unfortunately, the above inequality does not hold for all interesting elements in K. Let’s go back
to the determinant. Before doing anything, the determinant is always a homogeneous polynomial in p
variables, whereas the linear expression in rho(@) only equips ap—1 with a coefficient with magnitude of
pP~!. Numerical experiment for small p suggests the above restriction doesn’t rule out a big portion of @
to check. (Does it suggest if such a p-tuple is really the order of Z, ag should be relatively large, and a,_1
should be relatively small?)

Let’s summarize the above:

If Fri(ag, a1, -+ ,ap—1) for j =0,1,--- ,p — 1 generate a full dimension sub-lattice in K, and

S0y ap’
>ia

Then Zf;ol a;p" can not be the order of z. Here 0 < a; <p—1fori=0,---,p—2,a0=1, ap_1 =0.
I don’t know if this combined with Attack 2 will give us any interesting result.

Hg;%(ao + al(;g + a2§§j T ap71<£(p_1)) = Nmg,)/ela0 + a1 + aQCf) o apflgg_l) <

5 Geometry of numbers and packing

It can be proved by elementary estimation that the convex symmetric region V' := . |a;| < p has only

trivial intersection with K. By Minkowski’s bound, we have 21,”‘)1(‘/)

Trcovol(K) < 1. It is trivial calculus that

pP
voleQp/ day---dap_1 = —
( ) S ai<p,a; >0 P 2pp!



Therefore covol(K) > %? ~ eP.

Here V is an p-dimensional cross-polytope, dual to the p-dimension cube. If we can have a bound on the
packing density #(O‘l/()m < d,, one could do better on the above bound. As far as I know, an upper bound
for the packing density for cross-polytope is not known in dimension higher than 3. However, there do exist
a lower bound (Minkowski-Hlawka) (cf [Rush],[Ro]): 6, > 27"(1F°(1) Since we want d, to drop quickly as
p increases, this gives us a limit on the best we can do for considering packing densities for corss-polytopes.
Suppose the lower bound were the upper bound, we could get at best covol(K) > (2(1+ o(1))e)?, which is
comparable to Voloch’s bound below.

Let’s look at some case when we do know the bound for a packing density, namely we can look at the
inscribed spheres in V.

S is the hyper-sphere inscribed in V, it has radius ,/p.

Wk

vol(S) = Sk ~ (2me)

p!!

vol(S) < _pt2
2Pcovol(K) — /oP+?

P
2

For (lattice) sphere packing, one has

covol > (y/me)? =~ (2.92)P.

Note here the radius the sphere can not be any larger as the point (1,--- ,1) lies already on the boundary
of the sphere.

I don’t know if one can find a bigger star shaped region than V' and use upper bound on packing density
there.

5.1 Bounds Known in the Literature

Voloch mentioned in mathoverflow that he prove in the paper [Vo] that covol (K) > 22547 using techniques
from estimations for the primality testing algorithm in [AKS]. Though in his paper it is only obvious to
me that he proved covol(K) > 2?P. Such a result is also mentioned in [Qi].

6 Attack from Geometry

In another paper [Vo2| has another method to get elements of high order in finite field:

Theorem 6.1. Let f(x,y) € Fy[z,y] be an absolutely irreducible polynomia s.t. f(x,0) is not a monomial.
Given € > 0, there exist 6y > 0 s.t. if (a,b) € F} satisfies f(a,b) = 0 and d := [Fy(a) : Fy] large, but the
mulplicative order of a is smaller than d*>~¢, then the multiplicative order for b is at least exp(§(logd)?).

From this theorem, it seems that if one wants to prove b has high multiplicative order, he only need
to find (better fixed) f(z,y) and (various) a s.t. f(a,b) =0 but a has high degree and small multilicative
order.

A little caution is needed when one wants to apply ths theorem. The trick here is that d is related to
f(x,y). Suppose an abolutely irreducible f(x,y) satisfying the above condition is "separable”, f(x,y) =
f1(z) 4+ (y — 1), then for whichever fi(a) =0, we know b = 1 has multiplicative order 1.
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