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Consider a cubic extension K := Q(«), when the minimal polynomial f(x) of o does not totally
split in K. The normal closure L := (K) is a sextic extension of Q, with Gal(L/Q) = S3. Now we
fix notation and pick one embedding of K as Ky, say K; is fixed by (2,3) € S3. Here (2,3) has the
explicit description that if T choose one root uy of f(z), (2,3) permute the other two conjugate roots

of uy, since it has to act nontrivially on the three roots.

Notation: say the conjugate field K5 is fixed by (1,2), K3 is fixed by (1,3). F/Q is the unique
quadratic subextension inside L, generated by the radical of the discriminant of f(x). F is fixed by
(1,2,3).

Now we have two conditions,

— (1) f(x) has three real roots and L is totally real. Consider the free Abelian multiplicative group
of the units (mod torsion), we have rk(UL) = 5, rk(Ux) = 2, rk(Up) = 1.

— or (2)f(z) has only one real root which we pick to be uy thus K; is thought as embedded in the
reals. L has three pair of conjugate complex embeddings. rk(Ux) = 1, rk(UL) = 2.

In both cases, the units in the conjugates K; and F will generate a full rank sub lattice under the log
map defined on L, and we will discuss the index of this sub lattice.

1 The totally real case

LL has six different real embeddings, call 01,0,01,1,02,0,02,1..03.1. Say o1 ; are extended above Ky, o2,
above Ky, 03; above K3, ¢ = 0,1. Under our notation, (1,2,3) maps o1; — 02; — 03,; — 01,;. Pick
two fundamental units u;, wy; from K;. Their corresponding conjugates in K; will be called u; and
wj, for i = 2,3. Denote 0; := log |u;|. U1 + Uz + U3 = 0. (1,2) will map @ to 09 etc.

Id—> 0'1,0 (1,2)—> 0'2,1 (1,3)—> 0'3,1 (2,3)—> 0'171 (1,2,3)—> 0'2,0 (1,3,2)—> 0'370

h(,l 01 ﬂg us CIQ ﬂg l~11
Here — means the action takes 0; from the embedding of 0, 9 and maps it to other embeddings.
hg, is a vector in R® under the log map. If we write i3 = —U; — U2 and look at the 2-dim vector space

generated by Uy and Ug, we have a representation p:

s =] 5 )oes=( 30 7 )eea=( 4 %)

p(1,2,3) = ( O ) p(1,3,2) = ( -1 )



If we look at the character, this is in fact the unique irreducible 2-dim representation of Ss.
Now if we start with U and look at its image under the Galois action, we get another vector hy,:
Id— 71,0 (1,2)—> 02,1 (1,3)—> 03,1 (2,3)—> 01,1 (1,2,3)—> 02,0 (1,3,2)—> 73,0
hi, us up U us us ug
In the same way we get 7 vectors under the log map: hg,, ha,, ¢ = 1..3 and hy where v comes from
the fundamental unit of F. In fact, v and its conjugate v’ will give two vectors under the log map,
but they are linearly dependent. By our assumption:

— uy and ug are in different subfields, so u; and s are linearly indpendent over Z, since u; is not
a power of us and vice versa.

— For each ¢, u; and w; are linearly independent over Z by assumption.

— hg, and hg, are linearly independent over Q as vectors. The determinant of one of their 2-minor
will give us the regulator of K. Reg(K) = |t1Wy — UoWy].

Now we show the 7 vectors h; will generate a rank 5 lattice by showing U1, Us, Wy, Ws, v are linearly
independent over Z. Suppose
aijly + agls + biwy + bawe =V, a1,az2,b1,b2 € Z (1.1)
Let the group element (1,3) act on it, get
—a1l~11+(a2 —al)ﬁg—b1\7v1+(b2 —bl)WQ = -V (12)
Add (1.1) to (1.2), we have:
asgls + bows = 0
thus as = by = 0. Replacing v by 0, we have a; = b; = 0. So uy, U, Wy, W,V are independent over Z.
Another way to show their independence is to look at the regulator generated by
Matsye(H) = {ha,, hiy, by Py, B},
denoted by Reg(V):
Reg(V) := Det(Minorsxs(H)) = 99(01 Wy — liaw;)? = 9Reg(K)?Reg(F).

Note in the expression of Reg(V) the power of Reg(K) and Reg(F) show up exactly in the same way
as they do in the Zeta function relation as we will show later. This is also the case when LL is complex,
though the constant 9 is replaced by 3. This implies we can compute the index of the subunits in L.
without computing any regulator of the sub fields. We will try to generalize this to fields L. whose
Galois group is a dihedral group Ds, where p is an odd prime. (Shafarevich showed every solvable
group is realizable over Q, which applies to the dihedral case in particular. )

2 The complex case

Now K has one real embedding, denoted by K;, and a pair of conjugate complex embeddings Ky and
Ks. L has three pair of complex embeddings. rk(K) = 1, rk(F) = 0, rk(L) = 2. The units 0; and Gz
generate a rank 2 lattice under the log map.

Note uy is real, up and us = Uy are complex, Uy + 20y = Uy + Up + Uz = 0, Reg(K) = 203. Note
when computing the regulator in L, for complex embeddings there is a constant 2 in front of u;:
201 209

_ — 1952 — 2
Reg(V') = Det ( %y i > = 1205 = 3Reg(K)

where U7 = —20s.



3 Zeta function relations

Denote x1 as the trivial representation of Sz, x2 as the sign representation, s as the 2-dim represen-
tation. By working out the induced representations on the subgroups, we have:

¢(s,L) = L(s, x1)L(s, x2)L(s, x3)*

¢(s,K) = L(s,x1)L(s, x3)
C(S’F) = L(val)L(stQ)v C(SaQ) = L(val)
Combining,
¢(5,Q)%¢(s, L) = ¢(s,F)¢ (5, K)? (3.1)

Now for any global number field K, we have the functional equation:

1— 1 1
AI*SF(TS)”FT?(l —s5)¢(1-s,K) = ASF(g)”F(s)”C(s,K), A= 242%%7;742 is a constant.

Here 71 is the number of real embeddings, r, is number of pair of complex embeddings. dk is the
absolute value of the discriminant over Q. This equation makes sense when all the function involved
are analytic. When there is a pole or zero, we look at the limit, and use the * notation. We will
mainly be interested in the limit with s — 0.

lim sAT (A=) (1 g)c(1 — 5,K) = lim sASI‘(g)”F(s)”C(s,]K) (3.2)

lim —((1 = ) - 1)A1*Sr(¥)ﬁrr2(1 —5)¢(1—5,K) = lim sASF(g)“F(s)”C(s,K) (3.3)
—An (LK) = D ()T (0)°C (0, K) (3.4)

C*(1,K) = —A~ 12" 7 7 ¢*(0,K) (3.5)

By the analytic class number formula, we have

. 2T1+T27TT2R]Kh]K
CLK)=———F, (3.6)
Wkdg
Ry is the regulator, Wk is the cardinality of roots of unity.

Plugging in the formula, we have:

Rxhk
Wk

= —¢*(0,K). (3.7)

When K = Q, we have (*(0,Q) = —1. By (3.1), we have:

RiRp _ 1 WgWe o

R, 22 Wi hZhg

In both the complex and real cases, K doesnot contain a third nor second roots of unity since it is a



degree 3 extension. L contain ¢ iff F does. So

;WI]IA%/T PN (3.8)

2
R}szﬂ: _ hgﬂ};F (3.9)
R;‘Z;LV) = 119]12:1; when L is totally real (3.10)
I;ﬁ?zf(]‘@lf) = ;ﬂ;}; when L is imaginary (3.11)
(3.12)

Note
— By comparing with the analytic formula without using the functional equation, we have
dp = didp.

Comparing with the tower relation for differents, this may show K and F are not disjoint in
some cases, e.g. in the following Ishida cases. I would expect such a relation whenever there is a
Bauer relation to exist bewteen the big field and its subfields. Is there a trivial way to get such
a relation purely for discriminats without involving Norm operations as in the tower relation for
differents?

— Consider the class of polynomial f(z) = 2® + lz — 1 where is [ is an even positive integer and
413 + 27 is square free. Such polynomial has a unique real root. One can show the index is 1,
thus getting 3hy, = hZhg.

4 Dihedral extensions

Consider a dihedral extension L/Q, with Gal(L/Q) = D, where p is an odd prime. (How many
such L can be totally real?) Give Da, a presentation: {z,ylazP = y" = e, zy = yz~'}. Da, has a
unique normal subgroup X := {2", = = 1..,p — 1}, whose fixed field we denote by F. F is a quadratic
extension of Q. Pick another subgroup Y := {e, y} whose fixed field is denoted K. All other degree p
subfields K; are conjugate to K since all elements z™y is conjugate to y (p is prime). Since Sz = D3,
this would include the previous consideration as a special case.

Now we work out the irreducible representations of Dg,. We have the trivial representation x1,
the ’sign’ representation yo with kernel X, and other % distinct irreducible 2-dim representations
are induced by the cyclic characters on X: pi(z) = w’ where w is a primitive pth root of unity. We
abuse notation and denote the induced representation of pi to Da, as p’, here i is an index not a
power. It is elementary to show the p¢ are irreducible, and tr(p'(x)) = 2COS(%). Pick i = 1,2, %
their trace are all distinct, and

. p—1
L+1+ > dimZ=1+1+ S xA=2p.
i=1,2,...251

Thus we have all the irreducible representations.
We have decomposition of the zeta function

C(Sa}L) = L(87X1)L(S7X2)Hi-[/(svpi)2
Each p’ restrict to Y has fixed dimension 1, since if we pick X ® v, yX ® v as basis of the induced

representation,
i 01
ry =14



X2 restricts to Y do not have fixed subspace. So
(5, K) = L(s, x1)IL L(s, p')

In similar way we get
C(Sa ]F) = L(S7 Xl)L(Sa XQ)
Combining,

CQ(Sa Q)C(Sa ]L) = <2(57 K)C(Sv F)
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