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Abstract. Consider a Drinfeld module over a finitely generated field with generic characteristic,
and the Galois representation arising from the action on its torsion points. Recent work of Pink and
Rütsche has described the image of this representation up to commensurability. Their theorem is
qualitative, and the objective of this paper is to complement this theory with a worked out example.
In particular, we give examples of Drinfeld modules of rank 2 for which the Galois action on its
torsion points is as large as possible. We will use the basic strategy of Serre, which he applied to
semi-stable elliptic curves over Q in order to give examples of his openness theorem.

1. Introduction

Let Fq be a finite field with q = ps elements. Let A be the ring Fq[T ] and let F be its fraction
field Fq(T ). For a given field K, let K be an algebraic closure of K and let Ksep be the separable
closure of K in K. Denote by GK = Gal(Ksep/K) the absolute Galois group of K.

1.1. Drinfeld modules and Galois representations. We now give enough background in order
to state and explain our theorem. For an in-depth introduction to Drinfeld modules, see [Gos96,
DH87,Dri74].

Let K{τ} be the ring of skew polynomials; i.e., the ring of polynomials in the indeterminate
τ with coefficients in K satisfying the commutation rule τc = cqτ for c ∈ K. We can, and will,
identify K{τ} with the endomorphism ring End(Ga,K) by identifying τ with the Frobenius map
X 7→ Xq. A Drinfeld A-module over K is a ring homomorphism

φ : A→ K{τ}, a 7→ φa

whose image is not contained in K. A Drinfeld module φ is determined by φT =
∑r

i=0 aiτ
i with

ai ∈ K and ar 6= 0; the positive integer r is called the rank of φ.
Let ∂0 : K{τ} → K be the ring homomorphism

∑
i aiτ

i 7→ a0. The characteristic of φ is the
kernel p0 of the homomorphism ∂0 ◦φ : A→ K. We say that φ has generic characteristic if p0 = (0).

The Drinfeld module φ endows Ksep with an A-module structure (i.e., a · x = φa(x) for a ∈ A
and x ∈ Ksep); we shall write φKsep if we wish to emphasize this action. If a is a non-zero ideal of
A, then the a-torsion of φ is

φ[a] := {x ∈ φKsep : a · x = 0 for all a ∈ a} = {x ∈ Ksep : φa(x) = 0 for all a ∈ a}.

If a is relatively prime to the characteristic p0, then φ[a] is a free A/a-module of rank r. For the
rest of the section, assume that φ has generic characteristic.

The absolute Galois group GK naturally acts on φ[a] and respects the A-module structure. This
action can be re-expressed in terms of a Galois representation

ρφ,a : GK → Aut(φ[a]) ∼= GLr(A/a).
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Let p be a placel of A. If φ has good reduction at p and p - a, then the representation ρφ,a is
unramified at p (one can use this as a definition of good reduction, it will agree with the later
definition).

For each non-zero prime ideal λ of A, we have a Galois representation

ρφ,λ : GK → Aut
(

lim−→
i

φ[λi]
)
∼= GLr(Aλ)

where Aλ is the λ-adic completion of A. These representation satisfy analogues of the familiar
`-adic representations. For example, if φ has good reduction at p - λ, then det(xI − ρφ,λ(Frobp)) is
a polynomial with coefficients in A that does not depend on λ.

Combining all the representations together, we obtain a single Galois representation

ρφ : GK → Aut
(

lim−→
a

φ[a]
)
∼= GLr(Â)

where Â is the profinite completion of A.

1.2. Open image theorem. Pink and Rütsche have recently described the image of ρφ up to
commensurability [PR09a]. For simplicity we only state the version for which φ has no non-trivial
endomorphisms.

Theorem 1.1 (Pink-Rütsche). Let φ be a Drinfeld A-module of rank r over a finitely generated
field K of generic characteristic. Assume that EndK(φ) = A. Then the image of

ρφ : GK → GLr(Â)

is open in GLr(Â). Equivalently, ρφ(GK) has finite index in GLr(Â).

1.3. Explicit example. Theorem 1.1 is qualitative in nature; it only describes the group ρφ(GK)
up to commensurability (it is unclear from the proof how feasible it is to actually compute ρφ(GK)).
Except for the rank one case, which resembles the classical theory of complex multiplication, the
author is unaware of any explicit examples in the literature.

The main objective of this paper is to work out the image of ρφ for an explicit example. This
example will also prove the existence of Drinfeld modules of rank 2 for which the Galois action on
its torsion points is maximal.

Theorem 1.2. Let q ≥ 5 be an odd prime power. Let ϕ : Fq[T ]→ Fq(T ){τ} be the Drinfeld module
of rank 2 defined by

ϕT = T + τ − T q−1τ2.

Then the Galois representation
ρϕ : GFq(T ) → GL2

(
F̂q[T ]

)
is surjective.

1.4. Elliptic curves. It is worth mentioning the analogous theory for elliptic curves since it
strongly influences the proof of Theorem 1.1 and the methods of this paper. Let E be an el-
liptic curve defined over a number field K. For each positive integer m, the Galois action on the
m-torsion points E[m] of E(Ksep) gives a representation

ρE,m : Gal(Ksep/K)→ Aut(E[m]) ∼= GL2(Z/mZ).

Combining these representations together, we obtain a single Galois representation

ρE : Gal(Ksep/K)→ Aut(Etors) ∼= GL2(Ẑ).

If EndK(E) = Z, then Serre has shown that the image of ρE is open in GL2(Ẑ). This theorem was
proved in [Ser72], and is a clear analogue of Theorem 1.1.
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Earlier, Serre had showed that ρE has open image if E has non-integral j-invariant (cf. §3.2 of
[Ser68, Chapter IV]). What makes the non-integral j-invariant case easier is that, using the theory
of Tate curves, one can show that the image of ρE,` : GK → GL2(Z/`Z) contains an element of
order ` for almost all primes ` (cf. the proposition of [Ser68, Chapter IV Appendix A.1.5]).

Serre has given worked examples of ρE(GK) for several non-CM elliptic curves over Q (cf. [Ser72,
§5.5]). The first example with surjective ρE was given recently by A. Greicius [Gre09].

1.5. Overview. The proof of Theorem 1.2 will be spread over three sections.
In §2, we prove that the character det ◦ρϕ : GF → Â× is surjective. This will be accomplished

by first recognizing that det ◦ρϕ is nothing but the representation ρC associated with the Carlitz
module C (this particular Drinfeld module has been extensively studied).

In §3, we shall recall the Tate uniforimization of a Drinfeld module (this is the analogue of the
usual Tate uniformization of elliptic curves over non-archimedean local fields). We can then apply
this theory to our Drinfeld module ϕ at the place (T ) where it has bad and stable reduction. The
main application of the section is that for every non-zero prime ideal λ of A, ρϕ,λ(GF ) contains a
p-Sylow subgroup of GL2(A/λ).

In the next section, we prove that ϕ[λ] is an irreducible Fλ[GF ]-module for all λ. If ϕ[λ]
is reducible, then we can understand the semi-simplification of ϕ[λ] in terms of two characters
χ, χ′ : GF → F×λ . Using our knowledge of ρϕ,λ, we will describe the possibilities for the pair {χ, χ′},
and then derive a contradiction based upon traces of Frobenii.

Having shown that the image of ρE(GF ) is “large” in different contexts, we can then combine
them to prove surjectivity. That the residual representations ρϕ,λ are surjective, will follow quickly.
In contrast to the elliptic curve situation, it then takes some serious work to prove that these
representations are independent. For elliptic curves, one makes use of the easy fact that the groups
SL2(Z`)) (` ≥ 5) have no common quotients; this fails miserable for the groups SL2(Aλ) (just
consider λ with the same degree). The required group theory for the proof is contained in an
appendix.

Notation. We fix throughout an odd prime power q = ps ≥ 5. We let A be the ring Fq[T ] and we
let F be the fraction field Fq(T ).

We will usual denote a non-zero prime ideal of A by λ, which we will also call a finite place of
F . Since A = Fq[T ] is a PID, we will occasionally identify λ with its monic irreducible generator.
We shall denote the residue field A/λ by Fλ. Let Aλ and Fλ be the λ-adic completion of A and F ,
respectively. Let N(a) be the cardinality of A/a for any on-zero ideal a ⊆ A.

2. The determinant of ρϕ

2.1. The Carlitz module. The Carlitz module is the Drinfeld module C : A → F{τ} for which
CT = T + τ .

Proposition 2.1 (Hayes [Hay74]). For every non-zero ideal a of A, the representation

ρC,a : GF → Aut(C[a]) = (A/a)×

is surjective. The representation ρC,a is unramified at all finite places of F not dividing a, and for
each monic irreducible polynomial p of A not dividing a, we have ρC,a(Frobp) ≡ p mod a.

In particular, the Proposition shows that ρC : GF → GL1(Â) = Â× is surjective (this gives a
rank one example of Theorem 1.1).
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2.2. The determinant. Let p be a monic irreducible polynomial of A different from T . For any
non-zero ideal a of A relatively prime to p, we know that

det(xI − ρϕ,a(Frobp)) ≡ x2 − ap(ϕ)x+ εp(ϕ)p (mod a)

for ap(ϕ) ∈ A and εp(ϕ) ∈ F×q that do not depend on a.
We can explicitly compute εp(ϕ): Let T be the image of T in Fp. By Theorem 2.11 of [Gek08]

(with L = Fp) we have

εp(ϕ) = (−1)deg pNFp/Fq
(−T q−1)−1 = (NFp/Fq

(T )q−1)−1 = 1.

(where the last equality uses that NFp/Fq
(T ) 6= 0 since p 6= T ). Thus (det ◦ρϕ,a)(Frobp) ≡

p ≡ ρC,a(Frobp) mod a. Using the Chebotarev density theorem, we find that the characters
det ◦ρϕ,a : GF → (A/a)× and ρC,a : GF → (A/a)× are the same.

Proposition 2.2. The representation det ◦ρϕ,a : GF → (A/a)× equals ρC,a, and hence satisfies the
properties of Proposition 2.1.

Remark 2.3. That det ◦ρϕ = ρC is not a surprising coincidence. In the category of T -motives it
makes sense to take the “determinant” of ϕ which gives a rank one Drinfeld A-module defined by
T 7→ T + T q−1τ , and this is isomorphic to C over F .

3. The Drinfeld-Tate uniformization

We now fix some notation that will hold for the rest of the section. Let O be a complete discrete
valuation ring containing A, m ⊂ O the maximal ideal, K the field of fractions of O, and Ksep a
separable closure of K. Let v : K× � Z be the associated discrete valuation (we will also denoted
by v the corresponding Q-valued extension of v to Ksep). Let IK be the inertia subgroup of GK
and let Kun be the maximally unramified extension of K in Ksep. We will return to our specific
Drinfeld module ϕ in §3.5.

3.1. Stable reduction. Let φ : A → K{τ} be a Drinfeld module of rank r. We say that φ has
stable reduction if there exists a Drinfeld module φ′ : A→ O{τ} such that φ′ and φ are isomorphic
over K and the reduction of φ′ modulo m is Drinfeld module (i.e., the degree of the reduction of
φ′T is greater that 1). We say that φ has stable reduction of rank r1 if it has stable reduction and
the rank of φ′ modulo m is r1. We say that φ has good reduction if it has stable reduction of rank
r. Every Drinfeld A-module over K has potentially stable reduction (i.e., has stable reduction after
possibly a finite separable extension of the field K).

If φ : A → K{τ} is a Drinfeld module of rank 2, then the j-invariant of φ is defined to be
jφ = gq+1/∆ where φT = T + gτ + ∆τ2. Two Drinfeld A-modules over K of rank 2 have the same
j-invariant if and only if they are isomorphic over K. The Drinfeld module φ has potentially good
reduction if and only if v(jφ) ≥ 0 (cf. [Ros03, Lemma 5.2]).

3.2. Image of inertia at places of stable bad reduction.

Proposition 3.1. Let φ : A→ K{τ} be a Drinfeld module of rank 2 of generic characteristic that
has stable reduction of rank 1. Let a be a non-zero proper ideal of A.

(i) There is a basis of φ[a] over A/a such that for ρφ,a : GK → Aut(φ[a]) ∼= GL2(A/a) we have

ρφ,a(IK) ⊆
{(

1 b
0 c

)
: b ∈ A/a, c ∈ F×q

}
.

(ii) Let eφ be the order of
v(jφ)

(q − 1)N(a)
+ Z in Q/Z. Then ρφ,a(IK) ≥ eφ.
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3.3. Drinfeld-Tate uniformization. Let ψ : A → O{τ} be a Drinfeld module. A ψ-lattice is a
finitely generated projective A-submodule Γ of ψKsep that is discrete and is stable under the action
of GK . By discrete we mean that any disc of finite radius in Ksep, with respect to the valuation v,
contains only finitely many elements of Γ.

Definition 3.2. A Tate datum over O is a pair (ψ,Γ), where ψ is a Drinfeld module over O and
Γ is a ψ-lattice. We say that two pairs (ψ,Γ) and (ψ′,Γ′) of Tate datum are isomorphic if there
is an isomorphism f of ψ to ψ′ such that the corresponding homomorphism ψKsep → ψ′

Ksep of
A-modules induces an isomorphism between Γ and Γ′.

Proposition 3.3 (Drinfeld). Let r1 and r2 be positive integers. There is a natural bijection between
the following:

(a) the set of K-isomorphism classes of Drinfeld modules φ : A → K{τ} of rank r := r1 + r2

with stable reduction of rank r1;
(b) the set of K-isomorphism classes of Tate datum (ψ,Γ) where ψ : A → O{τ} is a Drinfeld

module of rank r1 with good reduction and Γ is a ψ-module of rank r2.

The proposition is not very meaningful as stated; we shall now give a brief description of the im-
plied correspondence. The correspondence is called the Drinfeld-Tate uniformization (see [Dri74, §7],
and for more details see [Leh09, Chapter 4 §3]).

We start with a Drinfeld module ψ : A → O{τ} of rank r1 with good reduction and a ψ-lattice
Γ of rank r2. Define the power series

eΓ(X) = X
∏

γ∈Γ, γ 6=0

(
1− X

γ

)
∈ O[[X]],

it is Fq-linear with an infinite radius of convergence and eΓ(X) ≡ X mod m (the discreteness of
Γ is key here). We may then view eΓ as an element of O{{τ}}; the (non-commutative) ring of
formal power series in τ with coefficients in O. There exists a unique Drinfeld A-module φ over
O such that eΓψa = φaeΓ holds for all a ∈ A. This is the desired Drinfeld module φ; it has rank
r1 + r2 with stable reduction of rank r1. That φ has stable reduction of rank r1 is clear since
φT ≡ φT eΓ = eΓψT ≡ ψT mod m and ψ has good reduction.

In the other direction, start with a Drinfeld A-module φ of rank r := r1 + r2 over K which has
stable reduction of rank r1. After possibly replacing φ with a K-isomorphic Drinfeld module, we
may assume that φ takes values in O{τ}. There exists a unique Drinfeld module ψ : A→ O{τ} of
of rank r1 and a unique element u = τ0 +

∑∞
i=1 aiτ

i ∈ O{{τ}} with ai ∈ m and |ai| → 0, such that

(3.1) uψa = φau

for all a ∈ A. Drinfeld shows that u defines an analytic homomorphism. Let Γ be the kernel of u.
It is a subgroup of Ksep, and moreover it is a ψ-lattice of rank r2. The pair (ψ,Γ) is the desired
Tate uniformization of φ.

Fix an a ∈ A−Fq. In the proof that Γ is a lattice, one makes use of the following GK-equivariant
short exact sequence of A-modules:

(3.2) 1→ ψ[a] = ψ−1
a (0)→ ψ−1

a (Γ)/Γ
ψa−→ Γ/aΓ→ 1.

We also have an isomorphism

(3.3) ψ−1
a (Γ)/Γ ∼−→ φ[a], z + Γ 7→ u(z)

of A[GK ]-modules (it is a well-defined map by (3.1)).
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3.4. Proof of Proposition 3.1. Fix a Drinfeld module φ : A → O{τ} of rank 2 that has stable
reduction of rank 1. Let (ψ,Γ) be the corresponding Tate uniformization as in §3.3. We have
a = (a) for some a ∈ A. Using the isomorphism (3.3), it suffices to prove the analogous statement
of the proposition for ψ−1

a (Γ)/Γ. We first consider the Galois action on the pieces ψ[a] and Γ/aΓ.

The Drinfeld module ψ : A→ O{τ} has rank 1 and good reduction, so the Galois representation
ρψ,a : GK → Aut(ψ[a]) = (A/a)× is unramified. Choose a generator w of ψ[a] as an A/a-module;
thus σ(w) = w for all σ ∈ IK .

The lattice Γ is a free A-module of rank 1. Fix a generator γ of Γ, it is well-defined up to
multiplication by an element of F×q . Since the lattice Γ is stable under the Galois action, there is a
character χΓ : GK → F×q such that σ(γ) = χΓ(σ)γ for all σ ∈ GK .

Choose a z ∈ Ksep for which ψa(z) = γ (this is equivalent to choosing a splitting of the short
exact sequence (3.2) of A/a-modules). For any σ ∈ IK ,

ψa(σ(z)) = σ(ψa(z)) = σ(γ) = χΓ(σ)γ = χΓ(σ)ψa(z) = ψa(χΓ(σ)z).

Thus σ(z)− χΓ(σ)z ∈ ψ[a], hence there exists a unique bσ ∈ A/a such that

σ(z) = χΓ(σ)z + bσw.

Thus with respect to the basis {w + Γ, z + Γ} of ψ−1
a (Γ)/Γ, an automorphism σ ∈ IK acts via the

matrix (
1 bσ
0 χΓ(σ)

)
.

This proves part (i).
If v(z) ≥ 0, then v(γ) = v(ψa(z)) ≥ 0 since ψa has coefficients in O. However the discreteness of

the lattice Γ implies that v(γ) < 0, so we must have v(z) < 0. Therefore,

v(γ) = v(ψa(z)) = v(zq
deg a

) = qdeg av(z) = N(a)v(z).

Let K ′ be the smallest extension of Kun in Ksep for which Gal(Ksep/K ′) acts trivially on ψ−1
a (Γ)/Γ.

The field K ′ is of course equal to Kun(φ[a])), and ρφ,a(IK) ∼= Gal(K ′/K). Since ψ[a] ⊆ Kun, we
find that K ′ = Kun(z). The ramification index of the extension Kun(z)/Kun is at least the order
of v(z) + Z in Q/Z. By [Ros03, Lemma 5.3], we have v(γ) = v(jφ)/(q − 1) and thus

v(z) =
v(γ)
N(a)

=
v(jφ)

(q − 1)N(a)
.

Part (ii) now follows immediately.

3.5. Our example. We will now apply the above theory to our specific Drinfeld module ϕ : A→
F{τ} with ϕT = T + τ − T q−1τ2.

Proposition 3.4. Let IT be an inertia subgroup of GF at T . For any non-zero ideal a of A,
ρφ,a(IT ) is a p-Sylow subgroup of Aut(φ[a]) ∼= GL2(A/a). Equivalently, #ρφ,a(IT ) = N(a).

Proof. The Drinfeld module ϕ has stable reduction of rank 1 at (T ). Let K = F ((T )) be the
completion of F with respect to T , and let vT be the corresponding valuation (normalized so that
vT (T ) = 1).

We know from Proposition 2.2 that det ◦ρϕ,a = ρC,a. Since C has good reduction at (T ), we must
have det(ρϕ,a(IK)) = ρC,a(IK) = 1. This combined with Proposition 3.1(i) shows that ρϕ,a(IK) is
contained in a subgroup of GL2(A/a) of order N(a). By Proposition 3.1(ii), vT (jφ) = −(q − 1)
implies that #ρϕ,a(IT ) ≥ N(a). �
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4. Irreducibility

Proposition 4.1. The Fλ[GF ]-module ϕ[λ] is irreducible for every finite place λ of F .

On the contrary, we will suppose for the rest of this section that ϕ[λ] is a reducible Fλ[GF ]-
module for a fixed λ. We shall eventually obtain a contradiction and thus prove Proposition 4.1.
The strategy of this section is based on §5.4 of [Ser72].

By choosing an appropriate basis of ϕ[λ], we may assume that the image of ρϕ,λ : GF →
Aut(ϕ[λ]) ∼= GL2(Fλ) lies in the group of upper triangular matrices. Moreover, there are two

characters χ and χ′ : GF → F×λ such that ρλ is represented in matrix form by
(
χ ∗
0 χ′

)
. We will

now try to determine these characters.

Lemma 4.2. The characters χ and χ′ are unramified at all finite places p 6= λ. One of these two
characters is unramified at all the finite places of F .

Proof. First consider the place p = (T ). By Proposition 3.4 every element of ρϕ,λ(Ip) has order 1
or p (where Ip is the inertia subgroup of GF at p). Therefore, χ(Ip) = 1 and χ′(Ip) = 1 since both
take values in a group of cardinality relatively prime to p.

Now consider a finite place p not equal to λ or (T ). Since ϕ has good reduction at p, we find
that ρϕ,λ is unramified at p and hence so are χ′ and χ′′.

Finally consider the case where p = λ and p 6= (T ). The reduction of ϕ modulo p has height
1 (if it had height 2, then [PR09b, Proposition 2.7(ii)] would imply that ϕ[λ] is an irreducible

GF -module). By [PR09b, Proposition 2.7], ρϕ,λ(Ip) acts on ϕ[λ] via matrices of the form
(
∗ ∗
0 1

)
with respect to an appropriate basis. Hence χ(Ip) = 1 or χ′(Ip) = 1. �

Lemma 4.3. One of the character χ, χ′ : GF → F×λ is of the form

GF � Gal(Fq/Fq)→ F×λ
where the first map is restriction.

Proof. By Lemma 4.2 one of the characters χ or χ′ : GF → F×λ , without loss of generality χ′, is
unramifed at all finite places of F . Thus we may view χ as a F×λ -valued character of the étale
fundamental group of A1

Fq
. Since A1

Fq
has no non-trivial étale covers of order prime to p, we deduce

that χ′ : GF → F×λ is trivial on Gal(F sep/Fq(T )). The lemma is now immediate. �

We can now express the values ap(ϕ) mod λ in terms of the characters χ and χ′.

Lemma 4.4. Let λ be a finite place of F for which ϕ[λ] is a reducible Fλ[GF ]-module. There is a
ζ ∈ F×λ such that for any monic irreducible polynomial p ∈ A that is not T or λ, we have

(4.1) ap(ϕ) ≡ ζ− deg p p + ζdeg p mod λ.

Proof. By Lemma 4.3, one of the characters χ, χ′ : GF → F×λ , say χ′, factors through a character
Gal(Fq/Fq) → F×λ . Hence there is a ζ ∈ F×λ such that χ′(Frobp) = ζdeg p for any monic irre-
ducible polynomial p that is not T or λ. By Proposition 2.2, we know that χ(Frobp)χ′(Frobp) =
det(ρϕ,λ(Frobp)) ≡ p mod λ, hence

χ(Frobp) ≡ ζ− deg p p mod λ and χ′(Frobp) = ζdeg p mod λ.

We deduce that

ap(ϕ) ≡ tr
(
ρϕ,λ(Frobp)

)
= χ(Frobp) + χ′(Frobp) ≡ ζ− deg p p + ζdeg p mod λ. �
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So by checking (4.1) for various primes p, we will be able to rule out many λ; it turns out that
we will only need to consider p of degree 1.

Lemma 4.5. Let p be the irreducible polynomial T − c ∈ A with c ∈ F×q . Then ap(ϕ) = 1.

Proof. The image of T in Fp is c. By Proposition 2.14(ii) of [Gek08] (with L = Fp = Fq) we have
ap(ϕ) = −(−1/cq−1) = 1. �

Since q ≥ 5, there exist c1, c2 ∈ F×q such that λ, T − c1 and T − c2 are distinct. By Lemma 4.5
with p = T − ci, we get

1 = ζ−1(T − ci) + ζ mod λ
This implies that T ≡ ζ − ζ2 + ci (mod λ) for distinct c1, c2 ∈ Fq ⊆ Fλ, which is impossible.

5. Proof of Theorem 1.2

In different respects, Propositions 2.2, 3.4 and 4.1 all show that the group ρϕ(GF ) is large. We
now combine everything together to prove that indeed ρϕ(GF ) = GL2(Â). This will require some
extra group theory which we have collected in Appendix A.

Let F ab be the maximal abelian extension of F in F sep. Note that ρϕ.a(GF ab) ⊆ SL2(A/a) for
each non-zero ideal a of A. We first show that the λ-adic representations of ϕ are surjective.

Lemma 5.1. For every finite place λ of F , we have ρϕ,λ(GF ) = GL2(Aλ) and ρϕ,λ(GF ab) =
SL2(Aλ).

Proof. By Propositions 4.1 and 3.4, the group ρϕ,λ(GF ) ⊆ GL2(Fλ) acts irreducibly on ϕ[λ] ∼= F2
λ

as an Fλ-module and it also contains a group of order N(λ). From Lemma A.1, we deduce that
ρϕ,λ(GF ) ⊇ SL2(Fλ). We have ρϕ,λ(GF ) = GL2(Fλ) since det(ρϕ,λ(GF )) = F×λ by Proposition 2.2.

The group H := ρϕ,λ(GF ) is closed in GL2(Aλ), and satisfies det(H) = A×λ by Proposition 2.2.
The group H mod λ2 = ρϕ,λ2(GF ) contains a non-scalar matrix that is congruent to the identity
modulo λ by Proposition 3.4. We just verified that H mod λ = ρϕ,λ(GF ) = GL2(Fλ). Applying
Lemma A.2, we deduce that H = GL2(Aλ). The group ρϕ,λ(GF ab) is just the commutator subgroup
of H = GL2(Aλ) which from Lemma A.3 is SL2(Aλ). �

Having surjective representations ρϕ,λ is not enough to deduce that ρϕ is surjective. There may
be interdependencies between the representations. We now show that the mod λ representations
are pairwise independent.

Lemma 5.2. Let λ1 and λ2 be distinct finite places of F , and let a = λ1λ2 be the corresponding
ideal of A. Then ρϕ,a(GF ) = GL2(A/a) and ρϕ,a(GF ab) = SL2(A/a).

Proof. Define H := ρϕ,a(GF ) and H ′ := H ∩ SL2(A/a). We shall verify the three conditions of
Lemma A.7, which will then imply that ρϕ,a(GF ) = GL2(A/a). We will then have ρϕ,a(GF ab) =
SL2(A/a) automatically since SL2(A/a) is the commutator subgroup of GL2(A/a) by Lemma A.3.

Condition (a) of Lemma A.7 follows from Proposition 2.2. By Lemma 5.1 we have ρϕ,λi
(GF ab) =

SL2(Fλi
), so condition (b) follows since ρϕ,a(GF ab) ⊆ H ′.

Take any c ∈ F×q such that p = T − c is not λ1 or λ2. By Lemma 4.5, we have

det
(
ρϕ,a(Frobp)

)
/ tr

(
ρϕ,a(Frobp)

)2 ≡ p/ap(ϕ)2 = p = T − c mod a.

One readily checks that the subring of A/a generated by the T − c, with at most two of the
c ∈ F×q excluded, is all of A/a. This verifies condition (c) of Lemma A.7, and hence ρϕ,a(GF ) =
GL2(A/a). �
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Lemma 5.3. Let λ1 and λ2 be distinct finite places of F . Define

ρ : GF → GL2(Aλ1)×GL2(Aλ2), σ 7→ (ρϕ,λ1(σ), ρϕ,λ2(σ)).

Then ρ(GF ab) = SL2(Aλ1)× SL2(Aλ2) and ρ(GF ) = GL2(Aλ1)×GL2(Aλ2).

Proof. To prove that ρ(GF ab) = SL2(Aλ1) × SL2(Aλ2), it suffices to show that for any positive
integers n1 and n2, we have

ρϕ,a(GF ab) = SL2(A/a)

where a = λn1
1 λn2

2 . That ρ is surjective will follow from this and Proposition 2.2.
Suppose that H := ρϕ,a(GF ab) is not equal to SL2(A/a) = SL2(A/λn1

1 )×SL2(A/λn2
2 ). Let N1 and

N2 be the kernels of the projections H → SL2(A/λn2
2 ) and H → SL2(A/λn1

1 ), respectively. Each
of these projections are surjective by Lemma 5.1. By Lemma A.4 we may view Ni as a normal
subgroup of SL2(A/λni

i ) and the image of H in SL2(A/λn1
1 )/N1 × SL2(A/λn2

2 )/N2 is the graph of
an isomorphism SL2(A/λn1

1 )/N1
∼−→ SL2(A/λn2

2 )/N2.
By our assumption on H, the groups SL2(A/λn1

i )/Ni are non-trivial. So by Lemma A.3, Ni

is a subgroup of the group of B ∈ SL2(A/λn1
i ) with B ≡ ±I mod λ. Therefore the image of H

(equivalently, the image of ρϕ,λ1λ2
(GF ab)) in

SL2(Fλ1)/{±I} × SL2(Fλ2)/{±I}

is the graph of an isomorphism SL2(Fλ1)/{±I} ∼−→ SL2(Fλ2)/{±I}. However, this contradicts
Lemma 5.2 which says that ρϕ,λ1λ2

(GF ab) = SL2(Fλ1)×SL2(Fλ1). Therefore, ρϕ,a(GF ab) = SL2(A/a).
�

We can now finish the proof of Theorem 1.2. Again by Proposition 2.2 we have det(ρϕ(GF )) =
Â×, so it suffices to show that ρϕ(GF ab) = SL2(Â). The equality ρϕ(GF ab) = SL2(Â) is equivalent
to having

ρϕ,a(GF ab) = SL2(A/a) =
∏
λn‖a

SL2(A/λn)

for every non-zero ideal a of A. By Lemma A.3, the groups SL2(A/λn) have no abelian quotients.
Therefore by Lemma A.6, we need only show that ρϕ,a(GF ab) = SL2(A/a) for a of the form λn1

1 λn2
2

where λ1 and λ2 are distinct maximal ideals of A, and n1 and n2 are positive integers. This is
immediate from Lemma 5.3.

Appendix A. Group theory

In this appendix we collect all the group theory needed in §5 to prove our theorem. The point
of that section was to show that certain closed subgroups of GL2(Â) and SL2(Â) (i.e., ρϕ(GF )
and ρϕ(GF ab), respectively) were the full groups. Note that the material in this section makes no
reference to Drinfeld modules, though it will use our ongoing assumption that A = Fq[T ] with q ≥ 5
odd.

We start with the following easy generalization of [Ser68, IV-20 Lemma 2].

Lemma A.1. Let F be a finite field. Let H be a subgroup of GL2(F) such that:
• H contains a subgroup of order #F;
• the F[H]-module F2 = F× F is irreducible.

Then H contains SL2(F).

Proof. Let P1 be a subgroup of H of order #F = ps; it is a p-Sylow subgroup of GL2(F) and hence
also of H. There is a unique one dimensional F-subspace W1 of F2 that is fixed by every element
of P1.

9



If P1 is a normal subgroup of H, then one finds that W1 is stable under the action of H, which
would contradict our irreducibility assumption. Therefore, there is a second subgroup P2 6= P1 of
H of cardinality #F. Let W2 be the unique one dimensional F-subspace of F2 that is fixed by every
element of P2.

With respect to a basis {w1, w2} of F2 with w1 ∈W1 and w2 ∈W2, the subgroups P1 and P2 of
H become {( 1 x

0 1

)
: x ∈ F

}
and

{( 1 0
x 1

)
: x ∈ F

}
respectively. Now take any matrix M =

(
A B
C D

)
∈ SL2(F). First suppose that B 6= 0. For a, b, c ∈ F,

we have (
1 0
a 1

)(
1 b
0 1

)(
1 0
c 1

)
=
(

1 + bc b
a+ c+ abc 1 + ab

)
.

So setting b = B and solving 1 + bc = A and 1 + ab = D for a and c (recall that B 6= 0), we find
an expression for M as a product of matrices in P1 and P2 (that a + c + abc = C is automatic
since our matrices have determinant 1 and b = B 6= 0). Therefore M ∈ H. An analogous
argument shows that M ∈ H when C 6= 0. Finally in the case B = C = 0, we simply note that(−1 0

0 −1

)
= ( 1 0

1 1 )
(

1 −2
0 1

)
( 1 0

1 1 )
(

1 −2
0 1

)
∈ H. �

The following two lemmas give some useful results about GL2(Aλ) and SL2(Aλ).

Lemma A.2. Let λ be a finite place of F , and let H be a closed subgroup of GL2(Aλ). Suppose
that det(H) = A×λ , that H mod λ = GL2(Fλ), and that H mod λ2 contains a non-scalar matrix
that is congruent to the identity mod λ. Then H = GL2(Aλ).

Proof. This is Proposition 4.1 of [PR09a] (note that N(λ) ≥ q ≥ 5). �

Lemma A.3. For each finite place λ of F , the group SL2(Aλ) is its own commutator subgroup. The
only normal subgroup of SL2(Aλ) with simple quotient is the group consisting of the B ∈ SL2(Aλ)
for which B ≡ ±I mod λ.

Proof. We first prove that SL2(Aλ) is its own commutator subgroup. Let H be the commutator
subgroup of SL2(Aλ). It is a normal closed subgroup of SL2(Aλ) and GL2(Aλ). Define S0 :=
SL2(Aλ), and for each i ≥ 1 we let Si be the group of s ∈ SL2(Aλ) with s ≡ 1 mod λi. For i ≥ 0,
define H i := H ∩ Si.

For i ≥ 0, we define S[i] := Si/Si+1 andH [i] := H i/H i+1. There is a natural inclusionH [i] ↪→ S[i],

so it suffices to show that H [i] = S[i] for all i ≥ 0.
Reduction modulo λ induces an isomorphism S[0] ∼−→ SL2(Fλ) with the image of H [0] being the

commutator subgroup of SL2(Fλ). Since SL2(Fλ)/{±I} is simple, we find that [SL2(Fλ) : H [0]] = 1
or 2. Since SL2(Fλ) is generated by elements of order p (use Lemma A.1), it has no normal subgroup
of index 2. Therefore, H [0] = S[0].

Now fix an i ≥ 1. Let sl2(Fλ) be the (additive) group of matrices in M2(Fλ) with trace 0. We
have an isomorphism

(A.1) S[i] ∼−→ sl2(Fλ),
[
1 + λiy] 7→ [y]

(where we are now viewing λ as a monic polynomial). Conjugation by GL2(Aλ) acts on both sides
of (A.1), and it factors through conjugation by GL2(Fλ). By [PR09a, Proposition 2.1], sl2(Fλ) is
an irreducible GL2(Fλ)-module (this uses that q is odd). Now consider H [i] ↪→ S[i]. Since H is a
normal subgroup of GL2(Aλ), we find that H [i] is stable under the GL2(Fλ)-action. So we need
only prove that H [i] 6= 1.
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Consider the commutator map S0×Si → Si, (g, h) 7→ ghg−1h−1. This induces a map S[0]×S[i] →
S[i] that takes values in H [i], and by using the identification S[0] = SL2(Fλ) and (A.1) it becomes

SL2(Fλ)× sl2(Fλ)→ sl2(Fλ), (s,X) 7→ sXs−1 −X.
This map is non-zero, so H [i] 6= 1. Therefore, H = SL2(Aλ).

Now let N be a normal subgroup of SL2(Aλ) for which SL2(Aλ)/N is simple. Since every p-group
is solvable, the Jordan-Hölder factors of SL2(Aλ) are SL2(Fλ)/{±I}, Z/2Z and Z/pZ. We have
just shown that SL2(Aλ) has no abelian quotients, so SL2(Aλ)/N ∼= SL2(Fλ)/{±I}. Let N ′ be the
group consisting of B ∈ SL2(Aλ) with B ≡ ±I mod λ, it is also a normal subgroup of SL2(Aλ)
with quotient isomorphic to SL2(Fλ)/{±I}. We must have N ⊆ N ′, otherwise NN ′/N ′ would be
a non-trivial normal subgroup of SL2(Aλ)/N ′. Similarly, N ′ ⊆ N . �

Lemma A.4 (Goursat’s lemma [Rib76, Lemma 5.2.1]). Let B1 and B2 be finite groups and suppose
that H is a subgroup of B1 × B2 for which the two projections p1 : H → B1 and p2 : H → B2 are
surjective. Let N1 be the kernel of p2 and let N2 be the kernel of p1. We may view N1 as a normal
subgroup of B1 and N2 as a normal subgroup of B2. Then the image of H in B1/N1 × B2/N2 is
the graph of an isomorphism B1/N1

∼−→ B2/N2.

Remark A.5. In the setting of the above lemma, we will have H = B1 ×B2 if and only if N1 = B1

and N2 = B2.

Lemma A.6 ([Rib76, Lemma 5.2.2]). Let S1, S2, · · · , Sk be finite groups with no non-trivial abelian
quotients. Let H be a subgroup of S1×· · ·×Sk such that each projection H → Si×Sj (1 ≤ i < j ≤ k)
is surjective. Then H = S1 × · · · × Sk.

The arguments in the next lemma were motivated by [Rib76, V §2].

Lemma A.7. Let λ1 and λ2 be distinct maximal ideals of A, and set a = λ1λ2. Let H be a subgroup
of GL2(A/a) for which the following hold:

(a) det(H) = (A/a)×;
(b) the projections p′1 : H ′ → SL2(Fλ1) and p′2 : H ′ → SL2(Fλ2) are surjective, where H ′ :=

H ∩ SL2(A/a);
(c) the ring generated by the set

S := {tr(h)2/ det(h) : h ∈ H} ∪ {det(h)/ tr(h)2 : h ∈ H with tr(h) ∈ (A/a)×}
is A/a.

Then H = GL2(A/a).

Proof. Let N ′1 be the kernel of p′2 and let N ′2 be the kernel of p′1; we may view N ′i as a normal
subgroup of SL2(Fλi

). By Lemma A.4, the image of H ′ in SL2(Fλ1)/N ′1×SL2(Fλ2)/N ′2 is the graph
of a group isomorphism

(A.2) SL2(Fλ1)/N ′1
∼−→ SL2(Fλ2)/N ′2.

If N ′1 = SL2(Fλ1) (equivalently, N ′2 = SL2(Fλ2)), then one has H ′ = SL2(Fλ1) × SL2(Fλ2) =
SL2(A/a). By (a), we conclude that H = GL2(A/a).

So now assume that N ′i is a proper normal subgroup of SL2(Fλi
) for i = 1, 2. Using Lemma A.3,

we find that N ′i ⊆ {±I}. From (A.2) and cardinality considerations, we deduce that N(λ1) = N(λ2)
(equivalently, Fλ1 and Fλ2 are isomorphic fields).

For i ∈ {1, 2}, define the projection pi : H → GL2(Fλi
). Let N1 be the kernel of p2 and let N2

be the kernel of p1; we may view Ni as a normal subgroup of GL2(Fλi
). By Lemma A.4, the image

of H in GL2(Fλ1)/N1 ×GL2(Fλ2)/N2 is the graph of a group isomorphism

(A.3) GL2(Fλ1)/N1
∼−→ GL2(Fλ2)/N2.
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Since Ni/N
′
i and N ′i are abelian, we find that Ni is a solvable normal subgroup of GL2(Fλi

). It is
then readily checked that N ′i must be contained in the group of diagonal matrices of GL2(Fλi

). By
taking further quotients, we find that the image of H in PGL2(Fλ1) × PGL2(Fλ2) is the graph of
an isomorphism

α : PGL2(Fλ1) ∼−→ PGL2(Fλ2).

By Theorem 3 of Hua’s supplement in [Die80], α lifts to an isomorphism

α̃ : GL2(Fλ1) ∼−→ GL2(Fλ2).

Let σ : Fλ1

∼−→ Fλ2 be a field isomorphism and χ : GL2(Fλ1)→ F×λ2
a character; these define two

group homomorphisms GL2(Fλ1) ∼−→ GL2(Fλ2):

A 7→ χ(A)Aσ, A 7→ χ(A)((AT )−1)σ;(A.4)

where Bσ represents the matrix obtained by applying σ coordinate-wise a matrix B ∈ GL2(Fλ1).
By Theorem 1 of Hua’s supplement in [Die80] (and using that Fλ1

∼= Fλ2), we find that there are
σ and χ such that α̃ is the composition of an inner automorphism with one of the homomorphisms
of (A.4). We leave it to the reader to check that in either case, we have

tr(α̃(A))2

det(α̃(A))
= σ

(
tr(A)2

det(A)

)
.

Note that the map GL2(Fλi
)→ Fλi

, A 7→ tr(A)2/ det(A) factors through the projection GL2(Fλi
)→

PGL2(Fλi
). We deduce that σ(tr(h1)2/ det(h1)) = tr(h2)2/det(h2) for every (h1, h2) ∈ H. Let W

be the ring of (x1, x2) ∈ Fλ1 ×Fλ2 = A/a for which σ(x1) = x2. We have just verified that S ⊆W .
However, W 6= A/a, and this contradicts assumption (c). �
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