Complex Analysis

May 13, 1961

1. Map the region between the lines x—y =1, x —y = 2 conformally onto the upper
half-plane, Im { > 0.

2. Find a region in the z—plane in which the function ¢ assumes every value (except

zero) exactly once.

3. Determine how many linearly independent homogeneous polynomials P,(x,y) of de-
gree n in two real variables x and y exist such that % + %2;;" =-0.

4. Assuming that the values of f e Fdx= ? is known, compute
(i

/omcos(xz) dx and /om sin(x?) dx

by looking at these as integrals in the complex plane. Sketch briefly the necessary
convergence arguments.

. . . 1 .
5. Find the three power or Laurent series expansions for 1 such that every point
2

except z = =*1 is a point of absolute convergence of one of these series.

6. Let f(z) = ﬁ =Y ba?" be the power series expansion of f(z) in a neighborhood

n=0
of z=0. Find Iimsup,,_,,,‘,|b,,|'/'l and show that by, =0 forn=1,2,3,....

I

Complex Analysis
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March 12, 1962

. Find a functior w = f(z) mapping the sector |argz] < & < 1t conformally onto the unit

disk {|w| < 1}. Describe the behavior of f(z) near z=0.

. Evaluate the following integrals

sin(z+1)
Jei=3 z(z+1)

2(z+1)
lo)=3 sin(z+ 1)

a). dz, b). dz, ¢ Zeidz.
lzl=3

where the integration is taken counterclockwise.

. Let ir_0an?"s TneobaZ" have radii of convergence 7, and r,, respectively. What can

be said about the radius of convergence of

a). S(antbn)?  and  b). S abd?

n=0 n=0

1 20(¢
. Let ¢(r) be a continuous function of f for 0 <r <1 and let f(z):= /0 %dt,

a) For which values of z does f(z) represent an analytic function?
b) Find the Laurent expansion at infinity.

. Let f(z) := z+ ¥, a,2" have a positive radius of convergence.

a) Does there exist a series g{w) = w+ ¥, b,w" satisfying
Flg(w)) =w?

b) Is the series g(w) uniquely determined? Does it have a positive radius of conver-
gence? Why?

How many roots does the equation %e‘ +7z*+1 =0 possess in the left half-plane
Re z < 07 Justify your assertion.

v
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Complex Variable Final Examination Prof. Nirenberg

1.

a) Find the harmonic function which equals 922 + 2722 on lz] = 1.

3

b) Find the harmonic function which equals U4x -y2 on |z| = 1.

Let f£(z) be analytic and bounded in the upper half plane and

~ continuous in its closure. Suppose that Ifl < 1 on the real axis.

Prove |f| < 1 everywhere.

Assume that fn(z) is a sequence of analytic functions in |z| =1
converging uniformly to f£{z) # 0. If £{0) = 0 and if w is

sufficiently close to zero prove that there are positive numbers\
5, N such that for all n > N the equation fn(z) = w has at least

one root in |z| < &,

Let £(z) % O be meromorphic in |z| < 1 and let 2y,.-+,8,, be its
zeros in |z| < 1 and by,...,b  its poles in fz| < 1. If £(0) #0,
prove that

2T
1 i8 n 1 m 1
s {S log |fle*7)]|dd = 1og |£(0)}] + %;; log lajl - E;; log TE;T .

dint: Use Blaschke product.

Evaluate the Fourier transform of u{x) = —5>5 , l.e.
(14x

Jixt
?1(&)=—1—f X e 4 for all £ .

o (1+x§)

Let p be a polynomial of the form

_ .n n-1
plz) = z ta, 7 + oo tag

and let f(z) be analytic for |z| < 1. Prove that

|£(0)} < max |f£(z)plz)| .
lz]=1

B(z

Hint: Consider 215%2%51 where B(z) is the Blaschke product
corresponding to the roots of p in |z| < 1.

Comprehensive Examination September 1962

Complex Variables L)

1. Represent all complex values of (—1)", and (1 +i)2/3 in the form @+ bi.

2. a) For each condition below give an example of a function analytic in {0 < |z} < 1} which

(i) has a simple pole at z = 0 and vanishes at 7 = 1/2.
(ii) has an essential singularity at z=0 anda pole of order 2 at 7z =1.
b) Map the unit circle conformally onto the half-strip {Rew > 0}, {}imw| <n}.

3. Evaluate the following integrals — Justifying your answers.

&
a) f'ez:—_ldx on ]zl:l.

e
b) fek_ldx on |z =15.

o /“ sinx d
e X(22+1) *
4. F isanalyticin |z < 10 and Im F = sin® on |2/ =1. Find F in |z < 10. Justify your answer.

5. Where does the series Z

P nE D) converge? Why? Express it in terms of elementary func-

tions.

6. Prove thet there is no function analytic in |zl €1 such that

f@I<1 on |d=1, f(3)=0, and f(_%)=¥



Math, 213a, Due QOctobez 25, 1965
Determine the constants A and E  so that the funciion
1 A
+ == o T
PR R 1o T

has a zero of highest possible order «t oo,
2. Devel:p
1
zis+l)" (z+2)
in pargja] fractions,
35 Give a cemplete proof skowing thot the reduced form

R(x) = Lot

of a rational function is uaigus except for a common constant factor in
P and Q. {Inother words, if I'/Q = P1/Q1 and both fractions are

reduced, show that P, = cP, Ql = cQ with some constant c).

4, Show first that

' - w rn
St ‘ao +apz o+ + az
(z) = - — p—

an+an_1z+ + a,%

satisfies |R (z)| =1 onthe unit circle |z| = 1, Next prove that the

most geperal raticnal function with that property has the zhove form except

for a factor ¢z © with |c| = 1. (Hint: Rembar that =] = 1 gives
z = 1/z),
5. i lim £ = A, prove that

n-co

4 1
lim -;-{zl +eee zn] = A,
nwm

(Suggestion: VWhy maey one as well assume that A = 07)

Math. 213a Due Orinbeyr 25, 1965

6.

@ind the radizs cf convergence of

— n = :
v PR x a _nl
‘,_‘nz,z _—Tl’ s ln{z) s-_.

-

5
K Hz) = ) a 2% whatis yn%nz" ?
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Math, 213a Homewoik Due Nov, 1, 1965

1. Fi z - 7i 3
ind e for z = . = I n-:i., -;—ni,

2. i
For what values of z is e? equalto 2, -1, i, -i/2, - 1 4 2 ?

3. Find the real and imaginary ports of exp (e”).
4, Determins all values of Zi, ii, (-l)’2i

2 1
5. Show that |cos z]® = 2~ (cosh 2y ¥ cos 2x) and find a

corresponding expression for |sin z) 2,
Express arctan w in terms of the logarithm,
7. Give a definition of the "argles" in a triangle, and prove that
the sum of the angles is 4,

@

Math, 213a Hour-examination Dec, 5, 1965
1, Expand 1—2'-"'—1—— in partial fractioas,
z (z-1)
2, What are the values of (1 + i)i?
LR For what values of z is
l1-z .n
y 3z )
1
convergent, and what is the sum?
4, Prove that a continuous function from one metric space to another
maps connected sets on connected sets,
5, Find the image of the region 1 < |z+1| < 2 under the mapping
2
W o= _;z;_r . Is the mapping one to one?
s s _ z+i " :
6. The circle |z-1] = 1 ismapped by w =——=y . Where is the
center of the image circle?
7. What is the value of
2
z| dz
Il
where .y is the clock-wise boundary of the first quadrant of Jz| < 1,
8, In the following integrals C 1is the circle |z]| = 2 in the positive
sense, Find
zdz dx 2
a) b) § c) e’dz .
j'C'z_-_T » «C 22_1' IC (z—-?
9. What is
olt)d {4

1
) = g fo 2%
if C is the unit circle (positive sense) and @alf) = r+ {’-l.

(Different answers for |z} <1 and |z| > 1),




