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Find an explicit expression for
-
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n=-co (z+n)” +a

Prove that

M+2)(+2%)(1+2Y n+afy.., = il—.z

for |z] <1,

Prove Gauss' formula
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Find the residve of I'(z) at z = - n,
Use Jensen's formula to eval uate
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Prove that the absolute value of a non-constant analytic function
cannot take on a maximum in a connected open set.
Use the theory of residues to evaluate
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Define elliptic function, primitive period, order of an elliptic function,
Weie.rstrass )“) function . Prove tha; the ,% function satisfies a
differential equation of the form —ﬂi> = Q([}) where Q is a
polynomial, What does this imply abou:zthe relationship between elliptic
functions and elliptic integrals?

State without ‘proof the main facts about the convergence of infinite

pfoducts leading up to and including the wéierstrass theorem about the
existence of entire functions with given zeros, What can you conclude from
the Welersirass theorem about the existence of meromorphic functions?

State a theorem (Mittog Leffler's) about the existence of meromorphic
functions in the plane in which the zeros of the function play no role.

State the Riemann mapping theorem. Give an outline of the proof in which you
make clear the nature of each main step but omit details,

Define (abstract) Biemanﬁ surface, continuation of a power series, complete
analytic function, Without going into all the technical details of the
existence proof, explain what is meant by the Riemann surface of‘::omplete
analytic funotion, (OVER)
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Let f be an entire function which is bounded in the open wedge-
shaped region S bounded by two intersecting half lines and let

¥ = 1.a.b, |£{z) | . Assuming that £'(z) O forany z € S and
z €S

that the wedée angle is an irrational multiple of a straight angle,

show that there exists W with | W} <& M such that £(z) = W implies
z # S . .

Let 01 and o2 be open subsets of the complex plane and let ﬁ be

a conformal map of 01 on 02 . Let g be meromorphic on 02 and let
f=geg. Let Z° be a pole of f . Show tﬁat the residue of g

at ﬁ(zo) need not be the same as that of f at Z_ . Then show how
preservation of residues in conformal mapping can be obtained by asso-

ciating them with "differentials" instead of functions,
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Answer 4 questions:

1. Find a MYbius transformation which maps the circle |z| = 1
onto the circle |w| = 1 and the circle |z - iZ| = fi onto a
circle |w| = r < 1. Find r.

2. Map the region z = reie

, 0<r=<1,0 <06 <7/2 conformally
onto the upper half-plane so that the points 0, 1, i are taken

into the points 0, 1, o, respectively.

3. Find all conformal mappings of the domain exterior to the
two circles |z - 1] = 1, |z + 1] = 1 (and containing o) onto

the upper half-plane.

4. Prove the following theorem. Let D be a simply connected
domain, f£(z) a holomorphic function defined in D with f(z) # O
in D. Then there exist holomorphic functions g(z), gJ(z),
J=1,2, ... in D suéh that

£(2) = o842 = g (2)

5. Prove the following theorem. If {fn(zﬂ'is a sequence of

holomorpric functions defined in |z| < 1, if Im 7 (z) > O and

fn(O) = 1, fthen the sequence {fr} contains a normally convergent

subsequence.
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(1) Define for topological spaces both compactness and connectedness,
2 = 2 -
= PER
Give necessary and sufficient conditions for subsets of the plane to be fZ(P) al.ﬁﬁl toesd aup]':’n :

compact (for open subsets of the plane to be connected), a2ssume their maximum on the boundary of A.

(2) Let A be an open subset of the plane and m a meromorphic (6) Suppose that f(z) = Z{anzn:n =0, l,..} is holomorphic for

function in A which h nly finitel lesin A, S
unction in which has only finitely many poles in how that |z|‘ 1. Show. that among all polynomials ?N(z) of fixed degree N

m is the quotient of two functions both of which are holomorphic in A, there is one and only one for which

. 27
2
(3) Let f(t) be a continuous function of the real variable t where t _ZIF J |£(ei¢) - PN(ei ‘p)l deo
0

is contained in the closed interval [a,b]. Prove that
assumes its minimum, Determine this polynomial.

)
F(Z)=J't—_; dt , 2€ €-{a,b]
a
(7) Let f be a sequence of holomorphic functions in the disk
is a holomorphic function. What can you say about boundary values of n '
D = {z:|2] <1} which is uniformly bounded. Assume that none of
F(z) as z approaches a point of the open interval {a,b)? .
the functions f has a zero in D and that lim fn(O) = 0, Prove
n : n—> .

s 0 .
(4) Let f be holomorphic in the disk D = {z:]zl < a}. Show that the the sequence fn converges in D to the function

|[£0)| < in £ {ltz) |:]z| = a} implies the existence of at least one zero
of £ in D, Using this result show that every non constant polynomial

has at least one zero,

(5) Let Pl' e 'Pn be points of the plane and A an open subset of

»

the plane. Denoting the distance of the points P and Pr by PP
r

prove that for positive real numbers. apreeesa the functions
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Prove Riemann's mapping theorem.

Suppose that £(z) has a pole of order k at 0 . Find 7.

the singular part of the Laurent development of
£ / £ _% (fu/fl)z

at the origin,

and o(z) are obtained from Weierstrass'

' (z) = -p(2)

c'(z)/é(z) = {(2) , together with customary normalizations.

The functions & (z)

p-function by the conditions and

a) Show that nk =L(z + a%) - £(z) is constant

(k =1,2).

b) Prove that n,w, -1 =27i .

2“1
c) Derive formulas for a(z+uk)-, k=1,2.

Let f be analytic in a simply connected region D , and
suppose that all zeros of f have even multiplicity. Prove

that there exists a singlevalued analytic function g in

D which satisfies g(z)2 = f(z) . (Hint: use the mono-
dromy theorem.)
F is an entire function, and Fn(z) =F(nz) , n=1,2,... .

Prove that the functions Fn

1<zl <2

form a normal family in the

annulus if and only if F is a polynomial.

(OVER)
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What is a harmonic function? Prove the mean-value property
and the maximum principle. Outline the reasoning which
shows that a continuous function with the mean-value pro-

perty is harmonic.

Let t., t t  Dbe distinct real numbers. Describe

0 3’ "4
the shape of the region on which
Vi
1]
W= I \I(z-t Y (z-t_ ) (z=t ) (z-t,)
€ 1 2 3 4

tl' t2,

z~t

dz

0
maps the upper halfplane. what happens if to = tl or
t) =ty the others remaining distinct? ’

(z8D)
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1. What is a complex number? If & and B are complex

numbers, define @B and prove @8 = Ba ,

2, Define deqree of a rational function. Show that a
rational function of z takes on (in the extended plane)
every value a number of times equal to the degree of the

rational function if the function is not a constant.

3. Define analytic function. Show that the integral of a
function analytic in a rectangle over the perimeter of the

iectangle is zero.

-4. If £(z) is analytic interior to a disk, state and
establish Cauchy's integral formula for a closed curve in the

disk and a point in the disk not on the curve.
5. State and prove the principle of maximum modulus.

6. Define for an analytic function: removable singularity,
pole, essential singularity. Establish the fundamental property
of an essential singularity of such a function relative to

limits approached.

7. State and prove Rouch&'s theorem.

OVER
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8. Evaluate

a
f ilL:kL'k>o.

0 X

9. Prove that if each function fn(z) is analytic in a region
O, and if the sequence {fn(z)} converges uniformly to the
limit £(2) in &, then f(z) is analytic in . Indicate

where the uniformity of convergence is used in the proof.

10, A function £(z) is continuous in the region |z| < 1,
and analytic there except when z is real., Show that £(z)

is analytic throughout the region,

o



