
Math 313/515, Spring 2005 Jerry L. Kazdan

Homework Set 9, Due Thursday, March 31, 2005
(Late papers will be accepted until 4 PM on Fri. April 1)

Some of these problems use the same matrices as Homework Set 8. That should save you
some time.

1. Let u(t) = (u1(t), u2(t)). Solve the differential equation
du
dt

= Au with u(0) = (1,2)
where forA you use the following matrices:

a).

(
3 1
1 3

)
b).

(
0 1

−1 0

)
c).

(
0 1
1 0

)
d).

(
3 0
3 3

)
.

2. Find the general solution of
du
dt

= Au, whereA =

3 0 0
0 3 0
1 4 −2

.

3. [Strang, p. 299 #10]. GetGk be a sequence of numbers with the property

Gk+2 = 1
2(Gk+1 +Gk), with G0 = a and G1 = b.

a) Find an explicit formula forGk by diagonalizing an appropriate matrix.

b) Compute limk→∞ Gk in terms ofa andb. [You may find it useful to try the special
case whereG0 = 1 andG1 = 3.

4. [Strang, p. 301 #27]. SayA= SΛS−1, whereΛ is a diagonal matrix, andB is theblock
matrix B= (A 0

0 2A). DiagonalizeB.

5. In Homework 7 we worked with∆n = detMn be the determinant of ann×n matrix
Mn with a’s along the main diagonal andb’s on the two “off diagonals” directly above
and below the main diagonal (this is a simple example of atridiagonalmatrix). Thus

M5 =


a b 0 0 0
b a b 0 0
0 b a b 0
0 0 b a b
0 0 0 b a

 .

You showed that∆n = a∆n−1−b2∆n−2.

The task now is to find an explicit formula for∆n
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6. Let A be a real 2×2 matrix with the property thatA3 = I .

a) If λ is an eigenvalue ofA, show thatλ3 = 1.

b) What are all possible values of the trace and determinant ofA?

c) Use this to all possible real matricesA satisfyingA3 = I .

7. If A =

0 1 0
0 0 1
0 0 0

 andB = I +A, computeA2, A3, eA, andB2, B3, eB.

8. Let B be a real antisymmetric matrix. Show thatM := eB is an orthogonal matrix.

9. Let M be a diagonalizable realn×n matrix with (possible complex) eigenvaluesλ1,
λ2,. . . , λn. If the real parts of these eigenvalues are allnegative, show thateMt → 0 as
t → ∞.

10. Let A be a real square matrix. If Ifλ is a real eigenvalue ofA with corresponding
eigenvectorV , andµ 6= λ is a real eigenvalue ofAT with corresponding eigenvector
W , show thatV andW are orthogonal:〈V, W〉= 0.
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