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Math 425 Exam 2 Jerry L. Kazdan
April 26, 2011 12:00 — 1:20

DIRECTIONS This exam has three parts, Part A, short answer, has 1 problem (10 points). Part B
has 4 shorter problems (9 points each, so 36 points). Part C has 3 traditional problems (15 points
each so 45 points). Total is 91 points.

Closed book, no calculators or computers— but you may use one 3” x 5” card with notes on both
sides.

Part A: Short Answer (1 problem, 10 points).

1. Let S and T be linear spaces and A : S — T be a linear map. Say V and W are particular
solutions of the equations AV =Y and AW = Y, respectively, while Z ## 0 is a solution of
the homogeneous equation AZ = 0.

Answer the following in terms of V, W, and Z.

a) Find some solution of AX =3Y;. SoruTiON: X =3V
b) Find some solution of AX = —5Y3. SOLUTION: X = —5W
¢) Find some solution of AX =3Y; —5Y5. SoruTiON: X =3V —5W

d) Find another solution (other than Z and 0) of the homogeneous equation AX = 0.
SOLUTION: X = 27

e) Find another solution of AX =3Y; —5Y5. SOLUTION: X =3V —5Ys + 7Z

Part B: Short Problems (4 problems, 9 points each so 36 points)

B-1. Suppose f is a function of one variable that has a continuous second derivative. Show that
for any constants a¢ and b, the function

u(w,y) = flax + by)
is a solution of the nonlinear PDE

UgzUyy — u? =0.

Yy

SOLUTION: By the chain rule, u, = f’(az + by)a, s0 Uz, = f"(azx + by)a?. Similarly, u,, =
f"(az + by)b* and uyy = f"(az + by)ab. Thus,

Uz Uyy — uiy = f"(az + by)*[a®? — (ab)?] = 0.



B-2. U=(1,1,0,1) and V = (—1,2,0,—1) are orthogonal vectors in R*.
Write the vector X = (1,1,1,0) in the form
X=aU+bV +W, (1)

where a, b are scalars and W is a vector perpendicular to U and V.

SOLUTION: Take the inner product of (1) with U and use that we want W to be orthogonal
to U to find

2
(X, U) =a(U, U) 0 a= 3.
Similarly,
1
(X, V) =b(V, V) so b= g
Thus,

2 1
X=-U+-V+W
3 +6 W

where W is defined by this equation. It is orthogonal to both U and V since that is how we
computed a and b.

B-3. If u(z,y) is a solution of the Laplace equation in the unit disk x? + y? < 1 with boundary
conditions
1 for 22 4+4y>=1, y>0
0 for z+y* =1, y<O0.

Compute u(0,0).

SOLUTION: By the mean value property, the value of a harmonic function at the center of a

disk is the average of its values on the circumference. Thus u(0,0) = 3
As an alternate, one can use the Poisson formula for the solution of the Dirichlet problem for
the disk. The solution at the center (where r = 0) is equally speedy.

B—4. This problem concerns the solution of the initial-value problem for the wave equation u; =
Ugy + Uyy in two space variables (z,y) € R?, together with the initial conditions

u(x7y70) :f(I',y)a ut(x,y,O) =0.

If f(x,y) is a 27 periodic functions of =, so f(z+27,y) = f(x,y) for all x, show that u(z,y,t)
is also a 27 periodic function of x.

SoLuTION: Let v(x,y,t) = u(x+2m,y,t). Since the wave equation has constant coefficients, v
also satisfies the wave equation for (z,y) € R?. Because f is 27 periodic in z, v satisfies the
same initial conditions. Since the solution of this initial balue problem for the wave equation
is unique, v(z,y,t) = u(z,y,t), which is what we wanted to show.



Part C: Traditional Problems (3 problems, 15 points each so 45 points)

C-1. Let ©Q C R? be a bounded region in the plane.

a) Let w(x,y,t) be a solution of the modified heat equation

Wi = Weg + Wyy — TWs + Wy — W (2)

for (z,y) € Q@ and 0 <t <T < oo. Show that the solution w cannot have a local positive
maximum or negative minimum at a point of €.

NoTE: There are two cases, one where the maximum point accurs at a point (z,y,t)
with 0 < ¢t < T and one at a point (z,y,T)

SOLUTION: If there is a positive maximum at a point (z,y,t) where (z,y) € Q and
0<t<T,then wy; =0, wy =0, and w; = 0, and also wgz < 0, wyy, < 0 — as well as
w > 0, This is incompatible with (2).

At a point (x,y,T), where (z,y) € Q the equality w, = 0 is replaced by the inequality
wy > 0, but gives the same conclusion.

At at negative minimum the same reasoning applies (just replace u by —u).

If w(z,y,0) =sin(x + 2y) for (z,y) € Q and —2 < w(z,y,t) < 3 for (z,y) € 02, t >0,
what can you conclude about the size of w(z,y,t) for (z,y) € Q, t > 07.

SOLUTION: By the maximum principle, —2 < w(x,y,t) < 3 for (z,y) € Q, t > 0.

C—2. In a bounded region ©Q C R™, let u(x,t) satisfy the modified heat equation

up — 2tu = Au, (3)

as well as the initial and boundary conditions

u(z,0) = f(z), in Q with u(x,t)=0 for x €9Q, ¢>0. (4)

Let u(x,t) = @(t)v(x,t). Show that by picking the function ¢(t) cleverly, v satisfies the
standard heat equation vy = Av as well as the initial and boundary conditions (4).

REMARK: This generalized to u; + a(t)u = Au where a(t) is any continuous function.

SOLUTION: Since u; = @:v + vy and Au = pAu, Then u; — 2tu = Au becomes

o + (pr — 2tp)v = pAuw.

Thus pick (t) so that ¢, — 2t¢ = 0. This is a stndard ODE. It’s solution is ¢(t) = Cet” for
some constant C', say C' = 1.

It is then obvious that v has the desired properties.



C-3. The motion u(z,y,t) of a special drum €2 € R? satisfile the modified wave equation

u + b(z,y, t)uy = Au for (z,y) €Q, t>0. (5)

with boundary condition

u(z,y,t) =0 for (z,y) €0Q, t>0. (6)

Define the “energy”

E(t) := ;//Q [uf + |Vul*] ddy.

Assume that [b(z,y,t)| < m for some constant m and all (z,y) € Q, t>0.

dE
a) Show that r <2mFE forall t > 0.

b)

SoLUTION: By Green’s First,

dFE
- 2// [y + Vu - V] do dy = // [ugusy — wAu] dz dy
t Q Q

_ / /Q e[ —b(z, ), )us] da dy

< m// u? dx dy < 2mE(t).
Q

d
Deduce that p [e*thE(t)] <0 forall £ >0, and hence that
E(t) <™ E(0) forall t>0.

SOLUTION: J
pn [e™>™E(t)] = e *™[E' — 2mE] <0,

so e 2™ E(t) is a non-increasing function fot ¢ > 0. Thus e 2™ E(t) < F(0) for all t > 0.

If u(z,y,0) =0 and w(x,y,0) =0 for (x,y) € Q, what does this say about E(t) for ¢t > 0
and hence about u(zx,y,t) for t > 07

SoLUTION: Under these assumptions E(0) = 0. Thus 0 < E(¢t) < 0 for all ¢t > 0, so
E(t) =0. Therefore u(z,y,t) = const. But u(z,y,0) =0 so u(z,y,t) =0 for all ¢t >0.



