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ABSTRACT

DISTRIBUTION OF THE SUCCESSIVE MINIMA OF THE PETERSSON NORM ON
CUSP FORMS

Souparna Purohit

Ted Chinburg

Given an arithmetic variety 2~ and a hermitian line bundle .Z, the arithmetic Hilbert-
Samuel theorem describes the asymptotic behavior of the co-volumes of the lattices HO(.2", Z%F)
in the normed spaces H°(2", Z®*) @ R as k — oco. Using his work on quasi-filtered graded
algebras, Chen proved a variant of the arithmetic Hilbert-Samuel theorem which studies the
asymptotic behavior of the successive minima of the lattices above. Chen’s theorem, how-
ever, requires that the metric on . is continuous, and hence does not apply to automorphic
vector bundles for which the natural metrics are often singular. In this thesis, we discuss a
version of Chen’s theorem for the line bundle of modular forms for a finite index subgroup
I’ C PSLy(Z) endowed with the logarithmically singular Petersson metric. This generalizes

work of Chinburg, Guignard, and Soulé addressing the case I' = PSLa(Z).
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CHAPTER 1

BACKGROUND

1.1. Arithmetic Hilbert-Samuel theorems

Let X be a projective variety of dimension d over a field K, and L an ample line bundle on X.
Classical intersection theory over a projective variety can be used to study the dimension of
the spaces of global sections H?(X, L®*). The Hirzebruch-Riemann-Roch theorem expresses
the Euler characteristic x(L®*) of L®* in terms of intersection theory, which can then be
used to deduce the classical Hilbert-Samuel theorem

X(L®F)

_ d
dm S — el

where ¢1(L) denotes the first Chern class. Since L is ample, for k£ large enough, note that

X(L®*) = dimy HO(X, L®F).

An arithmetic variety is an integral scheme £  equipped with a flat, projective morphism
m: 2 — Spec(Z) with a smooth generic fiber Zg. Classical intersection theory turns out to
be inadequate over such varieties, since unlike Spec(K), Spec(Z) is not proper. The analog
of the fact that the sum of the orders of vanishing of a meromorphic function is zero on a
projective curve over a field is the product formula for number fields. This suggests that the
archimedean place of Q, which is not reflected by the points of Spec(Z), must also be taken

into account in order to have a meaningful intersection theory over Spec(Z).

In his seminal papers (Arakelov, 1974, 1975), Arakelov proposed such an intersection theory
for arithmetic surfaces. His work was generalized by Faltings (Faltings, 1984), Deligne
(Deligne, 1987), and eventually to arbitrary dimensions (i.e. arbitrary arithmetic varieties)
by Gillet and Soulé (Gillet and Soulé, 1990; Gillet and Soulé, 1992). The resulting theory is
often called arithmetic intersection theory. The key, as alluded to above, is to keep track of

the contribution to intersection theory coming from the archimedean places, which involves



some analytic computations on the complex manifold .2°(C), in addition to the contributions

from the usual “algebraic” intersection theory.

For arithmetic intersection theory, we work with hermitian line bundles. These are given by
pairs (£, h) where . is a line bundle - i.e., an invertible sheaf - on the arithmetic variety 2",
along with a hermitian metric h on the complex line bundle Z¢ over the complex analytic
manifold 27 (C) (note that 2 (C) is a smooth complex analytic manifold by our assumption
that the generic fiber of 2" is smooth). This means that for each point z € 2 (C), the
fiber Zc(x) is equipped with a hermitian inner product h, that varies smoothly with x
(we further require that these inner products are invariant under the action of complex
conjugation on 2 (C), but we will not belabor this point). The idea of the hermitian inner
product is to give an analog of “integral models” and “integral sections” over archimedean

places. For brevity, we will denote a hermitian line bundle (.Z, h) by Z.

Given a hermitian line bundle .Z, the space of complex global sections H O(.%’(C,Zg’k ) can
be equipped with two natural norms (we do not distinguish between the complex projective

variety Z¢ with the complex analytic manifold 2 (C)). Given s € H(2¢, ggk )s

1. we have the L* (or sup) norm:

Islle == sup |s(z)le,
zeZ'(C)
where s(z) is the image of s in the fiber Z¢(z), and |s(2)|, := Vha(s(2), s(2));

2. and the L? norm:

sz = / 1s(@)]2 du,
Z(C)

where dy is the volume form associated to a Kéhler metric on 2" (C) (invariant under

complex conjugation).

The space of integral sections HO(2", £®*) is a free Z-module, and equipped with either of

the above norms || - ||, on HY(2", £%%) @7 C = HY(2¢, Z2") becomes a metrized vector



bundle over Spec(Z). If || - || is the L2 norm, then HY(2,.Z®*) is a hermitian vector

bundle over Spec(Z). We then define the arithmetic Euler characteristic

Vol({v € HO (2w, Z5%) : vk < 1})
wﬂ(H%ﬁﬁwzﬁﬂ/HOG%wf®ﬂ)7

R (HO2, 299, - ) = log

where H( 2k, fﬂgk) = HY(Z, Z®F)®R is equipped with the restriction of the norm |- ||.

Here, vol(-) denotes any Haar measure on H( 2%, Z").

If the arithmetic variety is of relative dimension d (i.e. if d = dim 2 (C)) then the arithmetic

Hilbert-Samuel theorem says that

i R 1)

— a(?)cHl’

under suitable (arithmetic) ampleness assumptions on .Z. Here ¢ () denotes the arith-
metic first Chern class associated to .2, and c’i(?)d+1 denotes the intersection product
in the arithmetic Chow ring as defined by Gillet and Soulé (followed by a pushforward to
ﬁl(Spec(Z)) = R, the first arithmetic Chow group of Spec(Z)).

The arithmetic Hilbert-Samuel theorem was first proved by Gillet and Soulé in (Gillet and Soulé,
1992) as a consequence of their Riemann-Roch theorem. Abbes and Bouche (Abbes and Bouche,
1995), gave a simpler proof without using intersection theory. Then various generalizations
were proved by many people, some of which are (Zhang, 1995), (Randriambololona, 2006),
(Yuan, 2008, 2009), (Chen, 2010), and (Chen and Moriwaki, 2022). There are also adelic
generalizations in the works of Lau-Rumely-Varley (Rumely et al., 2000) and Chinburg-
Lau-Rumely (Chinburg et al., 2003). The interest in this theorem stems from its various
applications to arithmetic geometry: in particular, Vojta’s proof of Mordell’s conjecture,

and Zhang’s proof of the generalized Bogomolov conjecture.



1.2. Successive minima and Chen’s version of arithmetic Hilbert-Samuel

In this thesis, we will focus on one of Chen’s versions of arithmetic Hilbert-Samuel theorem.
Before describing Chen’s work, we recall one of Minkowski’s theorems about successive
minima. Suppose (V.| - ||) is a normed R-vector space of dimension n, and I' C V is a
lattice (free Z-module of rank n). Let B, := {v : ||v|| < 1} denote the closed unit ball.
For i = 1,...,n, then ith successive minima, denoted p;, is defined to be the infimum over
all real numbers p with the property that I' N uB,, contains at least ¢ linearly independent
elements. So, for instance, p; is the length of the shortest non-zero lattice point. We
remark that these successive minima are in general very difficult to compute. In fact, there
are proposed post-quantum cryptography algorithms based on the difficulty of finding the

shortest non-zero lattice vectors.
Minkowski’s theorem on successive minima states that for any Haar measure vol(-) on V/,

on vol(B,)
— < ... — <",
pl = HH2Hn vy =

Applying —log(-) to the above inequality, we get

n

> —log(ui) = X (L, || - 1) + O(nlog(n)).

=1

This suggests that from the point of view of Arakelov theory, the quantities —log(u;) are
more natural. These are called the successive mazima of the (normed) lattice, which we will

denote by A; := —log(u;).

While the previous versions of the arithmetic Hilbert-Samuel theorems describe the asymp-
totic behavior of the X (T, || - ||) over a family of lattices, Chen’s version, roughly speaking,
can be thought of as describing the asymptotic behavior of the summands \; of the Euler-

characteristic (normalized appropriately).

More precisely, Chen’s theorem states the following. Let 2" be an arithmetic variety, and let



% be a smooth hermitian line bundle on 2" such that Zp is ample (in fact, it suffices for the
metric on .Z to be continuous - meaning that the hermitian norms vary continuously over
the fibers). Equip H°(2¢, .iﬂg)k) with either the L> or the L? norm, || - ||z. Suppose dj :=
ranky, HO(2", #®*), and suppose A ; are the successive maxima of the lattice (2", Z®)
in the normed space H 0(%]1@,.,2”@@’“). Let 0, denote the Dirac-delta function supported on

the point x € R, and let

denote the discrete probability measure on R supported on the normalized successive maxima

#Ak,i. Then Chen’s theorem 4.1.8 in Chen (2010) implies

Theorem 1.2.1 (Chen). The sequence of discrete probability measures vy, converges weakly

to a probability measure v on R with compact support.
1.3. Singular metrics

The metrics we have considered thus far are smooth (or continuous). It turns out, however,
that many natural metrics of arithmetic interest are not smooth or continuous - in fact, they
are not even defined at every point z € 2 (C). Automorphic vector bundles on Shimura
varieties provide a rich source of examples of such metrics. Mumford studied one such
class of such metrics in (Mumford, 1977), which he called good metrics. These metrics
are examples of metrics with logarithmic singularities. Mumford showed that the smooth
metrics on a certain class of automorphic vector bundles can always be extended to a toroidal

compactification of the Shimura variety in question, and that the extended metric is good.

Good metrics turn out to be inadequate for developing an analog of arithmetic intersec-
tion theory for singular line bundles. Kiihn (Kiihn, 2001), and Burgos Gil-Kramer-Kiihn
(Burgos Gil et al., 2007, 2005), define a more general notion of singular metrics that they
use to develop a generalized arithmetic intersection theory suitable for working with hermi-
tian line bundles with singular metrics, generalizing many results of Gillet and Soulé to the

singular setting.



Working with (a generalization of) this singular setting, Berman and Montplet (Berman and Montplet,
2012) proved an arithmetic Hilbert-Samuel theorem for singular hermitian line bundles in

adjoint form. Let £ be a suitably singular hermitian line bundle (for example, with log-

arithmic singularities, but can be more general) on an arithmetic variety 2 of relative
dimension d. The line bundles .Z®* ® # are said to be in adjoint form, where .# is an inte-

gral model of the canonical bundle of 23. The space of global sections H°(2¢, fg’k ® )

comes equipped with a natural L? hermitian inner product, call it || - ||5. Then theorem 1.1

(Berman and Montplet, 2012) shows that the limit

_(d+1)!
lclggo kd+1

R (H(2.2% 00, |)

exists, and is equal to a (generalized) arithmetic intersection number (under suitable am-
pleness hypotheses on .Z). The same paper also shows a similar, more general, result if
we restrict to line bundles with logarithmic singularities along a normal crossings divisor

D C Zg (theorem 1.2).
1.4. Analog of Chen’s theorem for singular metrics?

Motivated by all of this, we ask the following general question. Let 2" be an arithmetic
variety, .2 a hermitian line bundle with logarithmic singularities along a normal crossings
divisor D C Zg. The log-singularity assumption makes it so that the space of global sections
HY(2¢, £2%(—Dc)) can be endowed with either the L or L? norm, ||-||3 (for the L? norm,
we must choose a Kéhler metric on 2" (C) invariant under complex conjugation, as before).
We have the lattice

H(2, 2% n HY (24, £5"(-D))

in the normed R-vector space H'(. 2, fﬂgk(—DR)). Let Ap,; denote the successive maxima,

and let
dy,

1
Vi == d7k Z 5%/\1@,1‘

=1



denote the discrete probability measure on R associated to the normalized successive max-

ima.

Problem 1.4.1. Do the v converge weakly to a probability measure? If so, what can we

say about the support of the limit measure?

In this thesis, we address this problem in the case £ is an arithmetic surface associated
to (a finite index subgroup) I' C PSLo(Z), D C 2y is the divisor of cusps, and & is the
hermitian line bundle associated to the modular forms of weight 12, equipped with the
Petersson metric, which turns out to have logarithmic singularities along D (as well as at
the elliptic points). See chapter 3 for descriptions of these objects, and theorems 2.0.1 and

2.0.2 for the precise statements.

This thesis is motivated by work of Chinburg-Guignard-Soulé (Chinburg et al., 2018), in
which they addressed the case I' = PSLy(Z).

1.5. Outline of this thesis

In chapter 2, we give precise statements of our main results (theorems 2.0.1 and 2.0.2),
and discuss some key differences between our work and those of (Chinburg et al., 2018) and

(Chen, 2010).

In chapter 3, we start with some background on complex modular forms and modular curves.
Then, following (Kiihn, 2001), we define integral models for modular curves and the line
bundle of modular forms in §3.3, and describe the Petersson metric on this bundle in §3.4.
We then introduce the notion of adelic vector bundles, as in definition 3.1 of (Gaudron,
2008), their successive maxima, and apply these concepts to the space of rational cusp
forms of weight 12k for finite index subgroups of PSLy(Z). This lets us define a decreasing
R-filtration on each Si, which enables us to use results of Chen on quasi-filtered algebras in

order to prove our results.

In chapter 4, we prove theorem 2.0.1. In §4.1, we prove a uniform upper bound on normalized



successive maxima using (generalized) intersection theory of Kiihn and Bost-Gillet-Soulé,
which is then used in §4.2 along with Chen’s theorem on quasi-filtered algebras to deduce
vague convergence of measures (for the sequence v, as in problem 1.4.1). Then in §4.3 we
show that the vague convergence is weak by doing explicit calculations with bases of cusp

forms of large weights.

Finally, in chapter 5, we prove theorem 2.0.2. After setting up some notation in §5.1, we
prove in §5.2 some results comparing the R-filtrations on various spaces of cusp forms. These
comparison results are used in §5.3 to prove theorem 2.0.2. Finally, in corollary 5.3.1, we

prove that the support of the limit measure from theorem 2.0.1 is unbounded below.



CHAPTER 2

STATEMENTS OF MAIN RESULTS

We follow the setup in §4.11 of (Kiihn, 2001). Let I'(1) := PSLy(Z), and identify the complex
modular curve X (1)¢ associated to I'(1) with P{ via the modular j-function (see example
3.1.1). Let I C I'(1) be a finite index subgroup. The modular curve X (I')¢ and the natural
map 7r,c : X (I')c — P are defined over a number field E (see §3.3). Let X (I') be a (smooth
projective geometrically connected) model of X (I')¢ over E, let 7r g : X(I') — PL be the
model of mr ¢ over E, and let 7p : X(I') — ]P’(b denote the composition of 7 g with the
natural map from P}E to ]P’}@. Let o0 € IP’}@ correspond to the unique pole of the j-function,
and let D € Div(X(I')) denote the sum of the points in 75" (c0). We call D the divisor of

cusps of X (I).

Let 2 (') be an arithmetic surface associated to T' (see §3.3 and §4.11 of (Kiihn, 2001)).
Then 2°(T') is a regular projective arithmetic surface with generic fiber X (I"), and comes
with a morphism 7z : Z°(I') — IP’% extending 7. Let .Z denote the metrized line bundle
on 2 (T") associated to modular forms of level I' and weight 12 endowed with the Petersson
metric (see §3.3 and §3.4, and §4.12 of (Kiihn, 2001)). As mentioned before, this metric has

logarithmic singularities at elliptic points and cusps (proposition 4.9 in (Kiihn, 2001)).

Theorem 2.0.1. Let I' C T'(1) be a finite index subgroup. Let 2 (I') be an arithmetic
surface associated to T', X (T') its generic fiber, and let D denote the divisor of cusps of
X(T). Let Z be the line bundle on 2 (') associated to modular forms of level T' and weight

12 endowed with the Petersson metric. For every k > 1, let
S = H(2 (), 2% n H (X (D), Z5"(-D))

denote the euclidean lattice of integral cusp forms of level I' and weight 12k with respect to

the Petersson inner product. Let uy; denote the successive minima of /3, and let A\ ; =



—log(k,i) denote the successive mazima. Let dj, := 1ky. 7}, and let

dy,

1
Vk = d7k Z 5%/\1@,1‘

i=1
denote the probability measure on R associated to the normalized successive maxima of /4.

Then the v converge weakly to a Borel probability measure v on R. v has support bounded

above and unbounded below.

A natural question is: given finite index subgroups IV C T" of I'(1), how do the successive
maxima of their integral cusp forms, and the associated limit measures compare? This is

addressed by the following theorem.

Theorem 2.0.2. Let IV C T be finite index subgroups of T'(1). Let Z (I") (resp. 2 (T))
be an arithmetic surface associated to T (resp. T') with generic fiber X (I") (resp. X(T)).
Suppose there is a Q-morphism mp p : X(I') — X(T') that is a model over Q of the natural

map X (I")c — X (T)¢ of complex modular curves.

Let v, (resp. vy) denote the probability measure on R associated to the normalized successive
mazima of the euclidean lattice of integral cusp forms of level T" (resp. T') and weight 12k
with respect to Z (I') (resp. Z(T')) as in theorem 2.0.1. Suppose that v, — V' (resp.
v — v) weakly for a Borel probability measure v/ (resp. v) on R (by theorem 2.0.1). Then

there is a Borel probability measure w on R such that

/

1
V=———v+|l—-—— | w.
deg(mr 1) < deg(mr 1) )

2.1. Remarks

Remark 2.1.1. Theorem 2.0.1 generalizes theorem 3.2.2 (i), (ii) of (Chinburg et al., 2018),
which addresses the case I' = I'(1) for the associated arithmetic surface 2°(1) = P}, (iden-
tification coming from the j-function). We remark that our overall approach is similar to

that of (Chinburg et al., 2018), with a couple of key differences. First, the approach in

10



(Chinburg et al., 2018) uses various properties of g-expansions of modular forms for I'(1),
including integrality of the coefficients of g-expansions of modular forms over the integral
modular curve 2Z°(1) to obtain (lower) bounds on the Petersson norms of integral cusp
forms (see for instance, proposition 3.3.1, lemma 3.3.1, theorem 3.4.1, and lemma 3.4.2 in
(Chinburg et al., 2018)). For a general (in particular, non-congruence) finite index subgroup
I’ CT'(1), we do not have access to such integrality properties for the g-expansion coefficients

of integral modular forms.

Instead, following (Chen, 2010), we use results from the intersection theory of logarithmically
singular line bundles on arithmetic surfaces as developed by Kiihn in (Kiihn, 2001), along
with height formulas developed by Bost, Gillet, and Soulé in (Bost et al., 1994) to obtain
corresponding (lower) bounds for the sup norms of integral cusp forms (see proposition 4.1.3,
which is the counterpart to lemma 3.4.2 in (Chinburg et al., 2018)). We then appeal to a
“Gromov’s lemma” type result in our log-singular setting (see proposition 4.1.2, page 1 of
(Friedman et al., 2013), and theorem 1.7 in (Auvray et al., 2016)), comparing sup norms
to L? norms for sections in increasing powers of the line bundle of modular forms, to get
analogous (lower) bounds on the L? (i.e. Petersson) norms of integral cusp forms for I'. The
estimates obtained from the intersection theory approach, however, are not as sharp as those
obtained from the g-expansions, and this ultimately prevents us from showing directly that
the support of the limit measure v in theorem 2.0.1 is unbounded below. Instead, we deduce
unboundedness (in corollary 5.3.1) from theorem 2.0.2 along with the unboundedness in the

case I' = I'(1) proved in part (ii) of theorem 3.2.2 of (Chinburg et al., 2018).

Another key difference with (Chinburg et al., 2018) is that, unlike the I' = I'(1) case consid-
ered there, it is difficult to write down explicit bases for the spaces of cusp forms for general
I", which are then used for getting bounds on the successive maxima. In proposition 4.3.1,
we construct less explicit bases that nevertheless have the same general shape as those in
(Chinburg et al., 2018) theorem 3.4.1 and lemma 3.4.4, and that turns out to be enough to

yield the desired bounds on the successive maxima in our case.

11



Remark 2.1.2. An important feature of theorem 2.0.1 and theorem 3.2.2 of (Chinburg et al.,
2018) is the fact that the limit measures have support unbounded below, in stark contrast to
Chen’s theorem for smooth or continuous metrics mentioned before, where the limit measure
has compact support. This is explained, very roughly, as follows. When . has continuous

metric, then at least if £ is ample,

0 k
P 1 (20, £5")
k>0
is a finitely generated quasi-filtered algebra over Q (in the sense of definition 3.2.1 of (Chen,
2010)). The convergence result for the measures then follows from a more general result of
Chen (theorem 3.4.3 (Chen, 2010)) concerning the distribution of successive maxima for such

algebras, which shows, in particular, that the limiting distribution has compact support.

In our setting, and that of (Chinburg et al., 2018), the Petersson metric on the line bundle
Z of modular forms is logarithmically singular, and hence to make sense of the norms at the
archimedean places, we restricted to the subspace H%( 2, Egk(—D)) of sections vanishing

along the cusps. The graded Q-algebra

B:= P H (24, £5*(-D))
k>0
is not finitely generated. However, we can “approximate” B by a sequence of finite-type
quasi-filtered Q algebras By, indexed by integers L (as in §4.2, and §3.6 of (Chinburg et al.,
2018)). Then applying theorem 3.4.3 of (Chen, 2010) to each By, we get a sequence of
compactly supported measures vy, o, where the support of each v, o is bounded above by
a constant independent of L, but the lower bound for the support goes to —oo as L — oo.
We then show that the vy, o converge to v as L — oo, which accounts for the support of v

being unbounded below.

12



CHAPTER 3

BACKGROUND ON INTEGRAL MODULAR FORMS

In this section, we start with some background on complex modular forms and modular
curves. Then, following (Kiithn, 2001), we define integral models for modular curves and the
line bundle of modular forms in §3.3, and describe the Petersson metric on this bundle in
§3.4. We then introduce the notion of adelic vector bundles, as in definition 3.1 of (Gaudron,
2008), their successive maxima, and apply these concepts to the space of rational cusp forms

of weight 12k for finite index subgroups of PSLy(Z).
3.1. Modular curves and modular forms over C

Let I' be a finite index subgroup of I'(1) := PSL2(Z). Then I' acts on the (complex) extended
upper half plane h* := h UP'(Q) by linear fractional transformations
a b az+b

I'> cz = .
¢ d “ cz+d

The quotient
X(D)c =T\(h UP'(Q)).

is a compact Riemann surface called the modular curve associated to I'. The inclusion
I' € I'(1) induces a holomorphic map nrc : X(I')c = X(I'(1))c of Riemann surfaces of

degree [I'(1) : T

For a point z € h*, let

I={rel:7-z2==z2}

denote the stabilizer of z in I'. This group is either trivial, finite, or infinite cyclic, and
we call the image of z in X (I')c an ordinary point, elliptic point, or cuspidal point (or
just a cusp) in these cases, respectively. For I'(1), the elliptic points are the images of i

27i/3

and e and there is a unique cusp corresponding to the image of (any) point of P*(Q).
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For a general T, the elliptic points and cusps of X (I')c map to elliptic points and cusp of

X(T'(1))c, respectively.

Given v € PSLy(R), the weight k slash operator (-|x7y) on holomorphic functions on b is

given by
_ +b
. Q-k [0
1) = (o) = (e ) (217)
a b
for v = . For ' C T'(1), a meromorphic modular form of level T' and weight k is a
c d

meromorphic function f : § — C such that

(8) (f1k7)() = f(2) for all y € T, and

(b) f is meromorphic at the cusps of I'. This means that at each cusp, if ¢t denotes a local
parameter, then f admits a Fourier expansion of the form f(t) =), a,t", with a, =0

for sufficiently small n.

Meromorphic modular forms of weight 0 are called modular functions - these are simply the
rational functions of X (I')c. A modular form of weight k for T' is a meromorphic modular
form that is holomorphic everywhere, including at the cusps. A cusp form of weight k for
I is a modular form that is zero at every cusp (i.e., the ay coefficient in the local Fourier
expansion at every cusp is zero). The space of modular (resp. cusp) forms of level I' and
weight k is denoted by M (T)c (resp. Si(I')c) - these are finite dimensional vector spaces

over C.

Example 3.1.1. (i) The classical j-invariant function is a modular function for I'(1)
given by

1
§(2) = = + 744 + 196884¢ + . . .,
q

where ¢ = €2™ is the local parameter at the unique cusp Ss of X (1)c := X (I'(1))c.
Note that j has a unique pole of order 1 at S, so that the induced morphism j :

X (1)¢ — PL is an isomorphism. Henceforth, we identify X (1)¢ with PL via j.
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(ii) The classical discriminant function A is a cusp form of weight 12 for I'(1) given by

Alz)=q (1 —am*,
n=1

where as before, ¢ = >,

The functional equations satisfied by meromorphic modular forms show that they are sec-
tions of a line bundle M (I')c on X (I')c, and the meromorphic modular forms that are zero

at every cusp form a sub-bundle & (T")c. The following is proposition 4.7 in (Kiithn, 2001):

Proposition 3.1.2. Let I' C T'(1) be a finite index subgroup, and let k > 1 be a positive
integer. Let Si,...,S; € X(I')c denote the cusps, and let npc : X(I')c — P(lc denote the
canonical map. Let D¢ := S+ ---+ S, € Div(X(I')c). Then we have an isomorphism of

line bundles:

Mok (D) — 71'1’5’@(9%(00)@)]“ fe f/Ak7

which restricts to an isomorphism
G2k (I)c — <7TF,<CO%(OO)®’C> (=Dc).

3.2. Petersson metric on complex modular forms

The Petersson metric on Mok (I') is defined as follows. Given a section f of Mok (") over

the open subset U C X(I')¢ and a point z € b corresponding to a point of U, we set

|flper(2)” = |f (2) 2 (47 im(2)) 12", (3.2.1)

This metric has logarithmic singularities along the set of elliptic points and cusps of I in the
sense of definition 3.1 of (Kiihn, 2001), which we now recall. Let X be a compact Riemann
surface, S = {51,...,S5,} a finite set of points of X, and Y := X \ S. A hermitian line

bundle L = (L, || - ||) on X is said to be logarithmically singular along S if h is smooth on
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Y, and for every i, in a local coordinate z centered at S;, and for any meromorphic section

£ of L, we have

16(2)]| = —log(|2]2)® - |25 - (), (3.2.2)

for some real number «, and a positive continuous function ¢(z), smooth away from S,
such that the first and second (mixed) partials of ¢ are bounded by certain powers of 1/|z|
away from S;. a, @, the powers of 1/|z|, etc. all depend on L, S;, and £. The bounds on the
second partials ensure local integrability of the first Chern form associated to the metric.
We remark that in Mumford’s definition of a good metric (Mumford, 1977), ¢ is smooth on

the whole coordinate neighborhood around ;.

Proposition 4.9 of (Kiihn, 2001) shows that the Petersson metric is logarithmically singular
along the elliptic points and cusps. Briefly, a local chart around the cusp oo is given by
z — 2m2/W —. ¢ where z € B, and w is the width of co in I'. In the coordinate ¢, the

(square of the) Petersson metric is given by

| flpet(0)? = | f(q)[* - (—wlog |q[*)'2".

Any other cusp S; can be brought to oo by an element of I'(1), so the local computation at

S; reduces to that around oco.

Meanwhile, a local chart around an elliptic point that is the image of zy € b is given by

n
Z — 20
Z = — =:t,
Z — 20

where n := |I';,|. The (square of the) Petersson metric in the local coordinate ¢ is given by

12k
2 prl/ny 2 1— |/ A
|f|Pet(t) - |f(t )| : |1 _ tl/n|2 : 7T1m(7‘0) °

(The f on the right side above denotes the function on the unit disk induced by the modular

form f under the isomorphism z — (z — z9)/(z — Zp).)
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By comparing both of these local expressions with (3.2.2), we see that the Petersson metric

is, indeed, logarithmically singular at the cusps and elliptic points.

Remark 3.2.1. The Petersson metric defined above in equation (3.2.1) differs from the

12k The reason for this factor is roughly as

classical Petersson metric by a factor of (4)
follows - see (Kiihn, 2001) p. 227-228 for more information. Suppose I' is a congruence
group such that the moduli functor representing “elliptic curves with I'-level structure” is
representable, and let 2 be the compactified moduli space as in (Deligne and Rapoport,
1973). Let v : & — 2 denote the universal elliptic curve, and let e : 2~ — & denote the

zero section. The sheaf

R Ta) !

has a natural hermitian metric given as follows. For a complex point z € % (C) C Z°(C),
where % C % is the dense open subscheme representing elliptic curves (rather than gener-

alized elliptic curves), we have a canonical isomorphism
Wg/gg(x) = Ho(éal"a ngz)a

where wg g () (resp. &, and Q) denotes the pullback of we/ 4 (resp. &, and Q},/f[) by
x: Spec(C) — 2. Given a € HY(&,, Q}fz), define

lal2(z)? = — | ara

This metric, defined above over %, extends to a logarithmically singular metric on wg, 4
over 2 . It turns out that with the added (4m)'?* factor in the Petersson metric, there is

an isometry of line bundles

(w121 122 ) = ak(D), |- )

where wg /g 18 given the product metric.
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Petersson inner product of cusp forms

Let dr := [I'(1) : '], and let Fr denote a fundamental domain for the action of I" on b.

Define the Petersson inner product on Sio;(T)c by

(f, 9)pet == di f(z)@(;lﬂ im(z))l% M
T

- yz (f7 g e Sle(F)C)a

where z = = + iy € h. This is a Hermitian inner product on Sjox(I')c, and the norm
of f € Siok(D)c is given by || fllpet := (/, f}llj{j, which we note is simply the L? norm of
the Petersson metric (equation (3.2.1)) with respect to the hyperbolic volume form dur on
X()c:

1
19130 =5 [ 1 lea(2? da.
rJxm

3.3. Integral models of modular curves and modular forms

We follow the setup in §4.11 of (Kiihn, 2001) (with slightly modified notation). Let I' C I'(1)
be a finite index subgroup, and let mp ¢ : X(I')c — IP%: denote the natural map given by the
j-function. The branch points of 7p ¢ are contained in {0, 1728, 00} C IP’}C, and hence X (I')¢
and 7p ¢ are defined over a number field E. For such an F, let X (I') g be a smooth projective
geometrically connected curve over E with base change to C (via the implicit embedding of
E into C) isomorphic to X(I')¢, and let mr g : X(I')g — PL be an E-morphism such that
its base change to C (again, via the implicit embedding) coincides with 7 c. To simplify
notation, we will refer to X (I')g by X(I'). Let np : X(I') — IP’}@ denote the composition of

7 g with the natural map IP’}E — JP’}@.

Let X (I')z denote the normalization of P} in X (T') under the natural map X (I') — ]P’(l@ — PL.
Then X (I")z is a normal arithmetic surface with X (T") as generic fiber. By results of Lipman
(see (Lipman, 1978)), there exists a desingularization of X (T')z. Namely, there exists a
regular projective arithmetic surface with a proper birational morphism to X (I')z. Let
2 (') — X(I')z denote such a desingularization, and let the composite map 2 (I') —
X(T)z — P} be denoted by mrz : 2(I') — PL. As in §4.11 in (Kiihn, 2001), we call any
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such Z°(I') an arithmetic surface associated to I'. We remark that this definition differs
slightly from that in §4.11 of (Kiihn, 2001) in that we do not require the field of constants

E of the generic fiber X (") of 2°(T") to be of minimal degree here.

Let oo € IP’%Q correspond to the unique pole of the j-function, and let 30 C IP’% be its Zariski

closure. Let .2 := . ; Opy (30).

Now,

2Z[)c=2T)ezC= | | XT)&p,C,

o:E—C

where the disjoint union is over all embeddings ¢ of E into C. For each o, the base change

X (') ®g, C is also a modular curve, say associated to the group I'; C I'(1). Then

For each k > 1,

Qk _ * Rk
Dg/ﬂ(c = @ 7TFG7(cOIP>é (OO)
o:E—C

is identified with the sum of the line bundles of modular forms of level I', and weight 12k by
proposition 3.1.2. Hence, we call .Z the line bundle on Z (T') associated to modular forms

of level I and weight 12.

Now let {T1,...,T,} € X(I') denote the preimage of co € ]P’(b under 7r, and let D :=

T1+---+T, € Div(X(T')) be the divisor of cusps of X (T"). Then, again by proposition 3.1.2,
LEM(=De) = ZF*(—D) g C

is the sum of the bundles of cusp forms for the I',.

Remark 3.3.1. We will be interested in studying the submodule of H°(2Z (T), £%*) as-
sociated to cusp forms (see §3.6). As such, it does not matter which desingularization

Z (') — X(I")z we choose, since for any such desingularization, and for any vector bundle
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E on X(I')z, if & denotes its pullback to 27 (T'), then the natural map H°(X(I')z, E) —
H°(Z (T),&) is an isomorphism.

3.4. Petersson metric on integral modular forms

For k > 1, we endow Z®* with the Petersson metric as described in §3.2. Explicitly: for a

section f = (fy)o of ng over the open | |, U, C ||, X(I's)c,
[ 1Bt (2) = 1(fo A")(2)]* (47 im(2)) *F,

where z € h* corresponds to a point of U, C X (I';)c. We remark that even though there
are choices involved in picking the groups I', such that X (I')®p ,C = X (I'y)c, the resulting
metric on £ is independent of these choices. As already mentioned in §3.2, this metric is
logarithmically singular at the elliptic points and cusps of the I'y. We refer to Z®* endowed

. . —Qk
with the Petersson metric by .Z or,

dxdy
52

For each o, denote by du, the invariant measure on X (I'y )¢ induced by on the upper

half plane, where we use the coordinate z = = + iy, and let du denote the measure | | dugy

on ||, X(T's)c.
For f € HO(%(F)C,fgk(—DC)) a global section, define

1

Fllf e :=/ b
11, [E : Qldr %(r)(C)’ o

to be the normalized L?-norm of the Petersson metric. Note that for f = (f,),

I/

1
oo = E.qQ D foAF B

where || - ||pet refers to the Petersson norm from §3.2.
3.5. Adelic vector bundles, heights, and successive maxima

Let K be a number field, and let X denote the set of all places of K. For v € Yk, let C,

denote the completion of an algebraic closure of K,. For v finite, let | - |, denote the norm
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on C, that extends the p-adic norm on Q,, where p is the rational prime lying under v. For

v an archimedean place, we let | - |, denote the usual norm on C, = C.

A finite dimensional K-vector space V is called an adelic vector bundle over K if for each

v e Xk, Vg C, is equipped with a norm || - ||, subject to the following conditions:

(i) There exists a K-basis (s1,...,S,) of V such that for all but finitely many finite places
v E YK,

llaist + -+ + apspllo = max(|ag|y, - - - |ar|y).

(ii) Forevery v € Xk, |||y is invariant under the action of the group Gal(C,/K,). Namely,

if (s1,...,8y) is a Ky-basis of F ®k K,, and if aq,...,a, € C,, then
[T(a1)s1+ -+ 7(ar)sello = laast + - + arselo

for all 7 € Gal(C,/Ky,).

(iii) For v € X finite, || - ||, satisfies ||s + §'||, < max(||s||v, [|s]|v)-

Let V' be an adelic vector bundle over K. The naive adelic height function on V is given by

A V=R

s — Y kyloglls|o,

VEX K

where k, := [K, : Q] for p the rational place lying under v. Using X, we equip V' with the

following filtration: given a € R, set
V@ :=spang{s € V : X(s) > a}.

This is a decreasing filtration on V indexed by the real numbers with the property that

V@ =V for a < 0, and V% = 0 for a > 0. If dimg V > 1, the naive adelic successive
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mazxima of V' are the real numbers A1, ..., Adim, v, where

Ai :=sup{a € R : dimg V* > i}.

Example 3.5.1. Suppose ¥ is a finite, free Z-module of rank d > 1, equipped with a norm
| - |l on the C-vector space ¥ ®z C. Then V := ¥ ®z Q has a natural structure of an
adelic vector bundle over Q as follows. For v = 0o, we use the given norm |- |- on V ®qC,

and for v = p finite, define || - ||, : V ®g C, — R by
|sllp := inf {|a|,:s € (¥ ®z R,)}, (3.5.1)
acCy
where R, is the closed unit ball of C,. If s1,...,s4 denotes any Z-basis of ¥/, then if we
express s € V ®g C, as s = >, a;5; with a; € C,, we have ||s]|, = max;(|olp).

If A\1,..., Aq denote the successive maxima for V' with respect to the filtration induced by

the naive adelic height as above, then

)‘i = - log(/‘bl)a

where p1, ..., ug are the successive minima for the lattice ¥ C ¥ ®z R, where 7 ®z R is

equipped with the norm induced from that on ¥ ®z C.
3.6. Adelic Q-vector bundle structure on rational cusp forms

Let I' CT'(1) be a finite index subgroup and let X (I"), 2°(I"),.Z, and D be as in §3.3. Let

My = H(2(T), L),
My, :== My @7 Q,
Sy = HO(X(F)aZS)k(—D))a

S = M NS,
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where the last intersection takes place in Mj. These correspond to the spaces of integral
modular forms, rational modular forms, rational cusp forms, and integral cusp forms of level

I'" and weight 12k, respectively.

Note that .7} is a finite free Z-module with S = % ®7 Q. By example 3.5.1, Si has
a natural structure of an adelic vector bundle over Q, with respect to the norms || - [|xp,
as in equation 3.5.1 for a finite place p, and || - ||x,c0, the normalized L? norm from §3.4.
We denote the naive adelic height function on Sy by Ag, the induced filtration by (S¢)qer,
and the associated successive maxima by A, ; (for ¢ = 1,...,dimg S;) (as in §3.5). These

maxima are equal to the ones in theorem 2.0.1 by example 3.5.1.
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CHAPTER 4

PROOF OF THEOREM 2.0.1

A key ingredient in the proof of theorem 2.0.1 is theorem 3.4.3 in (Chen, 2010) concerning
quasi-filtered graded algebras. We apply this result to the graded algebras By, in proposition
4.2.3. To do so, we need to get a uniform upper bound on the normalized height A\;(f)/k
of any non-zero f € Sy, and show that the algebra By, is quasi-filtered with respect to an

appropriate function (see definition 3.2.1 of (Chen, 2010)).

The uniform upper bound is proved in §4.1. The key ingredients for this are formulas for
the intersection numbers of logarithmically singular line bundles as in (Kiihn, 2001) and
heights of cycles with respect to a smoothly metrized line bundle as in (Bost et al., 1994)
(see proposition 4.1.3), along with a version of “Gromov’s lemma” proved in (Friedman et al.,
2013) for cusp forms with respect to the Petersson norm and later improved (and generalized)
in (Auvray et al., 2016) (see proposition 4.1.2). Proposition 4.1.2 is also key to lemma 4.2.2,
which in turn is used to show that the By, are quasi-filtered. Using all of this, we show that

the v, converge vaguely to a sub-probability Borel measure v on R.

Finally, in §4.3, we derive explicit lower bounds on the successive maxima Ay ; for k large
by constructing a basis for Sy of a particular shape, and doing explicit calculations with
it. These lower bounds then imply that v is a probability measure (and hence the vague

convergence is also weak convergence).

We follow the general structure of §3.6 and §3.7 of (Chinburg et al., 2018) in §4.2 and §4.3.
Throughout this section, we keep the notation from §3.6.

4.1. Upper bound on heights

Lemma 4.1.1. Let f € S be a non-zero element. There exists a rational number 8 such
that Bf € S and Bf € B- S for all positive integers B > 2. Furthermore, for any f € %

such that f & B - %, for all integers B > 1, we have || f||x, = 1 for all finite places p, and
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hence, \p(f) = —log|| f

k.00 -

Proof. Take any Z-basis f1,..., fq of /%, and let f =" «;f; with o; € Q. Then it is clear
that there is a rational number § such that Sa; € Z for all i and ged(Bay, ..., Bay) = 1. It

is also clear that 5f € %, and Sf € B - % for all integers B > 1.

Finally given any f € .7} such that f ¢ B - .7, for all integers B > 1, writing f = >, a; fi,
we have o; € Z and ged(ou,...,oq) = 1. By example 3.5.1, we conclude that || f|r, =

max;(|oylp) = 1 for all finite places p. O

Let I' CT'(1) be a finite index subgroup, and let Sox(I")c denote the space of complex cusp
forms for I" of weight 2k. Let (-, -)pey denote the Petersson inner product on Soi(I')c as in

§3.2. For f € Sox(T"), denote by

| £llsup == sup |f(2)|(4m im(z))"*
zel'\b

the sup-norm of f with respect to the Petersson metric.

Proposition 4.1.2. Let I' C T'(1) be a finite index subgroup, and let Sox(T')c denote the
space of complex cusp forms for I' of weight 2k. There exist positive constants ¢1 and co,

with cg independent of T, such that for any 0 # f € Sor(T')c, we have

el fllpet < [1Fllsup < c2k®[1f [per-

Proof. Let ur be the measure on X (I')c induced from the hyperbolic volume form dz;iy on

h with coordinate z = = + iy. For the first inequality, note that

! 2041 2k 9 1
i o VPTG dur(s) < 1 (dr [ dpp> |

1F 1Bt =

so we may let ¢; = (é fX(F)@ dpr) 12,
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For the other direction, let {fi,..., f4} be an orthonormal basis for So;(I')c for the Pe-
tersson inner product. Note that by our normalization of the Petersson inner product (i.e.
the inclusion of the (47)?% factor), {(47)*f1,..., (47)*f;} is an orthonormal basis for the

classical Petersson inner product. Then, for z € b, define

d
Z‘ (4m) f] Z|f3 (47 im(z ))2k
j=1

as in (Auvray et al., 2016). Note that for any 0 # f € Sor(D)c, if f = Z;l:l a; f;, then

d
1 flBe; = Zj:l |aj|?, and for any z € b,

d
f(2)P(4mim(2))* = > a;fi(z)| (4mim(z))*
j=1

d d
Sl | [ 21502 | (4 im(z)).
i=1 j=1

Hence,
2 : 2k
SEPErmE* e
1 et
and
2 : 2k
Hstup = sup ‘f(Z)’ (47T21m(2)) < sup B,E(Z)
1B zer 1 1 Pet z€eT\h

By theorem 1.7 in (Auvray et al., 2016),

1o\ 3/2
sup Bl (z) = () + O(k).
z€l\h ™

In particular, there exists a constant ¢y (independent of k& and I') which gives us the desired

bound. O

We follow very closely the proof of lemma 4.1.7 in (Chen, 2010) for the following result.

Proposition 4.1.3. There is a constant C' such that for any 0 # f € Sk, M\(f) < Ck.
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Proof. Since A\ (f) = Ar(af) for any non-zero a € Q*, we may suppose, after appropriately

scaling f, that f € % and f € B-.%; for any positive integer B > 1. Then by lemma 4.1.1,

Ae(f) = —log || fll,00-

Taking any projective (closed) embedding ®7 : 2°(I') < PY, we let L := @%m, where
@ refers to O]P)IZV(l) endowed with the Fubini-Study metric. Then L is arithmetically
ample with ¢;(L) > 0. Now take any global section ¢ € H°(2 (I'), L) such that divy(¢) and
div ger(f) don’t share any common horizontal divisors (i.e. their divisors on the generic

fiber X (I') have disjoint support). Then the generalized intersection number L - Z%" in the

sense of equation (3.10) in (Kiihn, 2001) is given by
— —®k
L-Z% = Pn+ {0 oo

where (¢ f)an = (divy(€) - div ger (f))an is equal to

1

. . /[/ y Z O
(divp(€) - divger (f))fin 1= Z (=1)"" log #H ('Q//'(F%Torj %(F)(OdivL(E),Odivg,@k(f)))
ij=0

(Op denotes the structure sheaf for an effective divisor D C 27 (")), and (¢ - f)o is given

in our case by

D= > wplogltP)| = [ logflpa-er(D),

Pe2 (T)(C) 2(I)(C)

if div%g)k (f) = X pea)cynpP (lemma 3.9 in (Kiihn, 2001)). Note that this expression
makes sense since div o+ (f) and divy.(¢) have disjoint support. Then, using bilinearity of

the intersection pairing, we have

D= > nplogldP)=kT- D)+ [ loglflpa-er(D),

Pe2 (I)(C) 2 (T)(©)

where the expression on the left is the height h7(div gex(f)) of the cycle div gper(f) with
respect to L, as defined in 3.1.1 in (Bost et al., 1994) (see also §2.3.4 of (Bost et al., 1994),
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in particular, equation 2.3.17). Since L is arithmetically ample and div gex(f) is effective,

h(div ger(f)) > 0 (proposition 3.2.4 in (Bost et al., 1994)). Hence

0<KET-Z)+ [ loglflna- (D)
2(1)(C)
and since ¢1(L) > 0, we get

log  sup |flpet(2) > C'k
2€2(T)(C)

for C" := —(L - y)/f%(r)(((j) c1(L).

Denote the image of f under the map H°(2 ('), #%*(-D)) — H(Z (T)c, Z&*%(—Dc))

by (f?)s. Suppose |f|pet(2) achieves its supremum on the component X (I';/)c, so that

sup | flpes(z) = sup [(f7 AM)(2)|(4m im(2))%F = || £ A" |lsup-
€2 (0)(©) EX(C e

Then

1 1 /
1R = T 2o M7 AR 2 G 17 A e >

9. _ /
Cy Qk 3/2||f0 Ak”gulm

[E: Q]

where the last inequality uses proposition 4.1.2. We conclude that

Ak(f) = —log || fllx,c0 < Ck

for a constant C independent of k. O

4.2. Cusp forms vanishing to increasing orders at the cusps

For an integer L > 1, define

Bry = £5"(~[k/L1D) C Z5*(—D).
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Then for each 0 : E — C,

(Bri)clx e = ZE*(=Tk/L1)De) [x(ry)e
is identified with the line bundle of weight 12k cusp forms for X (I',)c that vanish to order
at least k/L at every cusp.
Let By := HY(X(T'), BL k). We use the inclusion By, C Sy to define a filtration on By .
Namely, for a € R, we set the ath filtered piece of Br, j to be
Blllj7k = Sg N BL,IC'
This is a decreasing R-filtration on By . For i =1,...,dimg Br %, let

AL ki =sup{a € R:dimg B ; > i}

denote the ith successive maxima of By, ;. Since these are the successive maxima associated

to the subspace filtration, the multi-set {)\kavi}?;nll(@ BLk is a sub multi-set of {)\kz}?fll@ %,

Furthermore, let

Xk 0 Sk —>RU{OO}, XLJg : BL,k —>RU{OO}

be defined by Xk(f) = sup{a € R : f € S}, and XL,k(f) =sup{a e R: f € ng}

These are called the index functions of S, and By, for their respective filtrations (as in §2

of (Chen, 2007)). For f € Bp, we have Apx(f) = M (f).

Remark 4.2.1. We could have opted to use the filtration on By, j obtained from the re-
striction of the height function Aj; on Sj, so that for a € R the ath filtered piece of By
would be

Bp ko = spang{s € B : \x(s) > a}.

This approach is taken in (Chinburg et al., 2018), §3.6 (see, in particular, the proof of lemma
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3.6.2) and makes proving various estimates (see (Chinburg et al., 2018), lemma 3.7.1) rather
tricky. By contrast, working with the subspace filtration simplifies these matters significantly

- compare lemma 4.2.4 below to its counterpart, (Chinburg et al., 2018), lemma 3.7.1.

As mentioned at the start of this section, the following lemma is used to show the algebras

By, in proposition 4.2.3 are quasi-filtered.

Lemma 4.2.2. Let (k) := 2 log(k) +log(c2) — log(c1)/2 where c1 and cy are the constants
from proposition 4.1.2 for I' C I'(1). For any collection of elements f; € S, (i =1,...,n,

with n > 2), we have

n

Nertoshn (o ) 2 30 () = 0000

i=1

Proof. Note that ¢; was set to be (fX(F)C dur) ™!, which only depends on the index of T' in
I'(1). Since [I'(1) : I'] = [['(1) : I'y] for all o, we may use the same ¢; for all the I';. Hence

for any f € Si, proposition 4.1.2 gives

ANl oo < D I7A Ry < SRR oo
g

Then for f; € S, (1 =1,...,n), letting K := ki +...,ky, we get

C%”.fl s 7fTLH%(,oo < Z H(fl . 'fn)UAKngp

< Z Hff-Akl ngp T Hf:L-Aangup
o

< (Z Hff-Akl ngp> T (Z Hngangup>

3/2
<GB B AR o I FalE s
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and consequently,

fr- - fullioo < ?EFHE L ool oo

(We use the fact that ¢; < 1 here.)

(fi)—e/n

Pick any € > 0. By definition, f; € S)\’c , and hence f; = ) g;; for g; ; € Si, with

A, (94,5) > )\k (fi) —e/n. It is easy to see that for any finite place p,

191,51 Ingnll o < g0 k- (19, |k -

This combined with the previous paragraph yields

Ak (91 Gngn) = > Mk (9i5.) — Y (ki)

i=1

2 i <sz<fz) - w(kz)> —e.

Since ¢ is arbitrary, we conclude that

(e £ 2 3 (W) = vl

=1

as required. O

Given a Borel measure v, and an integrable function f on R, let

:/Rfdu.

Proposition 4.2.3. With the notation above, the sequence of probability measures

dlmQ BL k

= 01
VL.k dlmQ Br Z FAL ki

=1
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converges weakly as k — oo to a probability measure v, o with compact support.

Proof. First, we consider the case k = ¢L for integers ¢ > 1. Let

Bl =P Brg

q=>0

Since deg(Br,r) > 0, B, is ample, and hence By, is a finitely generated Q-algebra with
Bp 41, # 0 for q large. We endow each By, 47, with the filtration (B%qu)aeR discussed above.
Then by lemma 4.2.2, By, is 1r-quasi-filtered with ¥,(q) := 1(qL), where 9 is as in lemma
4.2.2. By proposition 4.1.3, XL,QL(f) = XqL(f) < CqL for all non-zero f € By, 4. Hence
by theorem 3.4.3 of (Chen, 2010) (and by rescaling the measures by 1/L), the collection of

measures .
1 dlm@ BLqu

VLgL ‘= 77— E 5L .
4 dlmQ BL,qL — SLAL.qL,i

converges weakly to a compactly supported probability measure vy, o, on R.

For general k, suppose that k = ¢L +r with 0 <r < L. For f € By C Bp, (q41)1, lemma

4.2.2 gives
M grn(f) = Ak(f) + An—r(1) = (k) — (L — )
> A k() + eslog(k),
for some constant c3 independent of k. This implies that for all i = 1,...,dimg By,
AL (g+1)L,i = ALk, + c3log(k).
Then

dimq By, (g+1)r — dimg By = [E : Qldr(L — 1),

is independent of ¢q. Hence, for any bounded increasing continuous function f: R — R, we
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have

vik(f) S vpgrnn(f) +o(1),

and hence,

lim sup I/L7qL+T<f) < VL,oo(f)'
q—+00

Similarly, using the inclusion By, 47, € Br, 1, we deduce that

llqlgg}f VL,qL-i—r(f) > VL,OO(f)v

and hence vy ,(f) = vi,00(f) for all bounded increasing continuous functions f. Since all

measures involved are probability measures, this shows that vy, — v, o weakly. O

Lemma 4.2.4. For every positive real number € and bounded Lipschitz function h : R — R

, there is a constant Ly = Lo(e, h) such that for all L > Lg, and for all k > 1, we have

’Vk(h) — Vka(h)‘ S €.

Proof. Let |h|Lip := supger [A(7)| + SUD, yer 22y W = M. Recall that since By, is

equipped with the subspace filtration coming from Sy, the multi-set {\r, kl}dlm(@ Brris a

dimg S,

sub multi-set of {\g;},_," . Let d j := dimg B and dj, := dimg Si. Then

1 dy, 1 dr K
lvg(h) —vpk(h)| = dk;h( k,%) deZh< )\le)
1 |& i 11\ [&E
< P () = 2o (o) + (e~ ) [ ()
<o (dk_de)M—f_ddkdede’kM
_a([k/L] - 1)
< 0"
<,
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for some constant cs. The conclusion follows at once. O

Corollary 4.2.5. Suppose N > 2. Let h : R — R be a bounded Lipschitz function. Then

the sequences (vi(h))r and (V1,00 (h))r are convergent and have the same limit.

Proof. Let € > 0 be any positive real number, and let Ly = Lo(e, h) be as in the previous
lemma. For any L > Ly, and any k, we have |v;(h) — v x(h)| < € from the lemma above,
and hence

I/L7k(h) —e< Vk(h) < VL,k(h) + €.

From this we get
VLoo(h) —e < limkinf vi(h) < limsup vg(h) < vpoo(h) + ¢,
k

and hence

0 < limsup vg(h) — limkinf vip(h) < 2e.
k

Since ¢ is arbitrary, we conclude that limy v (h) exists. Moreover, since for all L > Ly, we
have

Vo () = Timu(h)] < e,

we conclude that limy, vy, o (h) = limy, v (h), as required. O

Now by the Riesz representation theorem for measures, there exists a sub-probability Borel
measure v on R representing the positive linear functional limy v, = limy, vy, oo on C(R).

Namely, for all h € C.(R), we have
v(h) = limwy(h) = lim v, oo (h). (4.2.1)

Hence, v converges vaguely to v.
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4.3. v is a probability measure

We obtain lower bound estimates on the successive maxima Ay ; of S in proposition 4.3.1,

which are then used in proposition 4.3.2 to show that v is a probability measure.

Recall that Th,...,T, are the pre-images of co € IP)(%2 under the map np : X(I') — Pb, and

D =T, +---+T,. Let ¢; denote the ramification index of T; over oo. Then

fgk(—D) = Ox() ((ker — )Ty + -+ + (ke, — 1)T}).

Let g denote the genus of X (I')c. Then the genus of X (I') as a curve over E, and that of

X(T'y)c, for each o, is also equal to g.

Proposition 4.3.1. Fiz an integer ko such that koe, —1>2g —2 forallp=1,...,r, and

let dy := dimgq Sk,. For all k > ko, zf{)\kz}?;nllQ 5 denote the successive mazima of Sy, then:

e Forl <i<dy,

k—k
Api > 6klog< - °> — Cyk.

o Fordy+1<1,

k—ko—{d;%}@]

Aij > 6klog ;

— Cyk.

For i > dy+ (k — ko — 1)dr[E : Q], we interpret the right hand side above as —oo.

Proof. We construct an E-basis for S when k& > kg. We start by constructing a basis for
Sko+1/Sky- Using proposition 1.40 in (Shimura, 1971), one easily checks that for k£ > 1,
deg(fgk(—D)) > 2g — 2, and hence by Riemann-Roch,

dimp Sy = dimp H*(X(T), £5*(~D)) = deg(ZL5*(-D)) — g + 1.
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for k > 1. Hence, for any m > 0,

dimg Sky+m+1 — dimg Sk, +m = deg £ = dr. (4.3.1)
Forp=1,...,r,and ¢ =1,...,¢p, since
dimp H(X (), O((koe, — 1+ 4)T})) — dimp HO(X (I), O((koey — 1+ (g — 1))T3)) = deg Ty,

there exist rational functions b, ; for i = 1,...,degT, in H*(X(I'), O((koep, — 1 + q)T))
that are E-linearly independent, and that are regular everywhere on X(I') except at 1),

where they have a pole of order kpe, — 1 +¢.

Varying p, q, and i, there are dr such functions {bypi}tqpi, and bypi € Skyt1 \ Sky- It is
clear from construction that {bqp.i}tqepi C Sky+1 are E-linearly independent, which in light

of equation 4.3.1 implies that their images constitute an E-basis of Si,11/Sk,-

For any m > 0, note that

ordr, (J"bg p,i) = —mep — (koep — 14 q) = —[(ko +m)ep, — 1 + ¢.

Since {j™bgp.itgpi C Sko+m+1 \ Sko+m are E-linearly independent, equation 4.3.1 again
implies that their images make up an E-basis of Sk,tm+1/Skg+m- Now let djy = dimpg Sk,
and fix an E-basis {c1, ... ,cdé} of Si,. For k > kg, the above discussion yields the E-basis

k—ko—1

{cla"‘7cd6}u U {jtbqvp,i}q,m

t=0

of Sk. By scaling the ¢,’s and the by, ;’s by elements of Q*, we may assume that they
are integral (i.e., they lie in %%, and %%, 41, respectively). Then since j € .# is integral,

J'bgpi € S are integral as well. Fixing a Z-basis {a1,..., o[g.q)} of the ring of integers
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Opg, we get the Q-basis of S:

[E:Q] k—ko—1
U <{auclv Cos Oy} U U {aujtbq,p,i}q,ni) :
u=1 t=0

Since each .¥ is an Og-module, the ay,c, and ay, jtbq@i are integral as well.

(o

O denote the images of ayc, and avjtbq7p7i, respectively, in S, ®p o

Let aZc? and a5
C. Each agcgAM € Sy, (Ts)c, and agbg, ;AR € 8154 41)(T)c. There is a positive

constant Cy such that the estimates

sup |(a7c7AR)(2)] < Gy
Zaera\b

sup [(agby, AR (2)] < C1
Zaero\h o

5(2)] < Cre?™

|A(2)] < Cre™?™
hold for all o, u, v, and triples (¢,p,7). Then

o o 1 o o dxdy
ot AM e = 5 [ aTegaN) @) amy) S5
r, Jrr, y

C? _ dxdy
< b [ A Py 5
I's JFr

" Y
< (Oh T /F e—47ry(k—k0)(4ﬂ_y>12k: ;y
o T

o

02(k*k0)+2w 0o dzdy
< / 67471'y(k7k0) Ay 12k
B dr, 0 ) y?

12k
< K eC2k
= Lk — k() 9

for some constant Cy, and where we pick a connected fundamental domain Fr, for I',

contained in a vertical strip of the form {(z,y) : 8 <z < 4 w,0 < y} for some 5 € R,
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where w is the width of the cusp oo for I',. Similarly, for t =0,...,k — kg — 2,

50 i A1 = 5 [ N0 AP ) 2
1
dr, R,
Ct
dr, .,
C%t—i—?k—Qko
dr,
C%t+2k72k0w

dr,
12k
< —k Pl
“\k—k—-t—-1

for some constant C'3. Then

wbq it Ak—ko— dxdy
\(Ocub%p,iAkoJrl)(z)motAk Ko—1) (2|2 (4rry) 12* =

A Rk — dxd
(AR ) P (dmy) 2 =

< / e~ Amyk—ho—t=1) (40, )12k dxdy
< .

y2

o

< /0 e~ Amy(h—ho—t=1) (0, )12k dx;ly

Y

12k
lomcolZoe = e 3 flage AR [2g < () eCek,
o T B T e = kT

1 k 12k
£112 A K|2 Csk
o lfoe = 7 g7 2 Noi S < (o)

Since a,cy and oy bg p i 4t are all integral and hence their p-norms are all at most 1 for every

finite place p, we have

k—k
A (Qucy) > —10g [l aucy|lkoo > 6k log ( b 0) — Cyk,

. . k—Fky—t—1
)\k(aubqvp?i]t) > —log |]aubq7p7ithk,OO > 6k log <Ok> — Cyk,

for a sufficiently large constant Cy.
Now, let dy = dimg Sk, = [E : Q]df,. For 1 <i < dy, any 7 elements of the set

[£:Q]
U {aycr, . .. aOéqug)}

u=1
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are QQ-linearly independent. Hence, for 1 <17 < dj,

Ai > 6k log (k _kko> — Cyk.

For dy + todr[E : Q|+ 1 < i < dy+ (to + 1)dr[E : Q], where to = 0,...,k — ko — 2, we can

take the subset

[EQ} to—1
U <{aucl7 crty au0d6} U U {a“-jtbq#’ﬂ}qﬂpﬂ) U S7
t=0

u=1
where S C ULE::(l@]{aubq,p,i gt} is any subset of cardinality i — dy — todr[E : Q. (If to = 0,

then the set Ui():?)l{aujtb%p’i}q’p’i in the above union should be interpreted as the empty

set.) This set of i Q-linearly independent elements shows that for ¢ in the above range,
k—ko—tog—1
Aki > 6klog <°k°) — Cyk.

Noting that to + 1 = {d;[_ig(@—" we conclude that:

o If 1 <i<dp, then

k—k
A > 6klog< b 0) — Cuk.

o Ifdy+1<i<dy+ (k—ko— 1)dp[E : Q], then

k—ko— M[_zi?@ﬂ

Ak,i => 6klog .

— C4k.

o If i > dy+ (k— ko — 1)dr[E : Q], the above expression still holds if we interpret the

right hand side to be —oo.

This gives us the lower bounds in the proposition. O

We now show that the sequence of measures (vg)r is uniformly tight: namely, given any

€ > 0, there exists a compact set i C R for which vx(R\ K) < ¢ for all k.
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Proposition 4.3.2. The sequence of measures (vy) is uniformly tight, and hence v is a
probability measure and the vague convergence v — v is in fact weak convergence. Further-

more, v has support bounded above.

Proof. By proposition 4.1.3, there is a constant C' (which we may take to be positive)
such that A, ;/k < C for all k and all ¢, meaning that the supports of the measures v
are all contained in (—oo,C]. Hence for any positive real number a, vx(R \ [—a,C]) =
vp((—o0, —a)) + vk ((C,0)) = vk((—o0, —a)). Thus, to show uniform tightness, it suffices to
show that for any € > 0, there is a positive real number a; and a positive integer k; such
that for all reals a > a1 and all integers k > k1, vx((—o00, —a)) < e. (For each i < ky, there
is some compact set K; such that v;(R\ K;) < e. Letting K' = Ky U---U Ky, 1 U [—a, ],

we note that vix(R\ K') < e for all k.)

We keep the conventions from proposition 4.3.1. Take any k > kg. Given a positive real

number a,
#{i: M\pi/k < —a}
dimg Sk '

Vk:((_oov _a)) =

We first restrict to counting only those ¢ with do+1 < i < dp+ (k—ko—1)dr[E : Q], noting
that the remaining 4’s contribute at most dy + dr[E : Q] to the count (which is a constant

independent of k). Then for i in the above range, proposition 4.3.1 gives

i—d,
ke — ko — ’VdF[Ei?@]

k: 1 —Cy < ik < —a,

6 log
which implies that
i>do+ (k—ko—1— Cske™¥%)dp|E : Q]
for Cs = ¢©4/6. Hence,

#{i 2 Avi/k < —a} _ (Cske=%/% 4+ 2)dp[E : Q] + do + dr[E : Q]
dimg Sk - dimg Sk ’

I/k((—OO, _a)) =
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Noting that dimg Si grows linearly with k, we may pick k1 and a; large enough so that for

any k > ki and a > a1, vg((—o0, —a)) < e. This concludes the proof of uniform tightness.

To see that v is a probability measure, we note that by Prohorov’s theorem, uniform tightness
implies that (v ) admits a weakly convergent subsequence (v, )m. If v, — w weakly, then
w is also the vague limit of the v, . Then by uniqueness of vague limits, we conclude that
w = v. Since w is a probability measure, we conclude that v is one as well. It is a standard
result that if the limit measure is also a probability measure, then vague convergence is
equivalent to weak convergence, and hence v converges weakly to v. Finally, it is clear that

the support of v is contained in (—oo, C]. O
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CHAPTER 5

COMPARISON OF MEASURES - PROOF OF THEOREM 2.0.2

5.1. Notation

Given finite index subgroups IV C T of T'(1), we say that IV C T is defined over E, where E
is a number field, if there exist smooth projective geometrically connected E-curves X (I')

and X (I") such that:

e the base change of X (I") and X(I") to C give the modular curves X (I'')¢ and X (I')c,

respectively, and

e there exist E-morphisms 7 : X(I") — X(I') and 7p : X(I') — P}, with base change
to C equal to the natural maps X (I")c = X(I')c and X (T')c — P{ induced by the

inclusion IV C T", and by the j-function, respectively.

In particular, there is also an E-morphism 7r o7 : X (I') — PL with base change to C equal

to the natural map X (I')c — P{ given by the j-function.

Given a finite index subgroup I' C I'(1), we also say that I' is defined over E to mean that
I’ CT'(1) is defined over E. In this case, the above conditions are equivalent to the existence
of models X (T') and X(I') — P, over E of X(I')c and the j-function map X (I')c — P¢,

respectively. Note that if IV C T is defined over E, then so are IV and I.

For the rest of this section, suppose that IV C T' is defined over a number field E, and
let X(I'),X(T), and 7 : X(I'Y) — X(T') be as above. As in §3.3, let X (I")z denote the
normalization of P} in X (I') under the natural map X (T') — PL — P}, and define X (I")z
analogously. The natural map 7 : X(I'') — X(I') induces a morphism X (I")z; — X (I')z
(over PL). For any choice of a desingularization 2 (I') — X (T')z, there exists a desingu-
larization 2" (I'") — X(I')z along with a morphism 7z : Z(I") — 2°(T') that extends

X(F/)Z — X(P)Z.
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Let &' = ¢, where £ = 7}, 20p1 (30) (see §3.3). Keeping the same conventions as in

§3.6, we let

My, = H (2 (D), L"), M, = HO(2 (1), L")
My, = M, @7 Q, M} = M}, 27 Q
Sp = HY(X(D), Z5%(~D)),  Sp=H'(X(I"), 25" (-D)

S = M, NS, 5”]; ::///IQQS,/C,

where D and D’ are the formal sums of the pre-images of co € PL in X(I') and X(TV)
under the natural maps X (I') — PL and X(I') — Pk, respectively. We remark that these

definitions are independent of the choices of the regular models 2°(T") and 2 (I").

Given an extension F'/E of number fields, let X (I')r := X (I') ®g F' denote the base change,
and let X (T') gz denote the normalization of P} under the natural map X (T')p — PL. The
map X(I')p — X(I') extends to a map between the normalizations X(I')pz — X (I')z.
Next, let 2°(I')r be a desingularization of X(I')rz over F' that admits a morphism to
Z (') extending the natural map X (I')z r — X(I')z. Let .#F denote the global sections

of the pullback of .Z%* to 2 ('), and define M F i SEk, and .77, in the obvious manner.

For any place v of Q, we let || - ||z, | - ||}, and || - | F,» denote the local norms on S ®q
Cy, S}, ®q Cy, and Spj g Cy, respectively. Finally, let Ag, A}, and Apj, be the naive adelic

height functions on Sy, Sy, and Sg, respectively.

We adopt the convention that we drop the subscript E for objects defined over E (as in
§3.3), but include the subscript for objects over subfields or field extensions of E.

5.2. Main results

Lemma 5.2.1. Let E be a number field, X and Y smooth projective integral curves over
E, and 7 : Y — X a non-constant map of curves over E. Suppose X and % are regular

projective models of X and Y, respectively, over Spec(Og), and let 7y : % — Z be a
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Spec(Og)-morphism extending w. For any line bundle £ on 2 with L == £|x, we have
the equality
HY %, %)= H(X,L)n HY % ,75.%),

where the intersection takes place in HO(Y,7*L).

Proof. First let 27 2 2 denote the normalization of 2 in Y with respect to the map
Y - X — 2. Then 2" is a normal arithmetic surface, which admits a birational map
% --» Z' (inducing the identity on the generic fiber Y). By (Liu, 2002) chapter 9.2,
theorem 2.7, there is a projective birational morphism %’ % %, with # regular, and a
birational morphism %’ By g lifting % --» 2”'. The natural pullback morphisms induce
the equality HY(2",n*%) = HO(%',*n*¥) = HO (¥ ,75.%) (since no 8 = mz0a) in
HO(Y,7*L). Hence, it suffices to show that H*(2", %) = H(X,L)NH*(Z",n*.Z).

We only need to show D. Take s € HY(X,L) N HY(2" n*.%). Let Spec(A) C 2 be an
affine open subset where .Z is trivial. Then L is trivial on A ®z Q, and n*.Z is trivial on
n~1(Spec(A)) = Spec(A’), where A’ is the integral closure of A in the rational function field
k(Y). The section s then corresponds to an element in A’ N (A ®z Q) = A C k(X), since A

is integrally closed in its fraction field x(X). O

Lemma 5.2.2. Let IV C T be finite index subgroups of T'(1) defined over a number field E,
and let F/E be a finite extension. Then with the notation in §5.1, the local norms respect

the inclusions
(a) Sk Ko C, — S,; 0Vo) C,, and
(b) Sk 03Y0) C, — Sp’k R0 C,

for all places v of Q.

Proof. First let v = p be a finite place. The inclusion of finite free Z-modules .#), C 4|,

implies that there exists a Z-basis {b1, ..., by } of .#, for which there exist integers n, ..., nq
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such that n1b1, ..., ngby is a Z-basis for .#},. Since ), = My, N.#] by lemma 5.2.1, we must
have b; € A}, and hence n; =1 for all i =1,...,d. Given s € M} ®q C,, if s = 25:1 a;b;

with a; € Cp, then ||sllx, = [|s]}, = max{|a;|}¢_,, by the definition of the local norms at

p. A similar argument also shows that ||s|[r.p, = ||s||Fk,p-

Now suppose v = co. For any o : E — C, the base change of 7 : X(I'') — X(T') by o
gives 7, : X(I'))c — X (T'y)c for finite index subgroups I, C T, C I'(1). Now given any
[ =(fs)o € Sk ®gC C S} ®gC, the Petersson norm of the cusp form foAF € S191(Ty)c C

S12k(I',)c is independent of the groups I'y and I, we get || f||k00 = Hf||§mO

Finally, we note that for f as above,

1
1 100 = T | fTAR|2,
e [FQ] T:;—:ﬂc e
1
=Fg 2 2 AR
: U:E%(CT'};':U
1
“E.0 > AR R = 11£117 o

og:E—C

Now suppose I" < T is normal, and that 7 : X(I') — X(T') is Galois over E. Since
X (I')z is also the normalization of X(I')z in X(I"”), the universal property of normal-
ization implies that every element 7 € Aut(X(I')/X(T)) lifts uniquely to an element
7 € Aut(X(I)z/X(T)z). Let the elements of Aut(X(I")/X(T')) be denoted 7, and let

(+)|r; denote the pullback map on sections induced by 7;.

Suppose also that F//E is a Galois extension of number fields. Since X (I") is geometrically
integral over E, Gal(X(I)p/X(I")) = Gal(F/E)°? (where the “op” means that we take

the opposite group). For a; € Gal(F/E), let o] denote the corresponding element of

*

; extends uniquely

Gal(X(I")r/X(T")). Again by the universal property of normalization, «

to an automorphism Aut(X (I')z /X (I')z). We denote by (-)® the pullback map on sections
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induced by .

Lemma 5.2.3. Let I < T be defined over E and suppose that w: X (I'") — X (T') is Galois
over E. Let F/E be a Galois extension of number fields. Then with the conventions of §5.1,

we have
a) S0 C SN s, C seosl g
() k k k ’
a a a—log[F:E
(b) S¢ C S, NSy C sy

for all a € R.

Proof. The first containment for both (a) and (b) is the content of lemma 5.2.2. For the
second containment, take any f € S;* NSy (resp. s € 8%, NSk). Then f =3, g; for g; € S},
with X (g;) > a (resp. s =Y, t; for t; € Spy with Apy(t;) > a). Let h; := Ej Gilr; (resp.
up =3 t;7). Then we claim that h; € Sy with \z(h;) > a —log[I" : T'] (resp. u; € Si with

M (u;) > a —log[F : E]) for all 4, from which the conclusion follows.

First suppose v = p is a finite place. Given any Z-basis {by} of .Z], if g; = >, cuby, with
ak € Q, then ||gil}, , = max{|ak[}r. Now since 7; extends uniquely to Aut(X(I")z/X(I")z),
the pullback map (-)|,, : M}, — M, restricts to an automorphism of the integral sections .
(see the remarks in §3.3). Hence {by|,} is also a Z-basis of .}, from which we conclude

that [|gi[r I, = llgill%, for all 7;. Hence,

/

lhillep = Ihillip = || giln|| < max |1gilz, Ik = 19illk p-
j

k,p

A similar argument shows that ||u;||xp, < ||till Fkp-
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Next, suppose v = oo. First, we address (a). We have the base change diagram by o : E — C

o
Xy —— X(I%)e

| |

X[T) —— x([1)

where the top horizontal map v; € Aut(X (I, )c/X (I's)c) corresponds to the automorphism
of the modular curve X (I', )¢ induced by the coset v;I" € T'/T” for some v; € T'. Hence for
all 7 and j, we have (g;|r;)° = g7|,; (where |,; denotes the usual slash operator for modular

forms, which in this case is simply pre-composition by 7;). Then we have

1
2 12 § : A NAT
Hh Hk,oo Hh Hk,oo [E . @] ~ th HPet

— )7 dxd
< [E : Q] dr dll: Z/ . Z‘ (gil=,)7 AF)( )‘ (47y) 128 %
B — dxdy
- [E:Qldp dr Z/]:r/ Z‘ 97 |+;) YAF)( )‘ (47y) 128 i

1 dy i
:E@é§§mwa

dr‘/
( ) a2

where we use Cauchy-Schwartz inequality in the second line, and the invariance of the

Petersson inner product with respect to the slash operator for modular forms in the fourth

line. We conclude that

drr
= = Y tog Pl = - Y ozl - g () = Xy(a)  Tonll” T

Finally, we address (b). For each ¢ : E — C, fix a lift 0 : F' — C. Then all lifts of o to F'
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are given by o o o as «; varies over Gal(F/E).

1 o 1 o
fulie = g 2 WA = g X AR
o:E—C o:E—C

2

— 1(@] Z Z(t?j)gAk

&

o E—=Cl|| j Pet
A Sy ay
[E ’ Q] o E—C j Pet
1 2
—[F: E]? tTAk‘
[ ] [F : Q] ’T:FZ—>C ! Pet
= [F: EP|ltill ke 00-
Hence, we conclude that
Ak(ui) = Apk(ti) — log[F : E,
as required. O

5.3. Proof of theorem 2.0.2

Proof of theorem 2.0.2. Let E and Ej be the fields of constants of X (I'') and X ("), respec-
tively. Taking global sections of the structure sheaves for the morphism 7 p @ X(I') —
X(T') yields an inclusion Fy — FE, and hence an E-morphism X (I'V) - X(T') ®g, E such
that its base change to C is equal to the natural map X (I'')¢ — X (I')¢ by assumption.

Hence, IV C T is defined over E.

Let I'” be a finite index subgroup of IV with I'” < T'. Let F be a finite extension of E that is
Galois over Ey, and suppose that ' is defined over F', with model X (I'")p. By extending F'
if necessary, we may also assume that there exist F-morphisms X (I'")p — X(I')p — X(I')p
with base change to C equal to the natural maps X (I')¢ — X (I'")c — X (I')¢, and that the

maps X(I'")p — X(I")p and X(I'")p — X (I')p are Galois covers of curves. Then repeated
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application of lemma 5.2.3 gives

St S Sk NSk k € Sit N Spok € SEx N Sk k

—log[l":T" —log[I""":T"|—log|F:E
C S5 N SEok © S N gk © Syt HE

In particular, we have

Sty © St 01 Sy e © S o8 T HoBEER, (5.3.1)

Let /\§50 s denote the successive maxima of Sk, with respect to the subspace filtration

Si* N Sk, k, and let

1 dimg SEO,k
/
v == E 01y .
Eo k dimg Sg, k P % A\Bg ki

Equation 5.3.1 gives
ABoki < Mgy ki < AEo ki +10g[T" : T] + log[F : Eo]

foralli=1,...,dimg Sg, . Consequently, Z//EO i — VE, weakly.

Consider now the short exact sequence
0— Sgyk — Sy, = Wi = 5,/SEgk — 0.

If we equip W} with the quotient filtration as on page 16 of (Chen, 2010), then by proposition

1.2.5 of (Chen, 2010), there is a Borel probability measure wy on R such that
(dimQ Sllg) . V,/g = (dimQ SEo,k) . V/EOJC + (dim(@ Wk) - W,

and hence

dimg S}, , dimgSg,r
dimg Wy, dimg Wy, 0

49



Taking the limit as k& — oo, we get that wj converges weakly to the Borel probability measure

E: Ey|T: T 1
BB .

Y [E:E()HF:I"]—l. [E: Epl[l': 1] =1

Rearranging, we get

P S ‘v N S ‘W
/= e et ()

Finally, since [E : Ep][I" : I'] = deg(nrr ), we get the desired conclusion. O

Corollary 5.3.1. Assume the setup in theorem 2.0.1. Then the support of the limit measure

v s bounded above and unbounded below.

Proof. That the support of v is bounded above follows from lemma 4.1.3. The modular
curve X (1)¢ for I'(1) has a model X (1)g over Q that we identify with }P’}@ via the j-function.
We have the morphism 7r : X (I") — P(b associated to the inclusion I' C I'(1), and hence we

may apply theorem 2.0.2 to get

1 1
UV = - UV —|— 1 . — . w)
deg(mr) TMQ ( deg(wm)

where vp(1) g is the limit measure associated to the successive maxima of the spaces of Q-
rational cusp forms of level T'(1) and weight 12k as in theorem 3.2.2 of (Chinburg et al.,
2018), and w is a Borel probability measure on R. By part (ii) of the same theorem, the
support of vp(1) g is not bounded below. Consequently, the support of v is unbounded below

as well. O
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