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Part I (40 Points): The following question consists of 10 true or false problems. Fach part is 4 Points.
In this question only, you do not have to show any work or explain your answers.

1 Decide whether the following statements are true or false. Circle the Correct Answers.
{i} Consider the heat equation
du 8%u
ot Ox?
on a one-dimensional rod of length L subject to the boundary conditions

w(0,£) =5 and w(l,t)=38,

The sum of any two solutions (to the given heat equation and boundary conditions) is again a solution.

True False

(ii) The method of separation of variables (when it works) solves a partial differential equation by converting it into
ordinary differential equations.

True False
o i . Ou B . . .
(iii) The partial differential equation ETir + x + ¢ can be solved directly by using the method of separation of
iy
variables.
True False

(iv) If a square plate has its edges held at 0°C and is initially at 10°C, then at some point in the plate and at some
future time, the temperature at that point will be equal to 1°C.

True False

{v) The complex Fourier coefficients of a real-valued function must be real.

True False



(vi) All Fourier coefficients of = on the interval —1 < z < 1 are non-zero.

True False

{vii) Suppose that the Fourier cosine series of z? on the interval 0 < z <« is given by

o0
T~ E Gy COS T,
n=0

The Fourier cosine coefficient a,, goes to zero as n — o0,

True False

(viii) The Bessel functions {J,,(z)}25.y are orthogonal in the following sense: for any different non-negative integers m
and T,

/1 Iy (2)ade = 0.
0

True False

(ix) The Bessel functions {.J,,.(r)}33_, are used to solve the following initial and boundary value problem inside a unit

disk: .
U 2
5 =V forr<1
w(l,6,t) =0

w(r, 8,0) = f{r,8)
-g—?(r,ﬂ,{)) = g{r,0).

True False

(x) If we apply a Fourier transform to the derivative of a function f(z), then we will obtain a constant multiple of
wF(w), where F(w) is the Fourier transform of f{z).

True False



Part IT (60 Points): In this part you will have 3 multiple choice questions. Each of them is 20 Points.
Circle the Correct Answers and show all work. A correct answer without supporting work receives no

credit!

Q2 Suppose that the temperature u(z,t) in a one-dimensional rod (0 < x < 2) satisfies the following initial and boundary
value problem:

?fi :4?_?3
ot 92"
| 2002
-g-m"f(z,t) =4
u(z,0) = ng — .

The thermal energy E{¢) is defined by
2
E(t) ::] u{z,t) de.
0

dE
Compute F(t). (Hint: you may find it useful to compute Tﬁm)

A) ~8t B) 8t C) 2 D)2 -8t E) 2 + 8t.






Q3 The function
f{z) == 2sinz + 3cosz + sin 5z

o

is expanded into a complex Fourier series Z exe” " Compute the product of all non-zero coefficients cy.
k=—co
A) & B) & C) 6 D) 9 E) 30.






Q4 A thermos flask has the form of a right cylinder of bottom radius ¢ and height H. It is perfectly insulsted along its
circular edge and its bottom disk. Initially the temperature of the liquid inside is 100°C and the flask is then opened
at the top. It begins to lose heat (from the top) at such a rate that the temperature drop at the top is 5°C/minute.
The partial differential equation is 5

u 2
T EV-u.
Which of the following best describes the initial and boundary conditions for the given problem? Support your answer
with reasons.

A) u{r,0,2,0) = 100, uir,8,0,t) = 0, u{r,8, H,t) = ~5 and u(a, ¥, 2,1) = G.

du Ju du
B) u(r, 8, z,0) = 100, B—;(T, g,0,t) = 0, 5;(7",9,}[, t) = —5 and E(a, 8, z,8) ={.
@

C) ulr, 8, z,0) = 100,

P (r, 8,0, =90, —g—z-(r,G,H, £) = ~5 and —E}E(a,ﬂ,z}t) = 0.

96

Su ou Ju
D} u(r, 8, z,0) = 100, E{T,B)U,t) =, E(?,B,H, t) = -5 and —éb—(a, B, z,t) = 0.

E) %?‘(T,E,z,ﬂ) = 100, u{r,8,0,t) = 0, u(r, 8, H,t} = —5 and u(a,¥,2,1) = 0.






Part III (100 Points): In this part you will have 4 long questions. Each of them is 25 Points
all work. A correct answer without supporting work receives no credit!

e L0 (10) | 1% _
VU~T‘8T " +7‘2892WD

inside a circular annulus (1 < r < 3) subject to the boundary conditions

Q5 Solve the Laplace’s equation

3(1,8)=0 and u(3,0)=8sin2f

by the method of separation of variables. Express your final answer without any undetermined coeflicients.

10

. Show



11



Q6 Suppose that the temperature = in a non-uniform rod {0 < z < 1) satisfies the following initial and boundary value

problem: 5 5
Ou U
(oot} gy = 52 (Kole) 52 )
du
%(U, £)y=10
w(l, &) =0
u(z,0) = f(a),

where ¢, p, Ky and [ are given positive functions. Solve the initial and boundary value problem.

12



13



Q7 Consider the heat equation

du g
E&-—VU

inside a disk of radius a with zero temperature around the entire boundary. For physical reasons, we have
[1(0,8,1)] < ca.
Answer the following two questions.

(i) Sotve for u if initially u(r,8,0) = r.

14



(ii) Compute tlﬁlgao ufr, 0,1).

15



Q8 Consider the partial differential equation
du_ V3u 4+ zyt
at 4

for the temperature distribution in a square plate of side length L (0 < » < L, 0 < y < L) with a heat source. The
edges of the plate are kept at 0°C. Initially, the temperature of the plate is also 0°C. A solution has the form

o
kng . lm
wz,y,t) = Z by (t) sin ————Em sin TJ
k=1

Compute the terms by (t) explicitly for all k and [.

16



End of Final Exam



Scrap Paper
If you use this page and want it looked at, then you must indicate so on the page with the original problem on it. Make sure
you labe! your work with the corresponding problem number. Do NOT rip this page off.



Scrap Paper
If you use this page and want it looked at, then you must indicate so on the page with the original problem on it. Make sure
you label your work with the corresponding problem munber. Do NOF rip this page off.



Scrap Paper
If you use this page and want it looked at, then you must indicate so on the page with the original problem on it. Make sure
you label your work with the corresponding problem number. Do NOT rip this page off.



