
Extra Credit 1 - First Order Equations

Remember, no credit will be given for answers without justification.

A differential equation of the form dx
dt = f(t)x + g(t)xn is called a Bernoulli equation.

To solve a Bernoulli equation, make the substitution u = x1−n. The result will be a linear
equation for u.

Find the solution with the given initial condition.

1) dx
dt = x

t + 2x2, x(1) = 1

2) dx
dt = x

t − 3
2x

−3, x(1) = 1

3) dx
dt = 1

1−n
2t

t2+1x + xn, x(0) = 1

Consider the gravitational interaction of two objects of masses M and m. If the objects
move only along the straight line determined by their centers of mass, the force on either
object is described by the equation

F = −GMm

r2
(1)

where r is the distance between their respective centers of gravity, and G ≈ 6.67×10−11 m3

kg·s
is the universal gravitational constant. Assuming M >> m, we can consider the object of
mass M to be virtually stationary. In that case r simply describes the position of the object

of mass m. Using equation (1) along with Newton’s second law F = ma = md2r
dt2 , we obtain

d2r

dt2
= −GM

r2
. (2)

In the following questions, assume the larger object is a spherically-shaped astroid of radius
4000m and mass 2

6.67 × 1015kg (roughly the mass of Mt. Everest).

4) Determine the value of GM and write the equation of motion for the smaller object.

5) This is a non-linear second order differential equation. To solve it, we treat v = dr
dt as

a new dependent variable, and assume that the distance r is the independent variable
(rather than time being the independent variable). We then write an equation for dv

dr
by using the chain rule:

v
dv

dr
=

dr

dt

dv

dr
=

dv

dt
. (3)

Using this, prove that dv2

dr = −2GMr−2.

6) Find the general solution for v in terms of r.

7) Assume an object of small mass is thrown radially outward from the surface of the
asteroid with velocity v0. Find the equation for the object’s velocity in terms of its
distance from the asteroid’s center.

8) What is the asteroid’s escape velocity? If you were an astronaut standing on the
asteroid, do you think you’d be able to jump up into limitless space?
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