MATH 241 PRACTICE PROBLEMS

PrACTICE PROBLEMS, WEEK OF NOVEMBER 25
1. Find a solution of the Poisson equation
Au= /22 +12, u(2cos0,2sinf) = 16cos(30) VO e R
where the unknown function u(z,y) is defined on the circular disk

{(z,y) eR | 2 +y* <4}

2. Find a function u(x,y, z) defined on the circular cylinder
D :={(x,y,2):2* +y* <a* 0<z<h},
where a > 0 is a constant, such that

0’u  0%*u 82u_

0.
0x? + 0y? + 0z

u is bounded,

u(z,y,z) = cos(z) — 3cos(32) + 5eos(52) if 2 +y* = a?,

and p 9
u u
— 0) = — h) =0
az(x7y7 ) 8z<x7y7 )
3. Consider the one-dimensional wave equation with time dependent “forcing”
Pu  *u ou ou
— = t —(0,t) =0=—(1,t
o2 0x? + cos(wt), ax( *) ﬁx( )

where the unknown function u(x,t) is defined for 0 < x <1, t > 0.

(a) For what values of w does resonance occur?
(b) Give an example of a resonant solution.

(c) Find the solution when there is no resonance.

4. Find a solution of the heat equation

ou ou
- = — <<l > 1
ot 0z2’ Oszsl itz

such that
u(z,0) = cos(7Tmx/2) Vo € [0, 1], %(O,t) =0, u(l,t) =0Vt >0.
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5. Find a solution u(z,y) of the Laplace equation defined on the upper half-plane such

that
ou 2x

oy " e

[Hint: %ﬁ = _—(lf;f?)Q.]

6. Find a solution u(z,t) of the wave equation
0*u n 28u ou
- _ U= —
ot? ot Ox?
defined on {(z,t) : z € R, t > 0} which satisfies the initial conditions

ou

U(ZL‘,O) = f(:L‘), E("L‘70) =0,

where f(x) is a given function on R.

7. Let u(x,y, z) be a function on the box [0, 1] x [0, 1] x [0, 1] which satisfies the Laplace
equation Au = 0, and equals sin(37z) sin(57y) on the face z = 0, and is equal to 0 on

all remaining faces. What is u(3, 1, 1)?

8. Let u be a function on the unit sphere S? := {(z,y, z) € R3|2? + y* + 2% = 1}, and let
u(¢,0) be this function expressed in spherical coordinates. Let

u(ep,0) = i Z A o P,lfl(cos gb)eﬁke

n=0 —n<k<n

be the expansion of u as a sum of spherical harmonics pH (cos qb)eﬁke, where P are
the Legendre functions. (Note that m is a parameter for the Legendre function, so
that P"(x) is not the m-th power of the Legendre polynomial P,(x).) Find an explicit

expression of the surface integral
/ / udA
S

of u in terms of the expansion coefficients a,, .
9. Find a solution of the Poisson equation
Au=z—1
on the cube [0, 1] x [0, 1] x [0, 1] such that u vanishes on the boundary of the cube.
10. (a) Find a function u defined on the upper half-sphere
{(z,y,2) 2 +y*+ 22 <1, 2 >0}
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11.

12.

such that
Au=0, u(r,y,0)=0 if2*>+¢*<1
and

u(sin ¢ cosf,sin ¢ sinf, cos¢) =2cos¢ if 0 <o < 7,0 €R.

(b) (extra credit) Find a function v defined on the upper hemisphere {(x,vy,2) : 22 +
Y24 22 <1, z >0} such that

Av=0, v(ry0)=0 ifz*+y*<1
and
v(sin ¢ cosf,sing sinf,cos¢) =1 if 0< ¢ < 7,0 €R.

Note that the value of the unknown function v at the boundary of the solid half-
sphere is discontinuous. Accordingly the meaning of the boundary conditions is to be
interpreted somewhat loosely.

(a) Find a function u(x,t) defined for all x € R and all ¢ > 0 such that

8% au 22
E—Qa—x—u, u(z,0) =Te ™.
[Hint: Let U(w,t) be the Fourier transform of u(x,t) in the variable z. |

(b) (extra credit) Try to use the Fourier transform method to find a function v(z, 1)
defined for all x € R and all t > 0 such that

ov ov

5= 28_:10 —v, v(z,0)="Tz.
If you try to carry out a similar computation as in part (a), you will need to either find
the Fourier transform of the function 7z, or the inverse Fourier transform of eV~
for some constant a, or both. Either will involve the Dirac d-function. Note that the
usual integral for the Fourier transform of 7z is % ffooo 7xeV~1 dx. which is divergent
for every w € R.

Find a solution of the boundary value problem for the equation
Av+v =0,

in a solid sphere of radius 1, such that the restriction of v to the boundary sphere in
spherical coordinates is equal to

v]y—1(¢,0) = sin®(¢) cos(36).



