Chapter 4

Fields and Galois Theory

4.1 Introduction

The rational, real, complex and, much later, the finite fields were the basic inspiration for the study of fields
in general. Their ideal theory and the module theory (vector spaces) over them are very simple; so, it was
natural to look more deeply inside them. In particular, one can consider solutions of polynomial equations
in a field, the automorphisms of a field, the relation of one field to another. We owe to E. Galois the capital
idea of applying symmetry in the form of group theory to the study of polynomial equations (coefficients
in a field) and their solutions in a (perhaps bigger) field. He was preceded in partial results by such figures
as Lagrange, Abel and Gauss and the impetus he provided has sustained the subject until the current day.
What concerns one now is not so much the “classical theory” (all of which in smooth modern form is treated
below), but questions of basically geometric origin that use an admixture of group theory, ring theory and
fields to try to settle vexing questions of apparently “simple” nature. For example, if we adjoin to the
rationals all the roots of unity and call the resulting field K, is it true that every homogeneous form of
degree d > 0 in more than d variables has a non-zero solution in K7 This is a conjecture of E. Artin—still
open at present.

4.2 Algebraic Extensions

Recall that if A is a commutative ring and B is an over-ring of A (i.e., an A-algebra), an element 3 € B is
algebraic over A iff the map A[X] — A[f3] C B is not injective; the element 3 is transcendental over A iff the
map A[X] — A[f] is injective. Moreover, f31,..., [, are independent transcendentals over A (algebraically
independent over A) ift A[Xy,...,X,] — A[B1,...,By] is injective. The case of interest here is: A =k, a
field, and B a subring of a field.

Algebraic elements admit of many characterizations:

Proposition 4.1 Say B is an integral domain containing a field k and o € B. Then, the following are
equivalent:

(1) o is algebraic over k.
(2) kla] (C B) is a field.
(3) k(a) = kla].
(4) 1/a € kla].

(5) k[a] (C B) is a finite dimensional k-vector space.
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188 CHAPTER 4. FIELDS AND GALOIS THEORY

(6) kla] C L, where L (C B) is a subring of B and L is a finite dimensional k-vector space.

Proof. (1) = (2). By definition there is some polynomial f € k[X] so that f(a) = 0. By unique factorization
in k[X], we know that f = f1--- f,, where each f; is irreducible. So, 0 = f(a) = H;Zl fij(a) and as B is
a domain, f;(a) = 0, for some j; so, we may assume that f is irreducible. Look at k[X]/(f(X)). Now, as
k[X]is a P.LD and f is irreducible, it follows that (f(X)) is a maximal ideal. Thus, k[X]/(f(X)) is a field;
moreover, kla] = k[X]/(f(X)) and (2) holds.

(2) = (3) and (3) = (4) are clear.
(4) = (5). By (4),

N
1 S aj0f
— = aja
« °

=0

(with ay # 0) and this yields Z;V:O ajod Tt =1; we deduce

1 N—-1 a
aN+1 _ _ § : J aH'l,
an — anN

ie., oV t! depends linearly on 1, v, ..., . By an obvious induction, oV t? depends linearly on 1, ¢, ..., o
for all i > 1 and so, 1,q,...,a span k[a].

(5) = (6) is a tautology.

(6) = (1). Since k[a] is a subspace of a finite dimensional vector space, k[«] is finite dimensional over k
(ie., (5)). Look at 1,a,...,a™,aN*1 ... There must be a linear dependence, so

aNaN+-~-+a1a+a0 =0
and « is a root of f(X) =anX" + -+ a1 X +ao. [J
Proposition 4.2 Write Bug = {a € B | v is algebraic over k}. Then, Bag is a ring (a domain).

Proof. Say «, 8 € Bag. Then, k[a] is finite dimensional over k and k[«, 8] = k[a][] is finite dimensional
over k[a], which implies that k[a, 5] is finite dimensional over k. As o+ 3 and o belong to k[, 5], by (6),
they are algebraic over k. []

Proposition 4.3 Say o, 3 € Bag (with §# 0), then a/3 € Bayg. Therefore, Bag is actually a field.

Proof. As before, k[, (] is finite dimensional over k[a]. But, k(a) = k[a] and k|« 5] = k[a][], so kla, 5] =
kE(a)[B]. Yet, 3 is algebraic over k(a); thus, k(«)[8] = k(a)(8) = k(«o, 8). Consequently, kla, 8] = k(a, )
and it is finite dimensional over k. As o/f € k(«, 3), it is algebraic over k. []

Proposition 4.4 Being algebraic is transitive.

Given an extension, K/k, the degree, deg(K/k) = [K: k|, of K/k is the dimension of K as a vector
space over k. Observe that if [K: k] is finite, then K is algebraic over k (for every a € K, there is a linear
dependence among 1,c,...,a™, ..., so, « is the root of some polynomial in k[X]). However, an algebraic
extension K/k need not be finite.

Definition 4.1 Let K/k be a field extension (i.e., k C K where both are fields and K is a k-algebra). Say
a € K is aroot of f(X) € k[X]. Then, « is a root of multiplicity, m, iff f(X) = (X —a)mg(X) in K[X] and
g(a) #0.
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Let A be a commutative ring, B be an A-algebra and C be a B-algebra.
Definition 4.2 An additive map §: B — C'is an A-derivation of B with values in C' iff

(1) 6(&n) = &o(n) +6(&)n  (Leibnitz)
(2) 0(a) = 0 whenever a € A.

Notice that (1) and (2) imply the A-linearity of an A-derivation. The A-derivations of B with values in
C form a B-module denoted Der 4 (B, C).
Examples of Derivations.

(1) Let A be a commutative ring, let B = A[X] and let C = B.

N N
o =0 X) = 3o = )
=0 =0

is an A-derivation.
(2) Let A be a commutative ring, B = A[{X4}aecr], C = B and

0

501:@.

Remark: For Example 1, if h is an independent transcendental from X, we have (DX)
F(X +h) = F(X)+ F(X)h+ O(Rh?).

Theorem 4.5 (Jacobian criterion for multiplicity) Given f(X) € k[X] and K/k a field extension, for any
root a of f(X), we have:

(1) If the multiplicity of « as a root is > m, then
fla)=f'(a) =+ = f"D(a) = 0.

(2) If char(k) = 0 and if f(a) = f'(a) = --- = f"=D(a) = 0 but £ (a) # 0, then a is a root of f of
exact multiplicity m.

Proof. We proceed by induction on m. Consider a root, «, of multiplicity 1. This means f(X) = (X —a)g(X)
in K[X] and g(a) # 0. Thus,

FI(X) = (X = a)g'(X) + g(X),
so, f'(a) = g(a) and f'(«) # 0. Therefore, (2) holds independently of the characteristic of k in this one case
and (1) is trivial.

Now, assume « is a root of multiplicity at least m. As f(X) = (X — a)™g(X) in K[X], we get
FX) = (X —a)" (X — a)g'(X) + mg(X)),
which shows that the multiplicity of « in f’ is at least m — 1. By the induction hypothesis applied to f’(X),
we have f'(a) = f"(a) = --- = fm=D(a) = 0. Also, f(a) =0, so (1) holds.

(2) Again, we proceed by induction. Assume that f(a) = f'(a) =---= f(™"D(a) =0 but £ (a) # 0,
with char(k) = 0. Let ¢ be the exact multiplicity of a. Then, f(X) = (X —a)?h(X) in K[X], with h(a) # 0.
Now, f'(a) = (f')(a) = - = (f)™ 2 (a) = 0 and the induction hypothesis applied to f’(X) shows that
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@ is a oot of exact multiplicity m — 1 of f’. So, f/(X) = (X —a)™ !g(X), with g(a) # 0. We know that «
is a root of multiplicity ¢ of f, so by (1), f(a) = f'(a) = --- = fl@=Y(a) = 0. If ¢ > m, then ¢ — 1 > m, so
f)(a) = 0, a contradiction. Thus, ¢ < m. As

F'(X) = (X = )T (X — )W (X) + gh(X)),
we have
(X —a)"g(X) = (X = a)?H((X — o)W (X) + gh(X)),
and since ¢ < m, we get
(X — )" g(X) = (X — a)l/(X) + qh(X).

If we let X = a, we have gh(a) # 0, as h(a) # 0 and char(k) = 0; but then, the left hand side must not be
zero, and this implies m = ¢q. []

Proposition 4.6 Say f € k[X] (k = a field), then there is an extension K/k of finite degree and an element
0 € K so that f(0) = 0. If k is another field and pu: k — k is an isomorphism of fields, write f € k[ | for

the image of f under p (i.e., /L(Z gj j> = >"u(gj)X7), then f is irreducible over k[X] zjj”f is irreducible

over k[X} Let 0 be a root of an irreducible polynomial, f(X), in some extension K/k and let 0 be a root of

f in some extension Q/k‘ Then, there exists a unique extension of u to a field isomorphism k(0) — E(g),
so that 1u(6) = 6.

Proof. Factor f into irreducible factors in k[X], then a root of an irreducible factor is a root of f, so we
may assume that f is irreducible. Now, the ideal (f(X)) is maximal in k[X]. Therefore, K = k[X]/(f(X))
is a field and X = the image of X in K is 6, a root, and [K : k] = deg(f) < cc.

Next, we have u: k — k and f € k[X]. Of course,
k[X] 2k ©g Z[X] = k ©7 Z[X] = k[X],

so f is irreducible iff f is irreducible. Now, 6 € K is a root of an irreducible polynomial, f, and feisa

root of an irreducible polynomial f. But, k(6) = k[X]/(f(X)) -~ k[X]/(f(X)) = k(0). As 6 generates k(6)
over k, the element u(6) determines the extension of u to k(6). [

Proposition 4.7 Say k is a field, f € k[X] and K/k is a field extension. Then, f possesses at most deg(f)
roots in K counted with multiplicity and there exists an algebraic extension L/k (in fact, [L: k] < co) where
| has exactly deg(f) roots counted with multiplicity.

Proof. We use induction on deg(f). If & € K/k is a root of f, then in K[X], we have

F(X) = (X —a)g(X), where g(X) € K[X]. (+)
But, deg(g) = deg(f) — 1, so there exist at most deg(f) — 1 roots of ¢ in the field, K, containing k. If 8
is a root of f, either § = a or g(8) = 0 as K is a domain. Then, the first statement is proved. The last

statement is again proved by induction. In the above, we can take K = k(«), of finite degree over k. Then,
induction and (*) imply our counting statement. []

Corollary 4.8 (of the proof) The degree [K : k] of a minimum field containing all deg(f) roots of f always
satisfies [K: k] < deg(f)!.

Remarks:
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(1) Proposition 4.7 is false if K is a ring but not a domain. For example, take

K=k][]&]]--1I*

Then, if e; = (0,...,0,1,0,...,0) with 1 in the j-th place, each e; solves X? = X.

(2) Let K = k[T]/(T?). The elements a = AT € K all satisfy X? = 0. If k is infinite, there are infinitely
many solutions.

(3) Let k =R and K = H (the quaternions). We know that H is a division ring, i.e., every nonzero element
has a multiplicative inverse. Consider the equation X2 + 1 = 0. Then, every o = ai + bj + ck with
a® + b% + ¢ = 1 satisfies our equation!

(4) Given a field, k, there exists a field extension K/k having two properties:

(a) K/k is algebraic (but in general, [K: k] = 00).
(b) For every f € K[X], there exists § € K so that f(0) = 0.

We'll prove these facts at the end of the Chapter in Section 4.11

Such a field, K, is called an algebraic closure of k and if only (2) holds, K is called algebraically closed.
The field K is unique up to noncanonical isomorphism. The usual notation for an algebraic closure of k is k.
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4.3 Separable Extensions, Kahler Differentials,
Mac Lane’s Criterion

Definition 4.3 An algebraic element « over a field k (i.e., a € K is algebraic over k for some field extension
K /k) is separable over k iff o is a simple root of its minimal k-polynomial.! A polynomial, f, is separable iff
all its irreducible factors are distinct and separable, and an irreducible polynomial is separable if it has one
(hence all) separable roots. The field extension K/k is separable iff all o« € K are separable over k. We use
the adjective inseparable to mean not separable.

Proposition 4.9 Suppose « is inseparable over k. Then, char(k) =p > 0. If f is the minimal polynomial
for a, then there is some n > 1 and some irreducible polynomial g(X) € k[X] so that f(X) = g(XP"). If we
choose n mazimal then

(1) g(X) is a separable polynomial and

(2) oP" is separable over k. Any root 8 of f has the property that 8P is separable over k.

Proof. The element « is inseparable iff f'(«) = 0 by the n = 1 case of the Jacobian criterion. Thus, f
divides f’, yet deg(f’) < deg(f). Therefore, f' = 0. If f(X) = Z] 0@; X7, then f/(X) = Zj Oja]XJ !
and it follows that ja; = 0, for all j. If char(k) = 0, then a; = 0 for all j # 0 and f =0, as « is a root.
Thus, we must have char(k) = p > 0 and if p does not divide j, then a; = 0. We deduce that

f(X) = ZG;DTXW = hi(X"),

r=0

where hy(X) = Y7 _,a,-X". Note that h; must be irreducible and repeat the above procedure if necessary.
As deg(hy) < deg(f), this process must stop after finitely many steps. Thus, there is a maximum n with
f(X) = g(XP") and g(X) is irreducible in k[X]. Were g(X) inseparable, the first part of the argument would
imply that g(X) = h(XP?) and so, f(X) = h(Xp"+1), contradicting the maximality of n. Therefore, g(X) is
separable. Yet, g(ap") = f(a) = 0, s0o " is a root of an irreducible separable polynomial and (2) holds.
Given 3, we have GP" again a root of g. []

Definition 4.4 A field k of characteristic p > 0 is perfect iff k = kP, i.e., for every A € k, the element A has
a p-th root in k.

Examples of Perfect and Imperfect Fields.
(1) F,, = Z/pZ, where p is prime, is perfect.
(2) Any finite field is perfect.
(3) The field k(T), where char(k) = p > 0 is always imperfect.
Proposition 4.10 If k is a field with characteristic char(k) = p > 0 and if ¢ ¢ kP (with ¢ € k), then for

every n > 0, the polynomial f(X) = XP" — ¢ is irreducible in k[X]. Conversely, if for some n > 0 the
polynomial XP" — c is irreducible, then c ¢ kP.

Proof. Look at f(X) = X?P" — ¢ and pick a field, K, with a root, @ € K, of f. Then, o®" — ¢ = 0, so
f(X) = X?" —a?" = (X —a)P", since char(k) = p > 0. Say p(X) € k[X] is an irreducible factor of f(X),
then ¢(X) | f(X) in k[X], and similarly in K[X]. By unique factorization in K[X], we have o(X) = (X —«)",
for some r > 0, where o —¢=0and a € K.

1Recall that the minimal k-polynomial of o is the monic polynomial of minimal degree generating the principal ideal
consisting of the polynomials in k[X] that vanish on a.
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Claim: XP" — c is a power of ¢(X).

If not, there is some irreducible polynomial, ¥(X), relatively prime to ¢(X) and ¥ (X) | X?" — ¢ in
k[X] (DX). Then, there exist s(X),#(X) with s(X)p(X) + t(X)¥(X) =1 in k[X]. However, ¢(X) divides
XP" — ¢, 50 () =0. If we let X = o, we get 1 = s(a)p(a) + t(a)p(a) = 0, a contradiction.

Therefore, p(X)! = XP" — ¢. Tt follows that 7l = p", so r = p® and | = p® with a + b = n. Then,

P(X) = (X —a) = (X —a) = X" —a?",
which implies o € k. But then, ¢ = (a”a)Pb € k‘pb, a contradiction if b > 1. Thus, b = 0 and consequently,
a=mnand f(X) = p(X) is irreducible.

Conversely, if for some n > 0 the polynomial X?" — ¢ is irreducible and if ¢ € kP, then ¢ = b, for some
b € k. It follows that

n—1

XP' —e=XP" P = (X" by

contradicting the irreducibility of X?" — ¢. []

Definition 4.5 An element a € K/k is purely inseparable over k (char(k) = p > 0) iff there is some n > 0
so that a?” € k. Equivalently, o is purely inseparable over k iff the minimal k-polynomial for « is of the
form X?" — ¢, for some ¢ € k.

Remark: We have a € k iff « is separable and purely inseparable over k.
Proposition 4.11 If k is a field, then k is perfect iff every algebraic extension of k is separable.

Proof. (=). Say k is perfect and pick o € K/k, with « algebraic. We know that « has a minimal k-
polynomial f(X) and that f(X) = g(X?"), for some irreducible polynomial, g(X), and some n > 0. We
have g(X) = Z;.V:Oijj, so f(X) = Z;-V:Obj(Xpn)j. As k is perfect, k = kP = k?" = ... = k" So,

bj = ¢}, for some ¢; € k and we have

This contradicts the irreducibility of f(X) unless n = 0, and we know that o’ =ais separable over k.

(«<). In this case, all algebraic extensions of k are separable and say k is not perfect. Then, there is some
¢ € k, with ¢ ¢ kP. Hence, by Proposition 4.10, the polynomial X? — ¢ is irreducible over k. Let K = k(a)
where « is some root of X? — ¢. Then, o = ¢ € k and it follows that « is purely inseparable over k. But, o
is separable over k, a contradiction, as o ¢ k. []

Corollary 4.12 For a field, k, the following are equivalent:
(1) k is imperfect.
(2) k possesses nontrivial inseparable extensions.
(3) k possesses purely inseparable extensions.

Say K/k is algebraic and inseparable. It can happen that there does not exist @ € K with « purely
inseparable over k.



194 CHAPTER 4. FIELDS AND GALOIS THEORY

To go further, we need derivations and Ka&hler differentials. Consider the situation where A, B are
commutative rings and B is an A-algebra. On B-modules, we have an endofunctor:

M ~ Der4(B, M).

Is the above functor representable? This means, does there exist a B-module, §25,4, and an element,
d € Dera(B,Qp/4), so that functorially in M

Orr: Homp(Qp/a, M) — Dera(B, M)?

(Note: For every ¢ € Homp(2p,4, M), we have 05/(p) = ¢ o d, see below).

B—%> Qp/a

O () iw
M

Theorem 4.13 The functor M ~» Dera(B, M) is representable by a pair (2p/a,d), as above.

Proof. Consider B ® 4 B and the algebra map B ®4 B ., B, where w is multiplication, i.e., u(b ®5) = bb.
Let I = Ker p and write I /1? = Qp/a. Welet B act on B®4 B via the left action b(§ ® 1) = b ®n. Then,
B/ is a B-module. Given b € B, set

db=d(b)=(1®b—b®1)mod I
Now, for bﬁe B, we have o
(leb-bal)(1®b-b®1)c I?,

and we get L o
1@bb+bb@1—(b@b+b2b) € I

So, modulo I?, the above is zero and
1@bb—b@b=b@b—bb®1 inQpa.

Obviously, d is additive and zero on A, so we only need to check the Leibnitz rule. We have

bd(b) = b(1®b—b®1) modI?
= b@b-bb®1 inQpa
= 10bb—b®b inQpa
= 1Qbb-bb®1+bb®1—b®b inQp,
= d(bb) —b(1®b—b®1) in Qg4

So, bd(b) = d(bb) — bdb in Qp/a, namely d(bb) = bdb + bd(b). The rest of the proof is routine. []

Definition 4.6 The B-module Qp,4 (together with the derivation d) is called the module of relative Kdihler
differentials of B over A.

Examples of Relative Kahler Differentials.

(1) Let B = A[Th,...,Ty]. Say D is a derivation of B — M trivial on A. So, we know D(Ty), ..., D(T),);
these are some elements in M. Say we are given 1}" € B. Then,

- o
D(T;---T) = rT/ ' D(Ty) = TTZ(TI )D(T7).

r
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Now,
T S T S S T T 8 S S a T
D(T;T?) = Ty D(T7) + TP D(Ty;) = Ty 5~ (17) D(Th) + T} - (T3) D(Tk)-
0T, oTy,
In general
a - a /a\ a a

D L) = 3T - o T G (17D, (h

and
D(D a@T®) =3 a@DT)D(T), ()
(a)

as D | A = 0. Conversely, (1) on the linear base of monomials in the T1,...,T,, of B gives a derivation.
Therefore,

Der (B, M) — [ M,

i=1

via D — (D(Ty),...,D(T,)) is a functorial isomorphism. Consequently,
n
Qp/a = H BdTj,
j=1

where the dT; are A-linearly independent elements of Qp/4 (case M = Qp/4).

(2) Let B be a f.g. algebra over A, i.e., B= A[T1,...,T,]/(f1,..., fp). We have
Dera(B,M) = {p € Ders(A[T1,..., T, M) | o(fi) =0, i=1,...,p}.

But,
= Ofi
o) =3 el =

j=

" Ofi _
o, P(dTy),

j=1
where @: Q4 — M (and ¢ = God). We let M = Qp /4 to determine it, and we see that
© must kill df;.
It follows that .
Qp/a = (H Bde> /(submodule dfy = -+~ =df, =0).

j=1
(3) Let B=C[X,Y]/(Y? — X3) and A = C. From (2) we get
Qp/a = (BAX N1 BAY)/(2YdY — 3X?dX).

The module Qg4 is not a free B-module (due to the singularity at the origin of the curve Y? = X3).

(4) Let A =R or C and B = the ring of functions on a small neighborhood of a smooth r-dimensional
manifold (over A). Derivations on B over A have values in B. Let &, ...,&, be coordinates on this neigh-
borhood. Then, 0/0¢; is a derivation defined so that

of _ o fC &t )= )

8§j h—s0 h
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Look near a point, we may assume &; = --- =&, = 0, there. By Taylor,
F&+h, &t he) = f(6,.06) +Z—h +O(||]%).

Hence, Qp/4 is generated by d¢i,...,d¢, and they are linearly independent over B because the implicit
function theorem would otherwise imply that some &; is a function of the other ’s near our point, a
contradiction.

Definition 4.7 Given an A-algebra, B, the algebra B is étale over A iff
(1) The algebra B is flat over A.
(2) The algebra B is f.p. as an A-algebra.
(3) Qpya = (0).

The algebra B is smooth over Aiff (1), (2) and (3'): Qp/4 is a locally-free B-module, hold.

Remark: Putting aside (2), we see that checking that an algebra is étale or smooth is local on A4, i.e., it is
enough to check it for B, over A, for every p € Spec A. This is because (DX)

(Qp/a)y =B, /A, -
It turns out that smooth means: Locally on A, the algebra B looks like
A— ATy,....,T,] — B

where B/A[Ty,...,T,] is étale.

We can apply the concepts of relative Kahler differentials and étale homomorphisms to field theory. For
this, given a field, write p = char(k) and if p > 0, let k'/? be the field

VP ={zeck|aP ek}

Theorem 4.14 (Main theorem on separability (alg. case).) Let K/k be an algebraic extension. Then, in
the following statements: (1) implies any of the others; (2), (2a) and (3) are equivalent; (1) and (4) are
equivalent; all are equivalent if K/k is finite.

(1) The extension K/k is separable.
(2) For all K-modules, M, we have Dery (K, M) = (0).
(2a) Qi = (0), i.e., when K/k is finite, it is étale.

(3) Every derivation of k to M (where M is a K-vector space) which admits an extension to K (i.e.,
becomes a derivation K — M ) admits a unique extension.

When char(k) =p > 0,
(4) Mac Lane 1: The natural map k*/? @, K — K/? is injective.
(5) Mac Lane II: kK? = K.

In order to prove Theorem 4.14, we first need the following subsidiary statement:
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Proposition 4.15 If K/k is separable and if M is a K-vector space, then every derivation D: k — M
admits an extension to a derivation of K with values in M.

Proof. We use Zorn’s lemma. Let S be the set of all pairs, (L, Dy,), where
(1) L is a subextension of K/k (i.e., k C L C K).
(2) Dy, is an extension of D to L with values in M.

As (k,D) € S, the set S is nonempty. Define a partial order on S by: (L,Dr) < (L',Dy/) iff L C L'
and Dy | L = Dr. The set S is inductive. (If {L,}q is a chain, then L = J, Lo is a field, and define
Dr(&) = Dp_ (&), where £ € L,; this is well-defined (DX).) By Zorn’s lemma, there exists a maximal
extension, say (L, Dr).

If K # L, then there is some § € K with § ¢ L. Let g(X) € L[X] be the minimum L-polynomial for
B. We try to extend Dr, to L(3). For this, we must define Dy s)(5) and the only requirement it needs to
satisfy is
0= Dpr)(9(8)) =9 (B)Drs (8) + Drlg)(B).
Here, if g(X) = >27_; a; X7, then Dr(g)(a) is 375_, o/ Dy(a;) € M. Since 3 is separable, ¢'(3) # 0, so we
can find the value of Dy 3)(3), contradicting the maximality of our extension. Therefore, L = K. []

Proof of Theorem 4.14. (1) = (2). Pick D € Dery(K, M) and o € K; by (1), the element « is separable
over k, i.e., o has a minimal k-polynomial, g(X), so that g(a) =0 and ¢’(«) # 0. As D is a derivation, the
argument of Proposition 4.15 implies that

0= D(g(a)) = ¢'(a)D() + D(g)(v).
But, D(g) = 0, because the coefficients of g are in k and D | k = 0. Since ¢'(a) # 0, we get D(«a) =0, i.e.,
(2) holds.

(2) = (2a). We have the functor M ~~ Dery (K, M) and Dery (K, M) = (0). By Yoneda’s lemma, the
representing object, {2f/;, must vanish.

(2a) = (2). We have Homy,(Qk/, M) = Dery (K, M) and Qg = (0), so (2) holds.

(2) = (3). Say D and D are two extensions of the same derivation on k. Then, D — D is a derivation
and (D — D) | k=0. By (2), (D — D) € Dery(K, M) = (0), so D — D = 0.
3) = (2). Choose D € Dery(K,M), so D | k = 0. But then, D extends 0 and 0 extends 0; by (3),

(1) = (5). If a € K, then « is separable over k, so « is separable over kK? (as kK? D k). Yet, a? € KP?,
so aP € kKP; thus, « is purely inseparable over kKP. As « is both separable and purely inseparable over
kKP, by a previous remark, o € kKP. This shows K C kKP. On the other hand, kK? C K, always.
Therefore, K = kKP?, i.e., (5) holds.

Before discussing the equivalence of (4) with (1), we need to elucidate the meaning of the Mac Lane
conditions.

For (5), say {{x}a spans K as a k-vector space. Then, {{{}\ spans K? as a kP-space. As kP C k, {€{}
spans kK? as a k-space. Hence, Mac Lane II means: If {{x} spans K as a k-space, so does {€5}x.

For (4), say {x}x is a linearly independent family (for short, an l.i. family) over k in K. Then, we
know that the elements 1 ® &y are linearly independent in k'/? @, K as k'/P-vectors (k'/? acts on the left
on kP ®, K). The map kY/? @, K — K/? is just

dax@& =Y arba
By ,\
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If the map is injective and if there is a linear dependence of the &, (in Kl/p) over kP, we get Yoy axnéxa =0,
for some ay € k'/P. But then, Yoy ax ® &y would go to zero and by injectivity

Za,\@)f/\:z:(a,\Q@l)(l@g/\):O
A A

in k'/? @, K. But, {1® &y}, is linearly independent in kY7 @, K, so ay = 0, for all \. Consequently, the
family {£x} is still linearly independent over k'/?. Conversely (DX), if any Li. family {&x}a (with &, € K)
over k remains 1i. over k'/?, then our map k'/? ®, K — K'/? is injective. By using the isomorphism
x — zP, we get: Mac Lane I says that any Li. family {&x}n over k, has the property that {&)}x is still Li.
over k.

Now, say K/k is finite, with [K: k| = n. Then, &,...,&, is Li. over k iff &,...,&, span K. Condition
(4) implies &7, ..., & are Li. and since there are n of them, they span K, i.e. (5) holds. Conversely, if (5)
holds then &7, ... £P span K and there are n of them, so they are L.i., i.e., (4) holds. Therefore, (4) and (5)
are equivalent if K/k is finite. We can show that (1) and (4) are equivalent (when char(k) = p > 0).

(4) = (1). Pick a € K. We know that a?” is separable over k for some n > 0. Further, the minimal
polynomial for § = a?" is h(X), where f(X) = h(X?") and f is the minimal k-polynomial for a. Say,
deg(f) = d. So, d = p"dy, with dy = deg(h). Now, 1,a,...,a% ! are Li. over k. By (4), repeatedly,
Lo ()P ... (a4 P are i, ie., 1,4,...,3% 1V are Li. Yet, 1,3,...,3% is the maximum Li. family
for the powers of 3, so d < dy. This can only happen if n = 0 and « is separable over k. []

(1) = (4). Say {&{x}a is Li. in K /k. As linear independence is checked by examining finite subfamilies, we
may assume that our family is &1, ..., &. We must prove, &, ..., & are still Li. over k. Let L = k(&1,...,&),
then L/k is a finite extension. For such an extension, (4) and (5) are equivalent. But, we just proved that
(1) implies (5), so (1) implies (4).

Finally, in the case K/k is finite there remains the proof of (2) = (1). For this, it is simplest to prove a
statement we’ll record as Corollary 4.16 below. This is:

Corollary 4.16 If ay,...,a; are each separable over k, then the field k(aq, ..., ay) is separable over k. In
particular, if K/k is algebraic and Ksep, denotes the set of all elements of K that are separable over k, then
Kep 15 a field.

To prove these statements, we will apply Mac Lane II; this will suffice as L = k(aq, ..., «;) is finite over
k. Now kLP = k(d¥,...,al) and each «; is therefore purely inseparable over kLP. However, each «; is
separable over k£ and therefore over kLP. It follows that each o; € kLP so that L = kLP and Mac Lane II
applies. For the proof, proper, that (2) = (1), assume (2) and that (1) is false. Then K, # K, so we can
find o, ..., as € K, each purely inseparable over K, and so that

K = Ksep(aL e .,Oés) > Ksep(aly B -aas—l) > > Ksep(al) > Ksep-

Consider the zero derivation on Kgep(av1,...,as-1). Now, § = agr € Kgep(ai,...,as_1) for some minimal
r > 0, thus to extend the zero derivation to K we need only assign a value to D(«y) so that
1

D(a2") =p"a®” D(as) = 0. Any nonzero element of M will do, contradicting (2). []

Corollary 4.17 Every algebraic extension of a perfect field is perfect. In particular, every finite field is
perfect and every absolutely algebraic field (i.e., algebraic over a prime field) is perfect.

Proof. If K/k is algebraic and k is perfect, then K/k is separable. By Mac Lane II, we have K = kKP. But,
k = kP (k perfect), so K = kPKP = (kK)P = KP. A finite field is algebraic over F, and by little Fermat,
P =T, i.e., perfect. (Second proof by counting: The map £ + &7 is injective, taking FF, to itself. But, the
image has cardinality ¢; by finiteness, the image is all of F,.) By the first part of the proof, an absolutely
algebraic field is perfect.
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Corollary 4.18 Say «a1,...,a; are each separable over k. Then, the field k(aq,...,aq) is a separable ex-
tension of k. In particular, if K/k is algebraic and we set

Keep = {a € K | « is separable over k}
then Kep is a subfield of K/k called the separable closure of k in K.

Corollary 4.19 Say K/k is an algebraic extension and ai,...,0ap € K. If each «; is separable over
k(oa,...,aj-1), then k(aa, ..., o) is separable over k. In particular, separability is transitive.

Proof. We use induction on t. When ¢t = 1, this is Corollary 4.18. Assume that the induction hypothesis
holds for t — 1. So, L = k(a,...,a4—1) is separable over k and it is a finite extension, therefore Mac Lane
II yields kLP = L. Let M = k(aq,...,a;), then M = L(«a;). So, M is separable over L, by the case t = 1.
Therefore, M = LMP, by Mac Lane II. Now,

M =LMP =kLPMP = k(LM)P = kEMP.
By Mac Lane 11, again, M is separable over k. []
Corollary 4.20 If K/k is an algebraic extension, then K is purely inseparable over Kgep.

Corollary 4.21 Pure inseparability is transitive.

The implication (2) = (1) does not hold if K/k is not finite. Here is an example: Set k = F,,(T'), where
T is an indeterminate. Define, inductively, the chain of fields

k=ky <ki < <hkp<-

via the rule

ap=T; a;= %1@1; kj = kj—1(aj).

Let K = ko = U?io k;. Then a derivation on K, trivial on k is determined by its values on the o;. Yet, we
have a§+1 = «j, therefore D(«;) = 0 for every j; hence, Dery (K, —) = 0. But, K/k is not separable; indeed
it is purely inseparable.

Notation: For a field, k, of characteristic p > 0, set [K: k], dof [Ksep: K|, the separable degree of K/k

and [K: k]; dof [K: Kgep), the purely inseparable degree of K/k (if K/k is finite, [K: k]; is a power of p).

Clearly,
' [K: k] =[K: k];[K: kls.
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4.4 The Extension Lemma and Splitting Fields

We begin with a seemingly “funny” notion: Two fields K, L are related, denoted K 7 L, iff there is some
larger field, W, so that K C W and L C W (as sets, not isomorphic copies). This notion is reflexive and
symmetric, but not transitive.

Theorem 4.22 (Extension Lemma) Let K/k be a ﬁmte extension and say k is another field isomorphic to
k via 0: k — ]ﬁ Suppose I' is another field related to k but otherwise arbitrary. Then, there exists a finite
extension, K/k with K 3 T' and an extension of 6 to an isomorphism 0: K — K.

K-~ K =T

ﬁniteT ﬁnlteT

k?k""r

Proof. We proceed by induction on the number, n, of adjunctions needed to obtain K from k.

Case n = 1: K = k(). Let g(X) € k[X] be the minimum k-polynomial for o. Write §(X) € k[X] for
the image, 0(¢g)(X), of g(X). Of course, g(X) is k-irreducible. Now, there exists a field, W, with W O k
and W D T'. Thus, g(X) € W[X]; moreover, there exists an extension W’'/W of W and some & € W', so
that §(a) = 0. It follows that k(&) C W and T C W C W/, so k(a) 1 I'. But we know by Proposition 4.6

that 6 extends to an isomorphism 6: k(«) — k(&). This proves case 1.

Induction step. Assume that the induction hypothesis holds for all t < n—1. We have K = k(aq, ..., ay,)
and let L = k(ayq,...,a,—1). By the induction hypothesis, there is a finite extension, L, and an isomorphism,
0": L — L, extending 6;

L(ay) = K—>K~r

rel

rel

k——k 5 T

We complete the proof using the argument in case 1 (a single generator), as illustrated in the above diagram.

O
Corollary 4.23 If K/k is a finite extension and k 7 T, then there is a k-isomorphism K/k — K/k and
K T.

rel

Proof. This is the case k = %; 0=id. O

Definition 4.8 A field extension L/k is a splitting field for the polynomial f(X) € k[X]iff L = k(aq, ..., ap)
and aq,...,q, are all the roots of f(X) in some larger field (n = deg(f)).

Remarks:
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(1) When we view f(X) € L[X], then f(X) splits into linear factors
fX) =X —ar)-- (X —an)

in L[X], hence the name. Conversely, if M/k is a field extension and in M[X], the polynomial f(X)
splits into linear factors, then M contains some splitting field for f. (Here, f(X) € k[X].)

(2) Suppose L/k and L'/k are two splitting fields for the same polynomial f(X) € k[X]. Then L = L’ iff
L —; L' (L and L' are identical, not just isomorphic).

Proof. The implication (=) is obvious. Conversely, assume L —; L. Say €2 is a common extension

of L and L’ in which f(X) splits. In €, the polynomial f has just n roots, say (i,...,0,. Yet,
L=k,...,0,) and L' = k(S4,...,5,), too. Therefore, L = L'.

(3) Suppose L/k is a splitting field for f(X) € k[X] and k = k via some isomorphism, 6. If f(X) is the
image of f(X) by 6, and if 6 extends to an isomorphism L & L for some extension L/k, then L is a
splitting field for f(X).

Proposition 4.24 Say f(X) € k[X] and 0: k — k is an isomorphism. Write f(X) for the image of f(X)
by 0. Then, 0 extends to an isomorphism from any splitting field of f to any splitting field of f. In particular,
any two splitting fields of f(X) are k-isomorphic (case k =k; f = f).

Proof. Apply the extension lemma to the case where K is any chosen splitting field for f and I' is any
chosen splitting field for f The extension lemma yields an extension K / k and an extension 6: K — K with

K a By Remark (3), the field K is a splitting field for f. By Remark (2), as K and T are both splitting
ﬁelds and K o I, they are equal. []

Definition 4.9 An algebraic field extension, M/k, is normal iff for all irreducible k-polynomials, g(X),
whenever some root of g is in M, all the roots of g are in M.

Proposition 4.25 Say M/k is a finite extension and write M = k(B1,...,08:). Then, the following are
equivalent:

(1) M/k is normal.
(2) M is the splitting field of a family, {ga}ta, of k-polynomials (the family might be infinite).
(8) M is the splitting field of a single k-polynomial (not necessarily irreducible).

(4) M is identical to all its k-conjugates; here two fields are k-conjugate iff they are both related and
k-isomorphic.

Proof. (1) = (2). For each ;, there is an irreducible k-polynomial, say g; with g;(3;) = 0. By (1), all the
other roots of g; are in M. Therefore, M contains the splitting fields of each g;. But, clearly, M is contained
in the field generated by all these splitting fields. It follows that M is equal to the splitting field of the
(finite) family of k-polynomials g¢1,. .., g;.

(2) = (3). Say {ga} is the family of k-polynomials for which M is the splitting field. (Note that we may
assume that deg(gy) > 1 for all g,.) Pick a countable (at most) subset {gi, ga,...,} of our family. Then,
M contains the splitting field of gy, call it M;. We have M O My D k and [M: M;] < [M: k]. If M # M,
then M contains the splitting field, Ms, of g1 and g5, where we may assume that the splitting field of g is
distinct from M;. Thus, we have M D My O M, O k. Since M is finite over k, the above process stops and
we deduce that M is the splitting field of a finite subfamily {g1,...,g:}. Then, take g = szl gi, and (3)
holds.

3)=4). It M is a k-conjugate of M, then
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(a) M is a splitting field (k-isomorphic to M)
(b) M = M.
But, we know that (a) and (b) imply that M = M.
(4) = (1). Pick an irreducible k-polynomial, g, and a € M with g(a) = 0. Consider the extension lemma

in the situation where k = k and I' = M. Pick in an algebraic closure, M, of M, any root 8 of g. We get
the diagram

rel

rel

rel

By the extension lemma applied to the upper portion of the above diagram, there exists M with M oM
and an extension 0: M — M. But, 0 [k=0]k=1id, so fis a k-isomorphism and M —; M. By (4), we get
M = M. Since § € M, we have 8 € M. []

Corollary 4.26 Say M 2O K D k and M is normal over k. Then, M is normal over K.

Proof. Use (3), i.e., M is the splitting field of some g € k[X]. Yet, g € K[X], and use (3) again. []
@ M normal over K and K normal over k does not imply M normal over k.

Here is a counter-example to the transitivity of normality. Let k = Q; K = Q(+/2); the extension K/k
is normal. Let o = /2 and L = K(y/a); again, L/K is normal of degree 2. Observe that L is the splitting
field over K of X% —a € K[X]. But, L/Q is not normal. This is because the polynomial X* — 2 has a root,
Va, in L, yet iy/a is not in L because L C R.

@ M normal over k and M O K DO k does not imply K normal over k.

Corollary 4.27 (SMA, I?) Say M is normal over k and g is any irreducible k-polynomial with a root o € M.
Then, a n.a.s.c. that an element 3 € M be a root of g is that there exists o, a k-automorphism of M (i.e.,
ol k=id) so that o(a) = 3.

Proof. (<). If a is a root and g € k[X], then

0=0(0) = a(g(a)) = glo(a)) = g(B).

So, ( is a root.

2SMA = sufficiently many automorphisms.
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(=). Say # € M is a root, then there is a k-isomorphism k(o) — k(3). Now, k(3) = M; so, in the
extension lemma, take I' = M:

rel

rel

rel

We get 6: M — M7 a k-isomorphism and M 3 M. By (4), M = M. So, 6 = o is our required automorphism
(it takes a to ). [

Corollary 4.28 (SMA, II) Let M be normal over k and say K, K' are subextensions of the layer M /k (i.e,
MDOK2Dkand M D K' D k). If0: K — K’ is a k-isomorphism, then there is a k-automorphism, o, of
M so that o | K = 6.

Proof. Apply the extension lemma with I' = M to the situation

There exist § and M with 6 a k-isomorphism and M —3 M. By (4), M = M. Therefore, o = 0 is our
automorphism.

Corollary 4.29 Say K/k is a finite extension of degree [K : k] = n, then there exists M O K with
(1) M is normal over k and
(2) Whenever W is normal over k, W 2 K and W 3 M, then automatically W 2 M.
(3) [M: k] < nl,
The field, M, is called a normal closure of K/k.

Proof. (DX).
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4.5 The Theorems of Dedekind and Artin; Galois Groups & the
Fundamental Theorem

Recollect that a K-representation of a group, G, is just a K[G]-module. So, a K-representation of a group,
G, is just a K-vector space plus a (linear) G-action on it (by K-automorphisms); that is, a homomorphism
G — Aut(V). If dimg V < oo, we have a finite dimensional representation. In this case, Aut(V) =
GL(V) = GL,(K), where n = dimg (V) is the degree of the representation. Say p: G — GL,(K) is
our representation. Then, x,(c) = tr(p(o)), the trace of p(o), is a function G — K independent of
the basis chosen, called the character of our representation. The case n = 1 is very important. In this
case, the characters are the representations, x, = p. Therefore, we have functions x: G — K*, with
x(o7) = x(0)x(7). From now on, we use only one-dimensional characters.

Definition 4.10 Suppose {xa}a is a given family of characters, xo: G — K*, of the group G. Call the
family independent iff the relation

Zajxj(a) =0, foralloeG
j=1

implies a; =0, for j =1,...,n (all applicable n).

Theorem 4.30 (R. Dedekind, about 1890) If G is a group and {Xa}ta is a family of mutually distinct
characters of G (with values in K* ), then they are independent.

Proof. We may assume our family is finite and we use induction on the number of elements, n, in this family.
The case n = 1 holds trivially. Assume that the result holds for all £ < n — 1 characters. Say x1,..., X, are
distinct characters of G and suppose

Y ajxi(0) =0, foralloeG. »
J=1

The induction hypothesis implies that if the conclusion of the theorem is false, then a; # 0, forall j =1,...,n.
Since the x; are distinct, there is some o # 1 with x1(c) # xn (). Divide (x) by a,, # 0, to obtain

n—1
Z bjx;j(0) + xn(c) =0, foralloe€G. ()
j=1
Consider the group element ao, then (k) is true for it and we have
n—1
Z bix;(a)x;(0) + xn(a)xn(c) =0, foralloed.
j=1

If we multiply by x,(a)™!, we get

n—1

Z(ijn(a)_l)(j(a))Xj(U) + xn(o) =0, foralloed. ()
j=1

If we subtract (f) from (), we get

n—1

> b1 = xn(@) 'y (@)x;(0) =0, forallo€G.

Jj=1
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By the induction hypothesis, b;(1 — xn(a) " tx;j(a)) = 0, for j = 1,...,n — 1. If we take j = 1 and we
remember that by = ay/a, # 0, we get

1= xn(@) " xi(a) =0,
i.e., xn(a) = x1(e), a contradiction. []

Corollary 4.31 Say {xal}a is a family of mutually distinct isomorphisms of a field L with another, L.
Then, the xo are independent.

Proof. Take G = L* and K = L in Dedekind’s theorem. []

Definition 4.11 If {x,}+ is a family of isomorphisms K — f(, then set
Fix({xa}) = {£ € K | (Va, B)(xa(§) = x5(£)}

Observe that Fix({xa}) is always a subfield of K, so we call it the fized field of {xa}a-
Note that Fix({x.}) contains the prime field of K.

Theorem 4.32 (E. Artin, 1940) If {xa}a is a family of pairwise distinct isomorphisms K — K and if
k =Fix({xa}), then

(1) [K: k] = min(Ro, #({xa}))

(2) Say {xa} forms a group under composition (so, K = K and all o ’s are automorphisms of K ), then
if #({xa}) =n < 00, we have [K: k] =n and if n = oo then [K: k] = oc.

Proof. (1) First, we consider the case where we have a finite set, {x1,...,Xxn}, of isomorphisms K — K.
Let k = Fix({x;}7;) and assume that [K: k] < n. Then, there exists a basis, w1, ... ,w,, of K/k and r < n.
Consider the r equations in n unknowns (y;’s)

As r < n, this system has a nontrivial solution, call it (a1, ..., a,) (with «; € I?) So, we have
n
Zajxj(wi) =0, 1<i<r.
j=1
Pick any £ € K, as the w;’s form a basis, we can write £ = >_!_, a;w;, for some (unique) a; € k. We have

i a;x;(§) = Zi: ;X (z:: awi) = z”: 27: X (ai)x; (wi)-

j=1i=1

But, x;(a;) = xi(a;), for all 4,1, as a; € k and k = Fix({x;}). Write b; = x;(a;) (independent of j). So, we

have N . .
Z a;x;(§) = Z bi (Z X (wz))
Jj=1 i=1 j=1

But, Z;‘L:1 a;jx;(wi) =0, by the choice of aq,...,ay,, so

Z%’Xj(f) =0, forallé&.
j=1
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This contradicts Dedekind’s theorem and thus, [K: k] > n.

Now, consider the case where #({xo}) is infinite. If [K: k] were finite, then pick any n > [K: k] and
repeat the above argument with the subset {x1,...,xn}. We deduce that [K: k] must be infinite.

(2) Now, suppose {x1,...,Xn} forms a group under composition (i.e., they are a group of automorphisms
of K). Then, one of the x;’s is the identity, say x1 = id. It follows that for every a € k, we have

xj(a) = x1(a) = a, so
k=TFix({x;}) ={a € K| xj(a) =a, j=1,...,n}

By part (1), we know [K: k] > n; so, assume [K: k] > n. In this case, there exist > n elements,
w1, ...,w, € K, linearly independent over k. Consider the n equations in r unknowns (z;’s)

T
inxj(wi):O, j:l,...,n.
i=1
Again, there is a nontrivial solution, say a1, ...,a,, with a; € K. So, we have

Zain(Wi):()a j=1...,n. (1)
i—1

Note that for any nontrivial solution, the a;’s can’t all be in k. If they were, then (f) with j = 1 gives
>, aiw; = 0, contradicting the linear independence of the w;’s.

Pick a solution containing a minimal number of nonzero a;’s, say ai,...,as # 0 and asy1 = --- = a, = 0.
If we divide (t) by as, we get

s—1

S b (i) +xi(ws) =0, j=1,....n. ()

i=1

By the remark above, there is some 4, with 1 < i < s — 1, so that b; ¢ k. By relabelling, we may assume
that by ¢ k. As by ¢ k, there is some p (1 < p < n) with x,(b1) # b1. Apply x, to (1t); we get

3 X005 0 X)) + (005 = 0, G = Lo

As x; ranges over {x1,...,Xn}, 50 does X, © x;; consequently, we have
s—1
ZXp(bi)Xf(Wi)+X5(ws) =0, EZ ... n. (*)
i=1

If we subtract (x) from ({}), we obtain

s—1

Z(bz_Xp(bz))Xﬁ(Wz) 207 f: 1,...,7’L.

i=1

But, we know that by # x,(b1). For this p, not all the coefficients are zero, so we get a solution with strictly
fewer nonzero components, a contradiction to the minimality of (a1, ...,as). []

Definition 4.12 If Q is a finite, normal extension of k, the Galois group of Q/k, denoted G(2/k), is the
group of all k-automorphisms of € (i.e., the automorphisms, o, of Q so that o [ k = id). Say f € k[X] and
let 2 be a splitting field for f(X) over k. The Galois group of the polynomial, f(X), over k, denoted G(f),
is just G(Q/k).
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Lemma 4.33 Suppose Q) is finite, normal over k and G = G(Q/k) is its Galois group. Then, a n.a.s.c. that
¢ € Q lie in Fix(G) is that & be purely inseparable over k.

Proof. If € is purely inseparable over k, then there is some s > 0 so that & € k. Then, for every o € G,
we have o(£7") = &, But, o(&) = (0(£))F", so (o(£))P" = &5 since char(k) = p, it follows that
(0(€) — €)P" = 0. Therefore, o(£) — & = 0, i.e., £ is fixed by ¢ and ¢ € Fix(G). Conversely, assume that
¢ € Fix(G). First, pick an element « € Q, with a separable over k and « ¢ k, if such an element exists.
Then, « is a simple root of some irreducible k-polynomial g. But, €2 is normal, so all the roots of g lie in
Q and as a ¢ k, we have deg(g) > 1. Consequently, there is another root, 3 € Q, of g with § # « and by
SMA, 1, there exists o € G so that o(«a) = 5. Now, consider our £ € Fix(G). As £ € Q, there is some power,
€P", of € that is separable over k. Since ¢ is fixed by all ¢ € G, so is €. If £&¥" were not in k, then " could
play the role of o above, so it could be moved to some 3 # «, a contradiction. This implies that £7" € k,
i.e., & is purely inseparable over k. []

Nomenclature & Notation.

Say Q/k is a normal (not necessarily finite) extension. Pick an extension, K, in the layer Q/k, i.e,
k C K C Q. Define

K(*):{geg\fprel(, forsomerZO}.

(Obviously, p = char(k).) Note that K®) = QN KP ™ in some algebraic closure (where K? ~ is defined as
{6 K| (3r>0)(¢" € K)}). Also define

Ky ={{€ K| isseparable over k}.

Note: K*) and K, are subfields of /k and we have K, C K C K C Q.

We say that K is Galois equivalent to K’ (where k C K C Q and kK C K’ C Q) iff K® = K'®): write
K gal K’. This equivalence relation fibers the subextensions of Q/k into Galois equivalence classes.

Corollary 4.34 If Q/k is finite, normal, then Fix(G(Q/k)) = k™). In particular, if k € L C Q, then
Fix(G(Q/L)) = L™,

Corollary 4.35 If Q/k is finite, normal, then #(G(Q/k)) divides [Q: k]; in particular,
#(G(Q/E)) < [Q: K] < 0.

Proof. By Artin’s theorem (Theorem 4.32) #(G(2/k)) = [Q: Fix(G(2/k))]. By Lemma 4.33, we have
Fix(G(Q/k)) = k™). Therefore, #(G(Q/k)) = [Q: k)] which divides [Q: k]. []

Corollary 4.36 If Q/k is finite, normal and k is perfect, e.g. char(k) =0, then #(G(2/k)) = [Q: k).

Corollary 4.37 Say [ is a separable, irreducible k-polynomial with degree deg(f) = n. Then, there is an
injection Gi(f) — &, (where &,, denotes the symmetric group on n elements) and this injection is unique
up to inner automorphisms in &,. In particular, #(Gr(f)) | n!l.

Proof. Write aq,...,ay, for all the roots of f (they are all distinct) in some order. Given o € Gi(f), the
element o(a;) is some other root of f, call it cy,_ ;. Then, p, is a permutation of the n roots, i.e., ps € &,.
Clearly, the map o — p, is a homomorphism Gi(f) — &,. If p, = id, then o(a;) = «; for all i, so
o | Q =1id, as Q, the splitting field of f, is generated over k by the «;’s. So, o =id in Gi(f) = G(2/k), and
the our map Gi(f) — &,, is an injection. We can reorder (relabel) the aq, ..., a,; to do so introduces an
inner automorphism of &,,. []
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Remarks: (On Galois equivalence)

(1)
(2)

If K CK', then K& C K'®)_ Indeed, if € € K& then & € K C K’ (for some r > 0), so £ € K ),

For all K in the layer Q/k (of course, Q/k is a finite normal extension), we have K gal K*). Hence,
the Galois equivalence class of any field possesses a unique least upper bound, namely K*) for any K
in the class. For, K C K so K*) C (K®)®), Also, if &€ € (K®*))®), then ¢ € K™, for some
r; but then, (£2")P° € K, for some s, i.e., SPT+S € K, which means that £ € K*). Consequently,
(KN € K& and so (K®)*) = K ie. K gal K®. If K gal L then K& = L&) K € K®) and
L C LM, so K® = L® is indeed the least upper bound of the equivalence class of K and L.

If K belongs to the layer Q/k (where Q/k is normal), then K,y gal K and K,y is the unique greatest
lower bound for the Galois equivalence class of K.

Proof. If we prove that (K(*))(*) = K™ and (K(*))(*) = K(.), we are done. The first equation will
prove that K,y gal K. As K(,) C K, we get (K(*))(*) C K™, Pick € € KM then & € K, for
some 7 and (¢P)P" = ¢ Ky, for some s, so § € (K(*))(*); hence, (K(*))(*) = K™, Now, pick
§ € K., then § € K™ (as Ku CKC K)) and since € is separable over k, we have & € (K(*))(*).
Conversely, if £ € (K(*))(*), then £ € K which means that & is inpurely separable over K. Yet, £ is
separable over k, so £ is separable over K. As ¢ is purely inseparable over K and separable over K,
we get § € K; moreover, as § is separable over k, we get § € K.

We have K gal L iff K = L), hence in each Galois equivalence class, there is a unique greatest
lower bound, it is the common K. If K gal L, then K® = L™ go

Ky = (™) = (L)) = Ly,
by (3). Conversely, if K(,) = L), then

K& — (K(*))(*) - (L(*))(*) =L,
again, by (3), i.e.,, K gal L.
Suppose K gal L and K,L C Q/k, Then, G(U/K) = G(Q2/L), hence the maps

G(Q/LY) = G(Q/L) = G(Q/L(.)
are equalities. All we need show is G(Q/L) = G(Q/L™*)). We already know G(Q/L™*)) C G(Q/L), as
L C LY. Say 0 € G(Q/L) and pick any & € L*). Then, & € L, for some r > 0. Consequently,
cr(fpr) = ¢ as o | L =1id. As ¢ is an automorphism, we get (o(£))P" = €', ie., (o(&) — &P =0,

and so, o(§) = £. As ¢ is arbitrary in L), we have ¢ | L*) = id; since o is arbitrary, the proof is
complete.

Theorem 4.38 (Fundamental Theorem of Galois Theory) Suppose Q/k is a finite, normal extension. Write
G for G(Q/k) and write [K] for the Galois class of K C Q/k. Then, the maps

H +— [Fix(H)] and [L]— G(Q/L)

establish a one-to-one order-reversing correspondence between all subgroups of G and all the Galois classes of
subextensions L/k C Q/k. Here, [K] C [L] means K*) C L) as fields. In this correspondence, G(Q/L) <G
iff L) is a normal extension of k iff L.y is a normal extension of k. When the latter is the case, then there
is a canonical exact sequence

0 — G(Q/L) — G(Q/k) — G(L™ /k) — 0.
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Claim 1. If L = Fix(H), then L = L*)

Pick £ € L™, s0 &¢" € L, for some r > 0. Then, for all o € H, we have a(fpr) =¢P", and by a standard
argument, ¢ € Fix(H) = L. Consequently, L(*) C L, yet L C L"), so L = L(*).

Proof of Theorem /.38. Now say H C H and look at Fix(H ) If¢e le(H) then for every 7 € H, we have
7(§) = € and so, for every o € H, we have o(§) = &, i.e., £ € Fix(H). Consequently, Fix(ﬁ) C Fix(H) and so,
[Fix(H)] C [Fix(H)], by Claim (1). Now, if [L] C [L], then L&) C L™, If o € G(Q/L), then o € G(Q/L™)
(by Remark (5), above); so, o € G(Q/L™®)) = G(Q/L) (again, by Remark (5)). Thus, G(Q/L) C G(Q/L).

Given H C H, say we know Fix(H) = Fix(H). By Artin’s theorem, we have
#(H) = [Q: Fix(H)] = [Q: Fix(H)] = #(H).

As H C'H and #(H) = #(H), we get H = H.

Choose a subgroup, M, of G and let L = Fix(H); write H for G(Q/L) = G(Q/Fix(H)). If o € H,
then o fixes L, so 0’ € Hand H C H. But, Fix(H) = Fix(G(Q/L)) = L™, by Corollary 4.34. Thus,
Fix(H) = (F1~X(H)) . Claim 1 implies that (Fix(H))*) = Fix(H), so Fix(H) = Fix(H) and, by the above,

we get H = H. Therefore, H = G(Q/Fix(H)).
Consider L, make G(Q/L) and form Fix(G(2/L)). By Corollary 4.34, we have Fix(G(Q/L)) = L™ and
L gal L™ so [L] = [Fix(G(Q/L))].

Having proved all the statements about the order inverting correspondence, we see that only normality
statements remain.

Claim 2. If L C Q/k, then L is normal over k iff for every o € G(2/k), we have o(L) = L.
(=). For every o € G(Q2/k), the field o(L) is k-conjugate to L. As L is normal over k, we find o(L) = L.

(«<). Assume o(L) = L, for every o € G(Q/k). Let g be any irreducible k-polynomial and assume that
a € Lis aroot of g. But, a € Q and € is normal; consequently, all the roots of g lie in 2. Say § € Q) is any
other root of g. By SMA, I, there is some ¢ € G so that o(a) = 8. So, § € o(L), and as (L) = L, we get
(€ L. Thus, L contains all the roots of g which means that L is normal over k.

Assume G(Q/L) <1G. Look at L™) and choose any o € G and any 1 € o(L*)). Then, o=*(n) € L*) and
for all 7 € G(Q/L) = G(Q/L™), we have

(o™ (n) = o(r(c™"(n))) = (oo™ ") () =,

because o~(n) € L™). Thus, (¢G(Q/L)o)(n) = n, and as G(Q/L) < G, we get G(Q/L)(n) = n, so
n e FiX(Q(Q/L)) = L™ as we know. In summary, if n € o(L™*)), then n € L™, i.e., o(L™)) g LX), If we
apply this to o~ , we get o~ H(L™) C LM ie. L®) C ¢(L™). Therefore, L) = O’(L( )) and by Clann 2,
the extension L™ /k is normal.

Now, say L*) is normal over k. Then, we know o(L*)) = L*) for all o € G(Q/k). For any ¢ € L*) and
any 7 € G(2/L), we have

(070~ 1)(€) = a(1(a7H(€))) = (007 1)(&) =&,
because 01 (€) € 0~ (L™)) = L) by hypothesis. So, oro~! € G(Q/L™)) = G(Q/L) and thus, G(Q/L) <G
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Suppose L*) is normal. We have a map G(Q/k) — G(L™) /k) via 0 +— o | L) (o | L&) € G(L™ /k),
by normality). This map is onto because, given any o € G(L(*) /k), we have the diagram

e

i

L) ——
k

and by SMA, II, the automorphism o lifts to an automorphism, &, of 2. The kernel of our map is clearly

G(Q/L).

Lastly, we need to show that L™ is normal iff L, is normal. Say L) isnormal and 0 € G. If € € L.,
then ¢ € L™ and o(¢) € L™ (as L™ is normal). But, o(€) is separable over k as & is. It follows that
a(§) € (L(*))(*) = L,y and so, o(L(4)) C L(4). By the usual argument, (L)) = L) and L, is normal.
If L, is normal and £ € L) then & € Ly, for some r > 0. It follows that 0(£pr) € o(Ly) = L), so
(0(€))P" € Ly, Le., 0(§) € (L(w))™ = L™; thus, o(L™)) € L™ and, by the usual argument, we conclude
that L™ is normal. []

2

*)

W‘HEH

)

Proposition 4.39 Suppose Q is normal over k and L/k C Q/k. Then L = L) iff Q is separable over L.

Proof. (=). Say € is separable over L, then as L™ C Q, we find L™ is separable over L. Yet, L(*) is
purely inseparable over L. It follows that L = L*).

(«<). We must prove that Q is separable over L™*). Pick o € ©Q and consider G(Q2/L(*)). Choose
01,00 € G(Q/LM) so that

(1) 01y =id and a = 01 (), 02(c), ..., 0, () are mutually distinct,
(2) n is maximal, i.e., no further o € G(2/L™*)) can be added while preserving (1).
Consider g(X) = [[I_,(X — oj(a)). If 0 € G(Q/LXM), the elements coy(a),...,00,(a) are a per-
mutation of «,o9(a),...,on(a), so cg(X) = g(X). This implies that the coefficients of g(X) belong to

Fix(G(Q/L™)) = L™, Thus, g(X) € LH[X], but the roots of g(X) are distinct and « is among them.
Therefore, a is separable over L™). ]

Corollary 4.40 Assume Q/k is a finite normal extension. Then, the following are equivalent:
(1) Q is separable over k.
(2) k*) =k.
(3) For all subextensions, L, of Q/k, we have L*) = L.
(3a) For all subextensions, L, of Q/k, the equivalence class [L] has but one element.
(4) Same as (3) but for some extension L/k C Q/k.
(4a) Same as (3a) but for some extension L/k C Q/k.

(5) =)
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Proof . First, observe that the equivalences (3) <= (3a) and (4) <= (4a) are obvious.
(1) = (2). This is Proposition 4.39 when L = k.

(2) = (3). Given L C Q/k, then L) C Q. By Proposition 4.39, 2 is separable over k. Thus, L(*) is
separable over k and so L(*) is separable over L.y; yet, L™ is purely inseparable over Ly, so L™ = L.

(3) = (4) is a tautology.

(4) = (5). We have L) = L,y, for some L C Q/k. Proposition 4.39 implies that (2 is separable over Li,).
But, L(,) is always separable over k and separability is transitive, so {2 is separable over k, i.e., = Q(,.

(5) = (1). By definition, €2, is separable over k and Q = €)(,), so (2 is separable over k. []
Proposition 4.41 Say Q/k is a finite normal extension. Then, Q@ = Q(*)k(*) (= the smallest field containing

Q) and k™). The natural map
Qy @ k) — Q

is an isomorphism. Indeed, for all L/k C Q/k, we have
(1) L™ = L) = L(*)k(*).
(2) Ly = LN Q.

(3) The natural map
L(*) Rk RGO NN )

is an tsomorphism.

Proof. We just have to prove (1)—(3) for L/k C Q/k and then set L = €2 to get the rest.

(1) Since L) D k) and L™ D L D L(.), we deduce that L*) D L,yk™) and L™ D LE™. If ¢ € L),
then & is purely inseparable over L.y, so { is purely inseparable over L(*)k(*). If ¢ € L™ then ¢ is separable
over k() (by Proposition 4.39), so ¢ is separable over L(*)k(*). Thus, L(*) is both separable and purely
inseparable over L(*)k(*), which means that L) = L(*)k(*)

(2) This is the definition of L, as L C €.

(3) The (illegal definition of the) map is a ® § — «f. The image is L(*)k(*) = L™, So, we need to prove
our map is injective. Now, k**) C kP"~ (where k» ~ = {£ € k | £&¥" € k, for some r > 0}). By Mac Lane I
and right limits, we get

— oo

Ly @ K7~ — Leok?

is injective (because L, is separable over k). But, 0 — E®) — EP™7 is exact and vector spaces over a
field are flat, so

0 — Lgy @k k™ — Ly @k kP

is still exact. Then, the diagram

0—— L) ®x k) —— Ly ®k kr

| |

L(*)k‘(*) (G L(*)kl’ﬂo

commutes, and this shows that L) ®x ) — L(*)k(*) =L™ s injective. []
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Proposition 4.42 Suppose Q/k is a finite normal extension and G = G(Q/k). Let L/k C Q/k and H =
G(Q/L). Then,

(1) [2: L&) = #(H).
(2) [L(*)Z k| =(G: H).

Moreover, we have [Q: Q)] = [L¥): L] = [k™): k] = a p-power (the degree of inseparability of Q/k).

Proof. We know Fix(H) = L*). So, (1) is just Artin’s theorem (Theorem 4.32).
Claim: The map o +— o [ Q(,) is an isomorphism G — G(Q(.)/k).

We know €, is normal over k, so o | €, takes Q,y to itself. Therefore, the map G — G(Q)/k)
given by o+ o [ €, is well defined. If o +— id € G((,)/k), then o [ Q(,) leaves Q) element-wise fixed.
If £ € Q, then 7" € (4, for some r. Therefore, a(ﬁpr) = 7", By the usual argument, we conclude that
o(§) = &. Therefore, o = id on Q and our map is injective. Pick 7 € G(€(,)/k). We have the diagram

By SMA, II, our automorphism & comes from a o: 0 — €2; so, our map is onto.
We have Fix(G(Q.)/k)) = k (as k) = k in Q(,)). By Artin’s theorem, [Q(.): k] = #(G). Now,
[Q: L] = [Q: LONL™ Lyl =[9: Q][Quy: L],

and

H=G(Q/L) = G(Q/ L) = G(Q/L™) = G(Q /L),
by what’s just been proved. By Artin’s theorem, [Q: L™)] = #(H), so
[Q: Lol = #(H)[LP): L) = [ Qe #(H);
it follows that [L(): L] = [Q: Q,)], for all L. As remarked above,
#(9) = Qe k] = Qe LeollLeo s k] = #(H) Ly < K.
Consequently, [L,): k] = (G: H). O

A picture of the situation is shown in Figure 4.1.
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Figure 4.1: Structure of Normal Extensions
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4.6 Primitive Elements, Natural Irrationalities, Normal Bases
Proposition 4.43 If G is a finite subgroup of K* = G,,(K), where K is a field, then G is cyclic.

Proof. An abelian finite group is cyclic iff its p-Sylow subgroups are cyclic (DX). So, we may assume that
#(G) = p", for some r > 0 and some prime p. Let 2 € G be an element of maximal order, ¢ = p’, with
t < r. Pick any y € G; the order of y is equal to p® for some s. But order(y) < order(x), so s < t. As
order(y) | order(z), we must have y? = 1. So, for every y € G, the element y is a root of T — 1. As K is
a field, this polynomial has at most q roots. But, there exist ¢ roots in G: 1,z,...,29 !, Therefore, G is
generated by z. []

Corollary 4.44 In any field, the n-th roots of unity in the field form a cyclic group. It is a finite subgroup
of G (K).

Corollary 4.45 The multiplicative group of a finite field is always cyclic. FEvery nonzero element of a finite
field is a root of unity.

Theorem 4.46 (Artin’s Theorem of the Primitive Element) Suppose K /k is a finite extension of fields, then
there is some « € K so that K = k(«) iff there are only finitely many fields, L, with k C L C K. (Such an
« s called a primitive element).

Proof. (=). Assume K = k(«). Let L be any subfield of K, write f(X) for the minimal k-polynomial of a.
We know that f(X) is irreducible in k[X]. Let g(X) be the minimum L-polynomial for o. As k(a) = L(a),
we have [k(a): L] = [L(«): L] = deg(g). Take L’ to be the field obtained by adjoining the coefficients of g to
k; we have L' C L. Thus, g(X) € L'[X] and g(X) is irreducible over L’. Consequently, [L'(a): L'] = deg(g).
But, L'(a) = k(«), so

deg(g) = [k(a): ] = [k(a): L][L: I'] = deg(g)[L: I,

and we deduce that L = L’. This means that L is uniquely determined by g. However, every g(X) is a
factor of f(X) € K[X] and since there are only finitely many factors of f(X), there are only finitely many
subfields L.

(«). Say K/k possesses just finitely many subfields.
Claim: Given «, 3 € K, there is some v € K with k(a, 3) C k(7).

If the claim holds, we can finish the proof by induction on the number of generators, n, for K /k. The cases
n = 1,2, are clear. Assume that the induction hypothesis holds for n — 1 > 1, and let K = k(aq,...,ap) =
k(aq, ..., an—2)(an_1,a,). The claim implies that K = k(aq,...,an—2)(7), and the induction hypothesis
finishes the proof. So, we just have to prove the claim.

If k is finite, so is K. Consequently, K* = G,,(K) is cyclic, which means that K* = Gp{a} and
K = k(a). Thus, we may assume k is infinite. Make a map from & to the subfields of k(a, ) via

A k(a4 AB) (C (o B)).
Since k is infinite and since there are only finitely many subfields, there is a pair (A, X), with \ # X, and
k(a+M\3) = k(o + AB) = L.

Thus, both a + A3, o + Xﬁ €L,so(\— X)B € L. But A — \ #0,s0 3 € L, and then, a € L. It follows that
k(a, ) C L =Fk(a+ \3), and v = a+ AF does the job. []

Corollary 4.47 (Kronecker’s Theorem of the Primitive Element) Suppose K/k is a finite separable field
extension, then there is some o € K so that K = k(«).
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Proof. If Q is the normal closure of K, then it is normal and separable over k. By the main theorem of
Galois theory, there is a one-to-one correspondence between subfields of /k and subgroups of G(Q2/k). As
G(/k) is finite, there are only finitely many subfields of /k. But, any subfield of K/k is a subfield of Q/k,
which means that there are only finitely many subfields of K /k. Then, Theorem 4.46 (Artin) implies that «
exists. []

Corollary 4.48 Say K/k is a finite degree field extension and Q) is some field with k C Q. Then, the
number of k-monomorphisms K — Q is at most [K : k]s. If[? 1s a field k-isomorphic to K and K %
then the number of k-monomorphisms K — Q is equal to [K: ks iff Q contains the normal closure of K.
In particular, if K C Q, then the number of k-monomorphisms K — Q is equal to [K: k]s iff Q contains

the normal closure of K.

Proof. Look at K.y, then we know that [K(,: k] = [K: k]s. By Kronecker’s theorem of the primitive
element, there is some a € K(,) so that K, = k(a). To give a k-monomorphism K —  implies that
we have a k-monomorphism K,y — € and the latter is determined by its value on a. Furthermore, two
k-monomorphisms of K to {2 which agree on K,) necessarily agree on K. Hence, the choice of an image of «
in  determines a k-monomorphism of K — €. The image of «, say (3, satisfies the minimal k-polynomial,
g(X), for a. Consequently, the number of k-monomorphisms K —  is at most equal to the number of
roots of g(X) in , which is at most deg(g) = [K: k]s.

Take K with K — © and say K is k-isomorphic to K. Since K = K, we are reduced to the case K = I~(,

ie., Q ~ K. We obtain the maximum number of k-monomorphisms iff € contains all the roots of any

irreducible k-polynomial one root of which lies in k. For then all the conjugates of « are there and their p"th
roots for suitable r. [

Theorem 4.49 (Natural Irrationalities) Say Q/k is finite normal and k D k is some field with k o 2
Write € for the compositum ofE and €1, denoted Ok (the smallest field containing Q and E} Then,

(1) Q/k is a normal extension (finite degree).

(2) The map o — o | Q gives a canonical injection G(QU/k) — G(Q/k). The image of this injection is
G(Q/D), where D =QnNk.

Proof. (1) We know Q = k(ai,..., o), where ay,..., o are all the roots of a k-polynomial, f. Now,
QO =k(ay,...,a:) = a splitting field of the same f, but now viewed as a k-polynomial. So (1) holds.

(2) Given o € G(G/k), look at o | Q. We know o(€2) is a k-conjugate to € (inside €2). As € is normal,
o(Q) = Q, and so, o |  is an automomorphism of . As o fixes E, it fixes k C k. Thus, o | Q € G(Q/k).
If o | Q were the identity, we would have o(c;) = a; , for all j. Also, o | k = id and thus, o fixes all of
k(ay,...,a;) = Q. Therefore, o = id in G(G/k), i.e., our map is injective.

Let D = QNk and let H be the image ofg(ﬁ/g) in G(Q/k). We have H = Q(Q/E) As D C k, we see that
H fixes D, so H € G(/D). Let L = Fix(H). We know that L = L(*). As D is fixed, D C L = L®*) C Q.
Now, all elements of H come from G(Q/k), which implies that Fix(H) C Fix(G(2/k)) = k*), by Corollary
434. So, D C L =L® C k™ and D C L = L™ C Q. Pick € € L. Then, ¢ € k™), s0 & € k, for some r.
But, £ € L C Q, s0 & € Q, and thus, ¥ € kN Q = D. It follows that L € D™, As L = L™, we have
L) C D™, Yet, D C L, so D® C L™ and therefore L*) = D& Tt follows that

G(Q/D) =G(Q/L) = G(Q/Fix(H)) = H,

by the fundamental theorem of Galois theory. []
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Corollary 4.50 (Original Form of Natural Irrationalities) Say f is a k-polynomial and k C k. Then, G;(f)
is a subgroup of Gy(f) in a natural way and in fact, Gz (f) = Gp(f), where D = QN k and Q E% is a
splitting field of f.

Explanation: Let () be a given splitting field of f. The elements of {2 were termed the natural irrationalities
of f. The reduction in Gi(f) effected by considering f over k is the same as that achieved by considering f
over the field of those natural irrationalities of f contained in k.

Theorem 4.51 (Normal Basis Theorem) Suppose K/k is a finite normal and separable extension and let
G(K/k) be its Galois group. Then, there is some 0 € K so that {o0 | 0 € G(K/k)} is a k-basis for K. (This
is called a normal basis for K/k).

Proof. By Kronecker’s theorem, K = k(«), for some « € K; let f(X) be the minimum k-polynomial for .
We know K = k[X]/(f(X)). Examine two rings: K[X] and A = K[X]/(f(X)). Note,

Ko K =Ko (K[X]/(f(X)) = K[X]/(f(X)) = A.
For o € G = G(K/k), write o, for o(a). Consider the K-polynomials

f(X)
f/(aa)(X - O‘U).

Note that g1(X) = f(X)/(f'(a)(X — «)), so 091(X) = g,(X). The g,’s satisfy the following properties:

ga(X) =

(1) Each g,(X) has degree deg(f) — 1.

(2) If o # 7, then g,(a,) = 0.
Also, by Taylor’s theorem,

f(X) = f(aa + (X - Oéo—)) = f(aa) + fl(aa>(X - a(f) + O(<X - aU)z)a
50, go(X) =14+ O(X — a,) and therefore,

3) golao) = 1.

Consider the polynomial }___; g,(X)—1(€ K[X]). By (2) and (3), we see that this polynomial vanishes on
the n elements a, ag,, ..., qy,, where G = {1,04,...,0,}. By (1), this polynomial has degree n — 1. Hence,
the polynomial is identically zero and we have

Z 9o(X) = 1. (partition of unity) (*)
=Y
In A, we get
> (X)) =1. %)
oeg

Pick o, 7, with o # 7, and look at g,(X)g,(X). For all p € G, we have g,(a,)g-(a,) = 0. But,
F(X) =1l,e6(X —ay), so f(X) | go(X)g-(X) if o # 7. If we read this in A, we get

9o(X)g-(X)=0 in A, if o #7. (orthogonality) (xx)

If we multiply (%) by g,(X), we get
Z 9-(X)g0(X) = g-(X),

oceg
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and if we read this in A and use (xx), we get

(9-(X))* = g-(X) in A. (idempotence) ()

Write e, = go(X), s0 e, € A=K @, K. Then, (x), (%) and («*x%) say:
Z e =1; ezer =0grCqo-
oeg
Therefore, the e,’s are an orthogonal decomposition of 1 by idempotents, and so,
Koy K= [ Ke, =[] K3
oeg oeg

Order the elements of G in some fashion as we did above: 1,09,...,0,, and consider the matrix
(90 (X)) € My (K[X]).

Let D(X) = det(g,-(X)). In order to compute D(X) in A, consider D(X)?. Since
det(gor (X)) = det(go-(X))T, we can compute D(X)? by multiplying columns by columns and summing.
We get
Y 90r(X)gop(X) = D a(gr(X))o(95(X)) = D 0(g+(X)gp(X))-
oceg oeg oeg
If we read this in A, we get

Y 9r(X) gop(X) = D 0(g:(X)go(X)) =0, if T#p; and

ceg oeg

= Y o(gX). it t=p

oceg

= Z gop(X)

oceg

= S X =1, i r=p

TEG

Therefore, we find that in A, the matrix (gor(X))(gor(X))" is the identity matrix and so, D(X)? = 1.
Consequently, D(X)? =1 (mod f(X)), which shows that D(X) # 0.

If k is infinite, then there is some ¢ € k with D(&) # 0. Let 6 = g1(§). Then, 078 = 0791(§) = gor(£).
Consequently, det(o7(6)) = det(go-(£)) = D(€) # 0. If {00} ,cg were linearly dependent, we would have

Z a,70 =0,
TEG
for some a, € k, not all zero. If we apply o, we get
Z a,orh = 0.
TEG
So, (a,) would be a nontrivial simultaneous solution to the linear system of equations
ZXTO'TH =0, for oc€g,
TEG

a contradiction to the fact that det(o7(0)) # 0. Therefore, {00},cg is linearly independent and the case
where k is infinite is proved.

If k is finite, we don’t need the g,(X) and D(X). We do need the following facts to be proved below:

3 At this stage, we are essentially done. However, we’ve not kept track of the G action; so, a little more argument is needed.
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(1) The Galois group G(K/k) is cyclic.
(2) The Galois group G(K/k) has a canonical generator, F, where F(¢) = ¢#() for all ¢ € K.

Recall that for a linear transformation, T', on a finite dimensional vector space, V', if m(X) is the minimal
polynomial for T then there exists a vector, v € V', so that m(T)v = 0 but no polynomial of smaller degree
than m(X) kills v. Now, our K plays the role of V' and the automorphism F plays the role of T. If we can
show that the minimum polynomial of F is exactly X™ — 1, where n = [K: k|, then we take a © in K so
that no polynomial of smaller degree than F" — 1 kills ©. This means that

0,F(©),--- ,F*1(0)

are linearly independent; so by (1) and (2) we have our normal basis.

Of course, by (1) and (2), F*~! — 1 = 0 on K; therefore, whatever is the minimal polynomial for F, it
divides X™ — 1 and its degree is at most n. Were m(X) = ag X% +a; X4~ 4.4 ay the minimal polynomial
for F and d < n, then

0= agF*(€) + mF' () + - + ag1F (&) + agF"(§) (t)

for all £ € K. But this is a contradiction of Dedekind’s Theorem as () is a linear dependence among I,
F,--- ,F¢ and we are done. []

Remark: The argumeent actually proves (independently of previous arguments) that every cyclic extension
possesses a normal basis.

The facts concerning finite fields were proved by E.H. Moore. Here is his theorem:

Theorem 4.52 (E.H. Moore, 1892) If k is a finite field then char(k) = p > 0 and #(k) = p', for some
prime p and some | > 1. If F, is the prime field of characteristic p, then for each integer | > 1, there
exists one and only one finite field of cardinality p', up to F,-isomorphism. If K/k is a finite extension of
degree n and k is a finite field, then K/k is always normal and separable; the Galois group G(K/k) is cyclic
of order n and has a canonical generator, ¥. This F is the Frobenius automorphism, and it is given by
£ F(&) =#¥) | for all € € K. Each finite field has exactly one extension of degree n for each n > 1.

Proof. The statement in the first sentence is well-known. Pick [ > 1 and look at the splitting field of the
polynomial XV —X e F,[X]. Note, if £ and 1 are roots of this polynomial, then & + 7, &n, £/n are also
roots of the polynomial. Thus, the set of roots is a field and it contains IF,,, because for all £ € IF),, we have
&P = £. It follows that the splitting field is exactly the entire set of roots and as the derivative of X P X is
—1, the roots are distinct. Therefore, we get a field with p' elements. Conversely, any field with p! elements
has multiplicative group of order p' — 1. So, this group has a generator of order p! — 1 and for this generator,
0, we get o' = 0. Consequently, any power of 6 satisfies X P~ X =0and so, our field is a splitting field of
xr - X ; such fields are unique up to F,-isomorphism.

Suppose K/k has degree n, then K is a splitting field, so K/k is normal. Moreover, finite fields are
perfect, so K/k is separable.

Consider Fj, € G(K/k) where F = F}, is defined by F(¢) = ¢#*). Look at 1 = FO,F! F2 ... F* L
These are distinct, as F7(8) = F*(#) implies F*~%(f) = 0; that is, 89 ~' = 1. Yet, ¢"~° < #(K), a
contradiction. Now, F™(¢) = £9". Tt follows from linear algebra that ¢" = #(K) and by the above, 9" = ¢

implies F” = 1. Observe, F(§) = £ when £ € k, which implies that F is a k-automorphism and F has the
proper order. []

Interpretations of the Normal Basis Theorem

(1) Algebraic Interpretation
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Assume K /k is normal and separable, let G = G(K/k) with #(G) = n. We claim that there is a natural
ring homomorphism

Koy K — [] K
oeg

(Here [],cg K consists of n factors of K under coordinatewise multiplication.) Take o, 3 € K, and send
(a, B) to the n-tuple

<Oéﬁ70(0'26, s 7040'nﬂ>7
where G = {01 = 1,09,...,0,}. This is a bilinear map, so we get a map
K@K — H K.
oeg

On the left hand side, we have a K-vector space via o € K acts as a ® 1. The righthand side is a K-vector
space via the action of K on each factor; thus, the above map is K-linear. We also have

(a®@p)(y@d) = (ay®pd)
(aoB)s(v06)s = (ayo(B6))s-

The normal basis theorem says that this ring map is an isomorphism. Say 6 is our normal basis element,
then

1®671®029,...,1®0’n9

is a basis for K ®; K over K. Now, as
1® 70— (070),¢cq,

a basis on the left hand side goes to a basis on the right hand side; so, the map is an isomorphism. Check
the converse.

(2) Geometric Interpretation

Say X is a space; G is a group, and suppose G acts on X: There is a map G x X — X denoted
(0,2) — ox.

Definition 4.13 A space X is a principal homogeneous space for G (PHS for G) if

(1) X is a homogeneous space, i.e., for all x,y € G, there is some o € G with ox = y (G acts transitively),
i.e., X is equal to an orbit of G under the action.

(2) The group element o € G in (1) is uniquely determined by = and y.

Proposition 4.53 The following statements are equivalent:
(A) X is a PHS for G.
(B) The map G| X — X ][ X via (0,z) — (ox,x) is an isomorphism.
Proof. (A) = (B). Given (§,n) € X [[ X, there is a 0 € G with 0 = 7. Thus, (0,£) — (n,£) under our
map, which shows its surjectivity. The map is injective by property (2) of the definition.
(B) = (A). This is a tautology. []

Let G be a group and let k be a field. Write A(G) for the k-algebra of all functions f: G — k under
pointwise operations (e.g., (fg)(c) = f(o)g(c), etc.). The k-algebra A(G) has a basis,
{es}, where e, (7) = 0y7-
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Suppose now G is a finite group, then there is a k-algebra map A: A(G) — A(G) ®i A(G) given by

(convolution)
(e‘r) = Z €o @ Co—1r.
oeG

I claim: For all k-algebras, R,
A(G)(R) = Homk (A(G), R)

s a group. Given ¢, 9 € A(G)(R), we define pi as the composition

A(G) 25 AG) @1 A(G) 228 R @y R ™™ R.

Let us see what (pv)(e,) is. We have

ep):ZeUQQegflp and (@ @ Y)(A( ng eo) @ Y(eg-1,),

oceg oceg

SO

(p¥)(ep) = D wlea)t(eq-1p)-

oeg
(Note: We can form k[G] = the group algebra and the reader should check that:

(1) As linear spaces, A(G) and k[G] are naturally dual.

(2) Multiplication in A(G) goes over to A for k[G] and A for A(G) goes over to ordinary multiplication in
kG

The space Spec A(G) = G is a geometric object (at least it’s a topological space). Indeed, it is described
by the equations X, X, = 0, X, and Egea X, =1 (the e, have been replaced by the X, for convenience
of more usual notation). To find solutions in a ring R is to give a homomorphism A(G) — R, as above. If
Spec R is connected (i.e., ¢ = e implies ¢ = 0 or e = 1) then solutions correspond just to the set G and we
recover the multiplication in G from our funny multiplication using A.

We know that
Spec(B ®4 C) = Spec B H Spec C.
Spec A

The meaning of this is exactly that
Hom p-a15(B ®4 C, R) = Homp-aig (B, R) | [ Homa-az(C, R),

where on the right we have the ordinary cartesian product of sets.

Look at A(G)®y, K, where G = G(K/k). Remember, A(G) has the e,’s and K ®j, K has the g,(X) = e, s,
too. So, there is an isomorphism of rings

A(G) R K 2 K ® K.

Upon taking Spec’s we see that
QHSpeCK ~ SpecKHSpecK.

Therefore, the fact Spec K is a PHS for G is exactly the normal basis theorem.
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4.7 Galois Cohomology, Norms and Traces

Recall that in Chapter 1, Section 1.4, we introduced the notion of cohomology of a group, GG, with coefficients
in a G-module, M. T urge you to review the appropriate parts of Section 1.4 now.

If0— M — M — M" — 0 is an exact sequence of G-modules, then, for each r > 0, the sequence
0—C"(G,M") — C"(G,M) — C"(G,M") — 0

is again exact and a commutative diagram of G-modules

0 M’ M M 0
0 N’ N N 0

yields a similar commmutative diagram

0 — C"(G,M') — C"(G, M) — C"(G,M") — 0

| l l

0—— C"(G,N) —— C"(G,N) —— C"(G,N")——= 0
for all » > 0. We'll see in the next chapter (Chapter 5, Lemma 5.7 and Corollary 5.8) that these statements
imply the following facts:

Fact I If 0 — M’ — M — M" — 0 is an ezact sequence of G-modules, then we have the long
exact sequence of cohomology

0 HHO(G,MI) 4>HO(G7M) —>HO(G7 //)
50

<_> HY(G,M') — HY(G,M) —— H(G,M")
s
(e

L> H (G, M) —— H"(G, M) — H"(G

507
:—> H™Y(G, M)

(The maps 6(") are the connecting homomorphisms of the long exact sequence. )

J U

sr=1

)

JU

Fact II. A small commutative diagram of G-modules

0 M’ M M 0

L

0 N’ N N 0




222 CHAPTER 4. FIELDS AND GALOIS THEORY

yields a large (long) commutative diagram of cohomology:

0 HO(G, M/) R HT(G,M) . HT(G,M”) . HT'H(G, M/) _—
0 HO(G,N/) e H’I‘(G’ N) . H’I‘(G’ N//) -5 HTJrl(G,N’) _— .

The proofs of these facts do not use any of the material below, so we will assume them now without
circularity in our reasoning.

Suppose B is an abelian group. We can make, from B, a G-module, Map(G, B), as follows:
Map(G,B)={f| f: G — B, ie., fisa function from G to B}.

The module structure is
(of)(7) = f(r0)

and one checks that if B is actually a G-module, there is a G-module injection
eg: B — Map(G, B)

given by
eg(b)(c) = ob. (DX)

The module Map(G, B) is special in that it is “cohomologically trivial.” This is
Proposition 4.54 For every abelian group, B and every n > 0, we have
H"(G,Map(G, B)) = (0).
Proof. Choose f € Z™(G,Map(G, B)) and assume n > 0. Then f is a function of n variables chosen from
G and has values in Map(G, B). We define a function, g, of n — 1 variables chosen from G with values in
Map(G, B) as follows:
g(ala ERR O-n—l)(T) = f(T7 25 P O'n_l)(l)-
Let us prove that g = f, which will finish the argument.

n—1
(06g)(01y.-.,00) =019(02, ..., 00) + Z(—l)rg(al, ey OpOpg1y ey 0n) + (=1)"g(01, ..y On—1).
r=1
So, upon evaluating dg on an arbitrary element, 7, we get
n—1
(0g9)(o1,...,00)(T) = g(o2,...,00)(T0O1) + Z(fl)rg(glv o 0rO 1y 0n)(T) + (1) g(o1, .o on—1)(T)
r=1
n—1
= f(ro1,09,...,0n)(1) + Z(*l)rf@] O1yeveyOpOpity.y0n) (1) + (=1)"f(1,01,...,00-1)(1).
r=1
NOW? f(017 o 70n)(7_) = (Tf)(ala ceey Un)(l)a and

0=46f(r,01,...,00) = (7f)(01,...,0n) — f(TO1,09,...,00) +Z(—1)Sf(7',01,...,05_105,...,0n)
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Therefore,

n

()01, 00) = f(To1,00,.. . 00) + Y (1) f(T,00,.. ., 05106, .. 00) + (=) f(7,01,...,0n_1).
s=2

Let n = s — 1 in the sum above and evaluate both sides at 1. We get immediately
flor,...,o0)(T) =dg(01,...,00)(7). O

Proposition 4.54 is extremely useful and very powerful. Rather than explain this in abstract terms, let’s
begin to use Proposition 4.54 and, in so doing, show how to use it and why it is powerful. One of the facts
left unproved in Chapter 1 was the fact that H" (G, M) is #(G)-torsion if r > 0 (any module, M). Based
on Proposition 4.54, we can now prove this and, while our proof is not the most elegant known, it certainly
requires the least machinery:

Proposition 4.55 If G is a finite group and M is any G-module, then H" (G, M) is #(G)-torsion if r > 0.
Proof. Take the case r = 1, first. If f € Z1(G, M), we know
flop) = af(p)+ f(o).

Write o for the element — ) f(p) of M. We compute oo

aaz—szf(ﬂ) = —Z(f(ap)—f(a))

peG peG

— > flop) + #(@) f(o)

peG

= a+#(G)f(0).
Therefore, (#(G)f)(c) = (da)(o), and the case r =1 is done.

Now, use induction on r—here is where Proposition 4.54 enters. Assume as induction hypothesis that
given r (r > 1), for all modules, N, we have H" (G, N) is #(G)-torsion. The step from r to r + 1 goes like
this:

Choose M, embed M in Map(G, M), to get
0 — M 2% Map(G, M) — coker — 0.
Apply cohomology (i.e., use the long exact sequence of Fact I), we get
. — H"(G,Map(G, M)) — H"(G,coker) — H" (G, M) — H™ (G, Map(G, M)) — ... (%)
The ends of (x) vanish by Proposition 4.54 and we obtain the isomorphism
H"(G,coker) — H™(G, M), forall r> 1. ()

But, the left side of (%) is #(G)-torsion by our induction hypothesis, therefore H"1(G, M) is also #(G)-
torsion. []

The special case when G is cyclic is both instructive and important for some material to follow. For
arbitrary (finite) G, and any G-module, M, we define the norm map, Ng, taking M to itself by

Ng(m) = Z om.

ceG
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Note that the image of N lies in M©. Further, Mg is actually a G-module map, for

Nea(tm) = Z orm = Ng(m) = TNg(m).

oceG

(In cases of interest below, the map Ng is usually called frace and when M is written multiplicatively then
N¢ is called the norm.) Now, the equation Ng(7m) = 7Ng(m) shows that the elements 7m — m all lie in
Ker Ng. The submodule generated by all 7m — m, as 7 runs over G and m over M, is denoted IM; so,
IM C Ker Ng(M).

Proposition 4.56 If G is a (finite) cyclic group and o is one of its generators, then for any module, M :
(a) The map f — f(o) € M is a G-isomorphism of Z'(G, M) with Ker Ng(M),
(b) The submodule IM is generated by om — m for this fized o and m varying over M,
(¢) There is an isomorphism HY(G, M) — Ker Ng/IM.

Proof.. The elements of G are 1,0,...,0" ! Let f € ZY(G, M), so f(pr) = pf(r) + f(p) for all p and T of
G. Apply this successively to the powers of o:

f(o?) = floo) = af(o) + f(o):  f(0°) = flo0®) = 0 f(0?) + f(0) = 0*f(0) + o f(0) + f(0), etc. ()

We find that
f() =f(") =" flo)+ 0" 2 f(0) + -+ f(o) = Na(f(0)).
But, f(1) = f(1-1) = f(1) + f(1); so, f(1) = 0. Thus, when f € ZY(G, M), we get f(o) € Ker Ng(M).

From (%) above, we see that f(o) determines f when f is a cocycle, conversely an easy argument using
the inductive definition of f(o?) given by (*) (namely, o f(c*~!) + f(o)) shows that if f(o) € Ker Ng our
definition makes f a I1-cocycle (DX). This gives an abelian group isomorphism Z'(G, M) — Ker Ng. Since
ZYG, M) is a G-module via M, the map is a G-module isomorphism, and (a) is proved.

To prove (b), all we need to show is that 7m —m is in the submodule generated by om — m as m ranges
over M, where 7 is a fixed arbitrary element of G. But, 7 = ¢*; so,

1 1 i—1

™m—m=oc'm-—m=cm-oc " t'm+oc"tm—m=0c"Yom—m)+o"tm—m.

A clear induction finishes the argument.

(c) The group BY(G, M) consists exactly of those f for which f(7) = 7m — m for some m € M. Hence,
f(o) = om—m € IM and part (a) now shows that in the isomorphism Z(G, M) — Ker N the subgroup
BY(G, M) corresponds to IM; (c) is thereby proved. []

Given a finite normal (field) extension K/k, we can consider the cohomology groups of the Galois group
G = G(K/k). These cohomology groups give a sequence of very interesting invariants of the layer K/k. As
nomenclature, the groups H"(G(K/k), M) are called the Galois cohomology groups of K/k with values in
M, and as notation we write H" (K /k, M) for H"(G(K/k), M). Probably, the most useful facts about Galois
cohomology are the two forming the statement of the next proposition.

Proposition 4.57 (Hilbert Theorem 90*.) If K/k is a finite normal extension, then
(1) H (K/k,KT) = (0), all v > 0 and
(2) H'(K/k,K*) = (0).

4When K/k is a cyclic extension, statement (2) is the essential content of Theorem 90 (§54) of Hilbert’s magnificient paper
[23]. The general case of a normal extension is due to E. Noether.
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Proof. For (1), we examine the layer K/k:(*) and apply the normal basis theorem to it. I claim that, as
G = G(K/k)-modules, Map(G, k*)) and K are isomorphic. If we show this, then Proposition 4.54 and our
isomorphism establish (1).

If f € Map(G, k™), we send f to > weg f(o)o™ 10, where 0 is a normal basis element, for K/k™). The
linear independence of the elements {06},cg shows our map is injective; that it is surjective is obvious. As
for the G-action, call our map © then,

o(rf)=> (rf)(o)o "6 > flor)o ™o

oc€eg oceg

= > flp)rp0

= 7> flp)p o

as contended.

The proof of (2) has a similar flavor but depends on Dedekind’s theorem (our Theorem 4.30). We take
as family of characters of K* the elements of G = G(K/k). By Dedekind’s theorem, they are independent;
that is, any relation (with z, € K*)

> w,o(M) =0, allXe K*
ceg

necessarily implies that all the z, = 0. Given f € Z'(K/k, K*), take as the z, the elements f(o) € K*.
None of the z, are zero, so there must be a A € K* with

B=2_ flo)o(n) #0.

oceg

Now, 78 =), cq7f(0)T0()), and as f is a 1-cocycle, we have 7f(o) - f(7) = f(70). Thus,

B=3 fro)ra)N) = Y (rf(0) f()(ro)(N)

oceg oceg

= f(M)Y_ 7o) o))

oceg

f(T) - (D).

Let = 1/3, then (ta)/a = f(7), as required. []

Remark: Proposition 4.57 gives yet another interpretation of the normal basis theorem. It shows that for
K normal over k, the G(K/k)-module K is of the form Map(G, —); namely, it is Map(G, k).

Norms and Traces.
If K/k is a field extension and « € K, then the k-vector space map
To: K = K wia T,(\)=a\
has a trace and a determinant.

Definition 4.14 The trace, trg (a), of o from K to k is the trace of T,; the norm, N (a), of o from
K to kis detTy,.
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The following three facts are extremely simple to prove and are left as (DX):
Fact I. Trge () is additive; N () is multiplicative.
Fact II. If o € k, then

Trgsp(a) = [K: ko and Ng (o) = alf 4,

Fact III. If L O K D k, then

Trp k() = Trg(Trp (@) and Npjp(a) = Ngjp(Npyk ().
Of course, from Facts II and III , we find

Tri/i(a) = [K: k()] Tryayu(a)  and  Nigg(a) = (Nyayn(e)) KL

When K/E is normal, more can be said. First, assume K/k is both normal and separable, then
Tri (o) = Z (ca) and  Ng/p(a) = H (ca).
aceG(K/k) acG(K/k)

Both of these statements are very easy corresponding to the fact that the roots of the characteristic polyno-
mial of T, are exactly the various o« as o ranges over G(K/k).

Now allow inseparability. We have

NK/k(Oé) = NK(*)/k(NK/K(*) (a) = Nk(*>/k(NK/k(*> ().

Hence, we must first investigate Ny /k (o) when K /k is purely inseparable. I claim the value of this norm is

K: Kl To see this, observe that

Nic/i(@) = Nty N i) (@) = Nigay i () HEL, (1)

a[

Now, the minimal and characteristic polynomials for T, on the vector space k(«) are X7 — ¢, where
q=[k(a): k] =p", and ¢ = a4. Here, p = char(k). Therefore, the norm of « is det(T,,) = ¢ if p is odd and
—c=cif pis 2. Hence, Njy(a) k() = a? = alk(@): klPut this together with (1) above and obtain our claim.
The general case now is

N i) = NK(*)/k(a[K‘ By = (Wi e () R,

Proposition 4.58 (Original Form of Hilbert Theorem 90°.) Suppose that K/k is normal and that Ky/k
is a cyclic extension. Then, a necessary and sufficient condition that NK/k(a) = 1 is that there ezists a
B € K so that

a[K(*)(Oé): Koyl — ﬂ.

Here, o is an a priori chosen generator of G(K(,)/k).

Proof. This is merely the confluence of Propositions 4.56 and 4.57. If a € K{,), statements (b) and (c)
of Proposition 4.56 and (2) of Proposition 4.57 give the statement that Ny /(o) = 1 iff « = o/ for
some 3 € K(,). But, N (o) = (NK(*)/k(a))[K: Kl in this case, and [K: K(,)] is a p-power. Therefore,
NK/k(OZ) =1 iff NK(*)/]C(OA) =1

50f course, Hilbert dealt only with the separable case.
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Suppose now that a € K yet a ¢ K(,). Then, K (@): Kl g in K. But,

Nieyi(@) = N, Nk (/5 (o)) K Kol

As [K: K(.)] is a p-power, the left hand side is 1 iff N, /x(Ni . (a)/k ., (@)) is 1. By our remarks above,
this last quantity is exactly NK(*)/k(a[KH)(‘X): K<*>]); so, we can apply the first part of the proof to the

: K(*)]

element ol (@) , and we are done. []

@ It is not clear that § in Proposition 4.58 is of the form 79 (where ¢ = [K(,)(a): K(4)]), because in the
proof of Proposition 4.57 part (2), the element A may not be a gth power. If it proves to be so, then «
would be o7/7.
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4.8 Krull’s Galois Theory

In our treatment of Galois theory, the extensions were assumed finite. W. Krull discovered a natural way to
treat (possibly) infinite algebraic extensions, His method leads to a non-trivial topology on the Galois group.
We begin with the generalization of the extension lemma.

Theorem 4.59 (General Extension Lemma) Suppose K/k s an algebraic extension and k is another field
isomorphic to k via 0: k — k. Let I' be a field related to k: but otherwise arbitrary. Then, there exists an
algebraic extension, K/k with K o [ and an extension of 0 to an isomorphism 0: K — K.

K—'~FK =T

alg] algT

k—p—> k’vF

Proof. This is a standard use of Zorn’s lemma. We let

S ={(L,p,L) | L/k is algebraic, ¢ extends § and is an isomorphism L — L and L — ~ T}

Notice that the L in S are automatically algebraic over k. We partially order S via the usual:
(Lo, L) < (M, 9, M) iff LCM; LS M| L=¢.

Of course, S is inductive; so, let (Lo, @o, Zo) be a maximal element of S. Were Lo # K, there would be some
a € K with o ¢ L. Then, the extension lemma for the finite extension Lg(«)/Lo would yield (Lo(), o, Lo)
an element in § bigger that our maximal element—a contradiction. Therefore, Ly = K. []

The material on splitting fields, etc. of Section 4.4 carries over provided no statement involving finiteness
is used (e.g., statement (3) of Proposition 4.25 would be omitted in the general case that M /k was algebraic,
not necessarily finite). The corollaries SMA, T and SMA II (Corollary 4.27 and Corollary 4.28 ) go over as
does the existence of a normal closure.

Proposition 4.60 Suppose K/k is an algebraic extension and write {K,/k | o € A} for the family of
sub-extensions of K/k of finite degree. Then, our family is a right mapping family in a natural way and we
have
K = lim K,.
—

e}

If K/k is normal, we may restrict the K, /k to the finite normal extensions. Conversely, if K = h_m) K,

«
and each K, is normal over k, then so is K.

Proof. Of course, we define @ < § (in A) when and only when K, C Kz (everything takes place inside
K). The map K, — Kpg is the inclusion. Since we have the inclusions K, — K, consistent with the
K, — Kg, we get the canonical homomorphism

lim K, — K.
—

[e3

Choose £ € K. Then k(&) is some K, and it is clear that £ — can,(§) € lim K, is well-defined and provides
an inverse map to that above. “

Of course, the family of finite normal extensions M, /k is final in the family of all finite extensions
provided K/k is itself normal. So, all we need prove is the last statement. We have K = hin> K, and each

(o3
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K, is normal over k. If £ € K, there is an « so that £ € K. Then all the k-conjugates of £ lie in K,; hence,
they are in K. [

If Q is an algebraic normal extension of K, then we consider the group Auty(€2). We topologize Auty ()
by taking as a fundamental set of neighborhoods about 1 the subgroups of finite index in Autg(€2). Of course,
it is the same to take the normal subgroups of finite index as our basic neighborhoods of {1} in Autg(2).
(Remember: To get the neighborhoods about o € Autg(Q2), we take the cosets o H, where the H are our
neighborhoods about 1.) This renders Aut,(Q) a Hausdorff topological group (use ordinary Galois Theory
to see this) and it is this group together with its topology that we call the Galois group of Q over k and
denote by G(2/k). The topology itself is the Krull topology.

Theorem 4.61 The group G = G(Q/k) is compact and totally disconnected in its Krull topology. In fact,
we have G(Q/k) = <ll_m G/$, where the left limit is taken over all open subgroups, $, of G. Thus, G(Q/k) is

9
a profinite group. Moreover, if we write §) = h_rn) Qu, where each Q,, is a finite normal extension of k, then

G(Q/K) = Jim G(Qu/R). )

[e3

Proof. If o € G(Q/k) and €, is one of the finite normal subextensions of /k, then o | Q, is in G(Q,/k).
The maps 7, : G(Q2/k) — G(2,/k) are consistent and hence we obtain the commutative diagram

g(sz/k)\ id (h7m G(Qp/k)
G(Q/k)

If § € lim G(Qg/k), then £ consists in a collection ({3) where {3 € G(Q23/k) and when k C Qg C Q,, we

B
have &, [ Qg = £g. Since each x €  lies in some finite normal extension of k, we have x € §g for various
B. Then £(x) is well-defined and our collection (£3) = £ gives rise to an element of G(2/k). Therefore we
have a map

. ¥
lim G(Q23/k) — G(2/k)
B
plainly inverse to ¢. Now, a neighborhood of 1 in lim G(Q3/k) consists of those tuples ({3) for which finitely

B
many [ are the identity and otherwise arbitrary (though consistent). Such tuples when restricted to the
compositum of the €23 for which &g = 1, are the identity on the compositum which is a field of finite degree
over k, call it L. I claim G(£2/L) has finite index in G(2/k). For L is normal and the usual argument shows
G(Q/L) <1 G(/k). Moreover, SMA II (in its extended form) implies that G(Q2/k) — G(€/L) is surjective.
Hence, the exact sequence
0—G(Q/L) — G(Q/k) — G(L/k) — 0
gives the finite index assertion immediately. But then, we see that open neighborhoods of 1 in the Krull
topology on G(€Q/k) correspond to open neighnorhoods of 1 in the natural (product) topology on (li_mg (Qs/k).
B

Consequently, our maps ¢ and ¥ are homeomorphisms.

Since G(Qg/k) is compact, so is G(©2/k) in the Krull topology, and of course G(€2/k) is a profinite group.
Every profinite group is totally disconnected (DX); so, G(2/k) is totally disconnected.

That G is <h_m G/$ as $ ranges over all open normal subgroups of G is the same kind of argument

3]
(remember that $ will be closed and of finite index). Or, it follows immediately from the next lemma whose
proof is easy. []
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Proposition 4.62 Suppose G is a compact (Hausdorff) group and Go, Ha are two families of closed subgroups
with $Ho, <1 Gy for every a. Assume that the indices «, 3, ... form a directed set and that for every 8 > « we
have Gg C G, and $H C Ho. Then, the groups Go/Ha form an inverse mapping family in a natural way and

lim G/ = [)Ga /(] 9

Using the same notations as in our treatment of standard Galois Theory, we can now extend the fun-
damental theorem to the general case. First of all, Lemma 4.33 and the material on Galois equivalence
(between Lemma 4.33 and Theorem 4.38) go over word for word (together with no change in their proofs).
So, here is the theorem.

Theorem 4.63 (Fundamental Theorem of Galois Theory, General Case) If Q/k is a normal (not necessarily
finite) algebraic extension, then the mappings

[L] — G(Q/L)
H — [Fix(H)]

establish a one-to-one order-inverting correspondence between Galois classes of extension fields of k and
closed subgroups of G(2/k). In this correspondence:

(a) L™ is normal over k iff L.y is normal over k iff G(Q/L) is a normal subgroup of G(Q/k).
(b) Under the conditions of (a), we have a natural exact sequence
0 — G(Q/L) — G(Q/k) — (L /k) — 0
of compact topological groups.

(c) A necessary and sufficient condition that L, be a finite extension of k is that G(2/L) be an open
subgroup of G(2/k). In this case,

(G(Q/K): G(Q/L)) = [Lwy: K-

Proof. If a € Q, I claim {0 | () = o} is an open (hence closed) subgroup of G(€2/k). Notice that if this
claim is proved, then

G(Q/L) = {o | (Ya € L)(o(a) =)} = (| {o | o(a) = a}

a€l

is a closed subgroup. Now, k(«) has finite degree over k, so its normal closure, L, also has finite degree. In
the proof of Theorem 4.61, we showed G(€2/L) has finite index in G(2/k). But,

G(Q/L) € G(Q/k(a)) € G(Q/k)

and therefore (G(Q2/k): G(2/k(w))) < oo. By definition of the Krull topology, the subgroup G(2/k(«)) is
open, as contended.

Next, just as in the usual (finite) case we see that G(Q/L(*)) = G(Q/L) and if L = Fix(G), then L = L),
So, if we start with [L], then we get G(€2/L) which is G(Q/L*)). However, as mentioned, Fix(G(Q/L*))) is
(L&) = L) and so the correspondence inverts if we start from the field side.

Now take a closed subgroup $ and form [Fix(9)]. If L = Fix(§), consider G(Q/L). Now L = L™, so in

what follows we consider only those subfields, M, of Q/k with M = M®). The Galois group don’t change
and all fields are now separable over the base field, k(*). For notation, drop all mention of “upper stars.”’
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We must show $ = G(Q/L). We know $ C G(2/L) by definition of L. Observe that Q = lim Ko for
fields, K, finite and normal over k. We find as well that L = hir{ K, N L. The Galois group G(Q2/K,)

is then an open, normal subgroup of G(2/k) by definition of the Krull topology. Consider the subgroups
HG(Q/K,), which contains $. I claim: Fix(HG(Q/K,)) is just LK,. For, the elements of HG(Q/K,) are
products o7, where o € $ and 7 € G(Q/K,). A £ in Fix(9G(Q/K,)) satisfies o7(€) = &, for all such ¢ and
7. In particular, when o = 1, we find § € Fix(G(?/K,) = K, (remember: K, = K((X*)), and when 7 = 1,
we find ¢ € Fix($) = L; hence, £ € K, N L. Conversely, if £ € K, N L it is fixed by both $ and G(Q/K,,);
therefore, our cliam is proved. Then, we have the commutative diagram

0—— G(QU/K,) — G(Q/k) ———— G(Ky/k) —= 0

| T

0—— G(Q/K,) — G(Q/K,NL)—— G(K,/K,NL)—— 0,

and from it we see that HG(€2/K,) corresponds to a subgroup of G(K,/k), via
HG(Q/K,) — HG(Q/K,)/G(2/K,). But then, the lower line of our diagram and the finite case of ordinary
Galois theory show that

HG(QUYKa)/G(Q/Ka) = G(Ka/KaNL).
We pass these isomorphisms to the projective limit over «; on the left hand side, Lemma 4.62 implies that
we get

()96(2/Ka)/(G(Q/Ka) = () HG(2/Ka)

while on the right hand side we get G(2/L). But, [, HG(Q/K,) is the closure of § and §) is already closed.
Therefore, § = G(2/L).

The proofs of assertions (a) and (b) are now just as they were in the finite case. As for (c), we know that
G(Q/L(.y) = G(Q/L) and that this subgroup is of finite index in G(Q,)/k). We take, as in the proof above,
a family of fields, K, of finite degree and normal over k so that h_m) K, = . Then

[e3

(Q(Ka/k) g(Ka/Ka n L(*))) = [Ka n L(*): k]

by usual Galois theory. Pass to the limit over a, observe that the left side tends to (G(2/k): G(2/L)) and
in fact is constant as soon as K, 2 L), and we get (c). []

We can now extend the notions and results of the previous section on Galois cohomology to the general
(not necessarily finite) case. All that is necessary is to sprinkle the word “continuous” in the appropriate
places and use some case. The group G will be a profinite group, for example G = G(Q/k). All modules
will be given the discrete topology unless otherwise noted and our action G x M — M will be assumed
continuous. This means that for m € M, there is an open subgroup, U, of G so that Um = m. We define

C"(G,M)={f:G" — M| f is continuous},

and use the usual formula for §, thus § is a continuous function (C" (G, M) inherits the discrete topology from
M as G is compact). The continuity of the cochains shows up as follows: If N <G (N is, of course, closed),

then MY is a G/N-module. If N C N and N < N, then there are maps G/N — G/N and MY — NN,
The latter two combine to give a map

C™(G/N, M) — C"(G/N, M)

called inflation from G/N to G/]\NZ; it is injective. We have
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Proposition 4.64 For a continuous G-module, M, for the profinite group, G, the modules C"(G /U, M)
form a right mapping system as U runs over the open normal subgroups of G—the map being inflation. We
have
r 1. r U
U

and passing to cohomology, we also have

H'(G,M) = lim H"(G/U, MY).
U

The proof of this is now routine and may be safely left to the reader (DX). The cohomological triviality
of Map(G, B) (continuous functions, of course) expressed by Proposition 4.54 carries over and so does
Proposition 4.57 (Hilbert Theorem 90).
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4.9 Kummer Theory

In this section we consider base fields containing prescribed roots of unity. At first, we assume our base field
contains a primitive mth root of unity. Notice that something mildly subtle is happening. We are not merely
assuming all mth roots of 1 lie in k, for that would be true is m = char(k) > 0, yet there is no primitive mth
root of unity in this case because 1 is the only mth root of unity when m = char(k) > 0. When a primitive
mth root of 1 lies in k, then necessarily (char(k),m) = 1. (Else, p = char(k) | m and X™ — 1 = (X9 — 1)P,
when m = pg. So each mth root of 1 is already a gth root of 1 with ¢ < m, contradicting primitivity.)

Proposition 4.65 Suppose the field k contains a primitive mth root of 1. A mecessary and sufficient con-
dition that K/k be a normal, separable extension whose Galois group is cyclic of order m is that K = k()
where the minimal k-polynomial for B is X™ — b.

Proof. («=). We assume K = k(8) and [ is a root of the irreducible k-polynomial X™ — b. Write p for a
primitive mth root of 1 in k, then 1, u,..., ™! are all the mth roots of 1, they are all distinct and lie in

k. Of course, (m,char(k)) = 1 shows K /k is separable and [K: k] = m. Now, the elements

BB 2B, "B

are all distinct and all are roots of X™ — b, therefore K is a splitting field of X™ — b; so, K/k is indeed
normal. If we consider the k-isomorphism k(3) — k(u8), we see (even without SMA, I) that it gives an
element, o, of G(K/k). The powers of o operate on [ via

o"(B)=u"p
and so 1,0,...,0™ ! are m distinct elements of G(K/k). They thereby exhaust G(K/k) and (<) is proved.

(=). We suppose here that K/k is normal, separable and G(K/k) is cyclic of order m = [K: k]. Now
we know N, (p) = ™ = 1, so we can apply the original form of Hilbert Theorem 90. We find there exists
a € K so that o8 = uf, where o is a generator of G(K/k). Then, of course, 0”3 = p" 3, and so 3 is left
fixed only by the trivial subgroup of G(K/k). By the fundamental theorem of Galois Theory, k(3) = K.
The minimal k-polynomial of § is then

] X—o"8) = JL(X - w5

On the other hand, if b = ™, then each ¢" fixes b and each " is a root of X —b. The minimal polynomial
for § and X™ — b both have degree m; so it is clear the latter polynomial is the minimal polynomial for 5.

O

Corollary 4.66 Suppose the field k contains a primitive mth root of 1. If n is any divisor of m, then

(1) A n.a.s.c. that an extension K/k of degree n be normal with cyclic Galois group is that K = k(«)
where the minimal polynomial of o is X™ — a.

(2) The k-polynomial X™ — a is irreducible in k[X] if and only if for all divisors, d, of m with d > 1, we
have a ¢ k*°.

Proof. First, as n | m, we can write m = nd. Then for our primitive mth root of 1 in k, u, the element ¢
is a primitive nth root of 1 in k and (1) is simply a restatement of Proposition 4.65 with n replacing m.

For statement (2), first consider X™ — a and let « be a root in an overfield, €, of k. Write d for the
smallest power of « lying in k. Then, the usual division algorithm argument shows that if a? € k, we have
d | ¢; in particular, d | m. I claim the polynomial X¢—b is the minimal k-polynomial for a (here, b = a? € k),
in particular it is irreducible. To see this, let f(X) be the minimal k-polynomial for o and have degree t.
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Thus, f(X) | (X% —b) and t < d. Yet, the roots of X% — b are o, Ca, ..., (% ta, where ( = u" is a primitive
dth root of 1. Thus, ' '
fX)=(X—=("a)--- (X =("a)

and its constant term is therefore i(]_[le 77“)0(25. But then, o € k; so, d | t and t < d. We find t = d and
F(X) = X4 —b.

Now if a ¢ k*? for any ¢ | m with ¢ > 1, then the smallest power of « to lies in k is the mth. Else,
a? € k implies dg = m (as above) and a = o™ = (a?)? € k*? and ¢ > 1 if d < m. By our claim, X™ — a is
irreducible in k[X].

Finally, assume X™ — a is irreducible. Were a € k*? where d | m and d > 1, then as o™ = a, we have
(a?)? = 3¢ for some 3 € k*. Therefore, a¢ = zf3 for some z a dth root of 1 (hence, in k). It follows that the
smallest power of « in k is, say, § where § < ¢ < m. Just as before, § | m and X? — b is k-irreducible, where
b = a’. Write 0r = m and look at o, uc, ..., ‘o (as usual p is our primitive mth root of 1). Each of
these elements has 6th power in k and § is minimal. Set ¢ = u°, then X? — (b is the minimal k-polynomial

for p*a by our claim above. But,
X" —a=(X°=b)(X° = ¢b) - (X° = ¢,
contradicting the irreducibility of X" —a. [

An important part of the proof above should be isolated and recorded:

Corollary 4.67 If k contains a primitive mth root of 1 and K is an overfield of k, then given o € K with
a™ € k*, the minimal k-polynomial for o is X? — o, where d is the smallest positive integer so that o € k.
In fact, d | m.

Now, we can make an obvious attempt to “classify” the cyclic overfields of degree n (n | m) of k when k
possesses a primitive mth root of 1. Namely, such a K is k(«) and we could send « to o™ where o™ is the
image of a™ in k*/k*". But, « is not unique and its choice depends on p and o (a generator of G(K/k)).
There is a better way:

Theorem 4.68 (Kummer) Suppose k is a field possessing a primitive mth root of 1. Write Q for the
mazimal, abelian, m-torsion extension of k and denote by G its (Krull topologized) Galois group. Then there
18 a natural continuous pairing

ng*/k*m — fim (= mth root of 1),
and it makes G the Pontrjagin dual of k* /k*™.

Proof. Choose o € G and @ € k*/k*™. Lift @ to some a € k* and take an mth root of a in an overfield, call
it . We know that K = k(a) is cyclic of degree d and d | m by our above propositions. So, K C Q (we fix

an algebraic closure of k and work inside it) and oo makes sense. We set
. o«
0,a) = —.
(1) ==

Note that

(JQ)mia(am)ia _1
@ am am

therefore (0,@) € . Let’s check that (o,@) is well-defined. First, if we change the mth root of a we get Ca
where ¢ is some mth root of 1 (hence, { € k*). Then

o(¢a) _ oa

Ca o
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so there is no problem with the choice of «. If we lift @ to some b € k*, then b = A a for some A € k*. Thus,
0B, an mth root of b is (A« for some ( as above. Once again,

B _ o((Aa) o«

3 Ca a’

and so (0,a) is a well -defined mth root of 1.

It is easy to see that (o,a) is bi-multiplicative (DX), so assume (o,a) = 1 for all o € G. If « lifts @ and
a ¢ k*™ (ie., a # 1) then K = k(«) is a non-trivial cyclic degree d extension of k and d | m. But then, a
generator, 7, of G(K/k) comes from some o € G and oca = Tae = (v (some dth root of 1, say ¢ # 1). Hence,
(0,a) = ¢ # 1, a contradiction. Therefore, (o, @) is non-degenerate on the right.

If (6,a) = 1 for all @ € k*/k*™, then I claim o must be 1. For, notice that when K/k is finite normal
(K C Q), then G(K/k) is an abelian m-torsion group. Hence, G(K/k) is a product of various Z/dZ, where
each d | m. This means that K is generated as a field by elements, a, for which k(«) is a cyclic extension
of k. As K is arbitrary, it follows immediately that €2 is a field generated by such elements «. However,
Proposition 4.65 and our assumption (o,a) = 1 (all @), now yield car = « for all the o’s generating Q. Thus,
o =1, as claimed.

Lastly continuity of (o,a) +— (o, a) follows because on the entire open subgroup G(Q/k(«)) the pairing
(—,a) — (—,a) is identically 1. Here, « is, of course, an mth root of a. The product G(Q/k(o)) [[{a} is an
open neighborhood of 1 in G(Q/k) [T k*/E*™. O

Corollary 4.69 Under the assumptions and notations of Theorem 4.68, there is a one-to-one correspondence
between subgroups, S, of k*/k*™ and sub-extensions K/k of Q/k. It is given by

S —— K = k(SY™).

In all the foregoing, m was relatively prime to char(k) = p > 0. What happens if p | m? Of course, we
can factor m as p"m with (m,p) = 1. It’s not hard to see that the case for this breaks up into the p” case
and the previous case. So, we’ll assume m = p". Here, we will use the additive part of Hilbert 90 and the
isomorphism (Ker Try )/ I/, K+ = H (K/k,K") in case G(K/k) is cyclic.

So, assume K /k is a cyclic extension of degree p”; choose a generator, o, of G(K/k). For the element
1 € k™, we have Trg (1) = [K: k] - 1 =0, so there exists § € Kt with

o@)—0=1, ie., o(f)=0+1.
The action of the Galois group on 6 is given by
ad@=0+1 0<i<p —1.

Observe that only 6,0 + 1,...,0 + (p — 1) are distinct, after that we repeat these in order. Thus, the
polynomial
gX) =X -0O)(X-(0+1)) - (X-(0+(p-1)))

is the minimal k-polynomial for 6 and L = k() is a cyclic p-extension. The only case when K = L is when r =
1; so, from now on we’ll assume K /k is cyclic of degree p. Hence, K = k() and o(f) = 6+1. We can compute
the minimal polynomial g(X) as follows: Write Y = X — 0, then g(X) =YY - 1)(Y = 2)--- (Y — (p—1)).
But, the elements 1,2,...,p — 1 are the (p — 1)st roots of unity (and lie in F,,, the prime field), therefore

gX)=YYP ' 1) =YP Y =XP - X — (" —-0).

If we write p(0) = 0P — 6, then we’ve proved the first part of
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Theorem 4.70 (E. Artin & O. Schreier, 1929) 1If k is a field of characteristic p > 0, then every cyclic
p-extension, K/k, has the form K = k(0) where p(0) = 0P — 0 lies in k and the Galois group, G, acts by a
(prechosen) generator, o, taking 0 to 6 + 1. The minimal k-polynomial for 6 is XP — X — p(0). Conversely,
the polynomial XP — X — a is k-irreducible when and only when a & o(k*). If it is irreducible and 0 is a
root, then k(0) is a normal, separable, cyclic p-extension of k.

Proof. If a € p(k) so that a = b? — b for some b € k, then
(X=X = (+1)-- (X =+ (p-1)
is exactly X? — X — p(b) = X? — X — a; so, our polynomial splits in k[X].
If a ¢ p(k™), the polynomial X? — X — a has no root in k. Adjoin a root to k, we get an extension
K = k(#). Now, 6» — 0 = a, so (0 +i)? — (0 4+ i) = a, too, where 0 < ¢ < p — 1. Therefore, all the roots of

XP — X —q liein K and K is a normal extension. But the roots of X? — X — a are all distinct, therefore
XP — X — a is separable and we find that K/k is a normal, separable extension.

If d is the degree of 0 over k, then 6,0 +is,...,0 + iy are the roots of its minimal k-polynomial. Were
d # p, there would be an integer, j, so that 6 + j is not a root of the minimal k-polynomial for 6. Yet,
k(0 +7) = k(0), so 8 + j also has degree d over k and 0 + j,0 + ja,...,0 + j; are all the conjugates of 6 + j
and all distinct from each 6 + 4;. Continue in this way, we find the p roots 6,0 +1,...,0 + (p — 1) partition
themselves into ¢ blocks of d elements each. But then, dt = p and p is prime. As 0 ¢ k, we have d > 1
therefore d = p and so X? — X — a is indeed irreducible. []

The analog of Kummer’s theorem is

Theorem 4.71 (E. Artin & O. Schreier) Suppose k is a field of characteristic p > 0 and write Q0 for the
mazimal, abelian, p-torsion extension of k. If G = G(2/k) is the Galois group of Q/k (with Krull topology),
then there is a natural continuous pairing

G[[*"/e(k*) — Z/pZ (CR/Z)
and it makes G the Pontrjagin dual of k™ /p(k™).
Proof. Pick 0 € G and @ € k*/p(kT). Lift @ to some a € k* and let § € k be a root of X? — X — a. Define
(o,a) =00 — 0.

Note that unless @ = 0, the field k(f) has degree p over k and is normal, separable cyclic. If @ = 0, then
0 € k. Therfore, k() is contained in 2 and o makes sense. Now o6 is a root of X? — X —a and so 00 = 0+
for some j € Z/pZ; therefore, (0,a) is indeed in Z/pZ.

As in the proof of Kummer’s theorem, (o,a) — (0,a) is a pairing of the groups G(Q/k) and k™ /p(k™).
Just as in the proof of that theorem, the field Q is generated by the various 6’s as above; so, if (o,a@) = 0
for all @, we find o fixes all the §’s and thereby o = 1. If (¢,@) = 0 for all o € G(€2/k), then @ must be 0
else the polynomial X? — X — a would be irreducible (Theorem 4.70) and k(¢), where 6 is one of its roots,
would be a cyclic p-extension. Then, 06 = 6 + 1 for some o € G(k(0)/k) and upon lifting o to G(Q/k) we’d
get (o,a) # 0, a contradiction.

Continuity is proved exactly as in Kummer’s theorem, the open neighborhood on which (o, @) vanishes

being G(/k(0)) [[{a}. O

Corollary 4.72 Ifchar(k) = p > 0 there is a one-to-one correspondence between subgroups, T, of k*/p(k™)
and p-torsion, abelian overfields of k. It is given by

T —— K =k(p Y(T)).
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What happens for p”, r > 1?7 Here, the situation is sufficiently complicated that the solution had to wait
until 1937. Then E. Witt introduced a ring, W (k), called the ring of Witt vectors over k and he proved
that even if char(k) = p > 0, the ring W (k) is an integral domain of characteristic 0. Now, it turns out that

WE) = lim Wa(b)

n

where the W, (k) are “truncated” Witt vector rings. There is a map F': W (k) — W, (k) playing the role of
& — &P and one gets p = F' —id. When n = 1, the ring Wi (k) is just k, and the exact sequence

0 — Z/pZ — kT 5 p(kt) — 0
becomes an exact sequence
0 — Z/p"Z — Wy (k) =5 oW (k)*) — 0,
in the general case. It then turns out that if 2 is the maximal, abelian p”-torsion extension of k, the Galois

group, G(Q/k), is naturally Pontrjagin dual to W, (k)/o(W,,(k)) by a pairing similar to the Artin-Schreier
pairing. See Witt [49] for the details.
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4.10 An Amazing Theorem of Galois Theory

Question: If k is a field with k # k, when is [k: k] finite?
An example: £k =R; K = C = R(i).
The answer of our question depends on an irreducibility criterion:
Theorem 4.73 (Artin’s Irreducibility Criterion) Given a field, k, consider the polynomial X™ — a, where

a € k. If p is prime and p divides n, assume a € (k*)P. If 4 | n, then assume as well that a ¢ (—4(k*)%).
Under these conditions, X™ — a is irreducible in k[X].

We will assume this theorem for the moment, and based on it we can prove

Theorem 4.74 (Artin) Say k is a field, k is an algebraic closure of k and 1 < [k: k] < oo. Then we have:
(1) k=k(i) (i®=-1).
(2) char(k) = 0.

Proof. We claim that k/k is separable.

If not, let E(*) = L, then L/L is purely inseparable and k # L. So, L # LP implies that there is a ¢ L?
(where p = char(k)). We know X?" — a is irreducible in L[X] implies that L has extensions of degree p",
for all n; yet, all these extensions are contained in k, a contradiction.

Look at k(i) C k; as k/k is separable, k/k(i) is normal, separable. Let G = G(k/k(i)). We need to show
that #(G) = 1.

Pick a prime, p, with p | #(G); let H be the subgroup of G of order p and write L = Fix(H).

Step 1. p # char(k).

If p = char(k), then, by separability, there is some 3 € k so that try/(8) = 1. We know that M/L is
separable iff the bilinear form

(u,v) = trpg/p(uv)
is non-degenerate on the vector space M over the field L. Now, there is B so that trE/L(l . [~3) # 0. Let
A = tr(3) € L and form 8 = (1/A)3. Then, we have

As the trace is a sum and
tr(67) = tr(8)”  (p = char(k)),
we get trE/L(ﬁp — ) = 0. Our extension k/L is cyclic of degree p, say o is a generator of . Note that for
every ¢ € k, we have
trE/L(O = trﬁ/[,(”&)y
SO trE/L(af — &) = 0. By “Additive Hilbert 90”, every element of zero trace in k& has the form (o7 — ),
for some v € k. As trE/L(of — &) = 0, there is some 7 € k so that 7 — 3 = oy — 7. Now, the polynomial

XP — X — v € k[X] has a root in k, as k is algebraically closed. Say a € k is such a root, then v = a? — a.
We have
BF—B =0 —a)—(a’? —a)=0c(a)’ —a’ — (c(a) — a),

and so

o(a) — af = o(a)” —a? — B = (o(a) — a — B)".
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Consequently, o(a) —a— 3 € Fy, call it v. It follows that o(«a) —a = 3+ v. Taking trg,,, on both sides, we
get
0 =try, (8) 4ty (v) = 1+t (v).
As v eF, C L, we have B
try,(v) = [k: Llv = pr =0,
which implies that 0 = 1 + 0 = 1, a contradiction. Therefore, char(k) # p, as claimed.

Step 2. L does not exist, i.e., as no p divides #(G), we have #(G) = 1; thus, k = k(i).

Adjoin to L a p-th root of unity, say ¢ is such a primitive root. Then, [k: L(¢)] | p; so, [L(¢): L] also
divides p. But, L(¢)/L has degree at most p — 1. Indeed,

XP—1=(X-1)XP P+ XP 2. 4 X +1),

so L(¢) = L already, i.e., ( € L. So, [k: L] = p. As L has the p-th roots of unity, by Kummer’s theorem
(Theorem 4.65), we know k = [(a), where « is a root of XP — a, with a ¢ (L*)P. But, if p is odd, the Artin
irreducibility criterion implies that XP? — a is also irreducible, so [k: L] > p, for all [ > 0, a contradiction.
Therefore, we must have p = 2. Now, our situation is

(a) k= L(a), where « is a root of X2 — a, with a ¢ (L*)2.
(b) i€k CL.

Since X2 — a cannot be irreducible for all » > 0, since otherwise we would have [k: K] > 2" for all r > 0,
it must be that a € (—4(L*)*) (by Artin’s irreducibility). Thus, a = —4b*, for some b € L*; it follows that
a=+/a=+2ib?. As 2,i,b € L, we deduce that o € L, a contradiction. Therefore, #(G) = 1.

Step 3. char(k) = 0.

If not, then say ¢ = char(k) and write F, for the prime field of k. Pick r >> 0, adjoin to F, a primitive
27-th root of unity, call it (. Apply natural irrationalities to the picture show in Figure 4.2:

% = k(i) = k()
deg 2
k
Fq(€)
D = kNF,(Q)
]Fq

Figure 4.2: The Extension k/F,

If o is the generator of G(k/k) = Z/27Z, then o | F,(¢) yields an automorphism and we know

G(k/k) = G(Fq(¢)/D) = G(Fq(C)/Fy)-

The extension Fy(¢)/F, is cyclic of degree 2°. As a cyclic group has a unique subgroup of every possible
order, there is a unique subfield of degree 2 in the extension F,(¢)/F,. If F, < D, then D contains this
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unique extension. But, (i) has degree 1 or 2 over Fy, so Fy(i) € D, which yields i € D, and finally, i € k
(D = knNFy(¢)). Thus, k = k, a contradiction. (Note: ¢ is a fourth root of unity; so, as k # k, we have
char(k) = ¢ # 2). Therefore, D =TF,,.

Now, -
Z)2Z = G(k/k) = G(F4(C)/Fy),
a group of order 2°. If we let r tend to oo, then s tends to oo, a contradiction. Therefore, char(k) = 0. ]
Finally, here the proof of Theorem 4.73:

Proof of Artin’s Irreducibility Criterion. Assume at first that we know the result for n a prime power—here
is how to prove the general case: Use induction on the number of primes dividing n. If n = p"m with
(p,m) = 1, we may assume p is odd. Now, X™ — ¢ is irreducible by our induction hypothesis; let a, ..., ay,
be its roots. Then,

Xm—a—H(X—aJ)
j=1
and .
X"—a=(X")"—a=][(X" - ).
j=1

Suppose for some j that a; is a pth power in k(o). Now X™ — a is irreducible so its Galois group acts
transitively on its roots. Therefore, each «; is o(c;) for some o and so each of the «; is a pth power in k(o).
There exist 3; € k(a;) with 87 = «a; for i = 1,...,m. We find that

Nicaiy /(@) = Nigtay) /1(Bi)P.

But,

m

[T = (0" a = Niayu(@:) = Nigan /i (8:)P-

j=1
If m is odd, this gives a € k*”, contrary our assumptions. If m is even, then a = —(Ny(q,)/x(3:)?). But, p
is odd so

a = (=Ni(a)/k(B)?,

again contrary to hypothesis. We conclude that none of the «; are pth powers in the field k(«;). By the one
prime case, the polynomials X?" — a; are irreducible for i = 1,...,m and all r.

Let € be a root of X™ — a. Then, ¢ satisfies X?" — aj = 0 for at least one j. According to the
irreducibility of X" — «;, we find that [k(£): k(a;)] = p" (of course k() C k(€)). However, [k(a;): k] =m
by the induction hypothesis and so [k(€): k] = n. But this means the minimal polynomial for & has degree
n and £ is a root of X™ — a; so, X" — a is irreducible.

We've achieved a reduction to the heart of the matter, the one prime case. Here, n = p" and when
p = char(k) we already know the result. Therefore, we may and do assume p # char(k). Now use induction
on r. Say r = 1, adjoin the pth roots of 1 to k—call { a primitive pth root of 1:
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Here, o is a root of X? —a. Were [k(a): k] # p, i.e., were X? —a reducible, we would have [k(a, ) : k({)] < p.
Now over k((), the Galois group of X? — a is cyclic of order p or trivial according as a ¢ k(C)? or a € k(¢)P.
We then would have a € k({)?; hence a € k(¢). We know that [k(¢): k] =r < p—1 and so, (r,p) = 1. Write
1 = sr + tp, for some s,t. Now,
a” = Niy/e(a) = Nioy /().
But,
a=a"""" = Ny (@) = Ny u(@)P -a)P € k™,

a contradiction. We conclude X? — a is irreducible.

Induction Step. Consider X?" — a and assume p is odd. Write « for a root of X? — a, and further write

H§:1(X — ;) = XP —a, with @ = @;. Now « is not a pth power in k(«). For, if it were P, then

a=(—1)""a = Ny (o) = Nieyu(B)? (p is odd)

contrary to the hypothesis that a is not a pth power. Again by transitivity of the Galois group on the «;,
no «; is a pth power in k(a;), and therefore, by induction all the polynomials

1

XP —ay, j=1,2,...,p
are irreducible (over k(a;)). If € is a root of X?" — a, then ¢ is a root of X - o for some j, and as before
[k(€): k(ay)] =p"™" and  [k(ay): k] = p;
so, [k(€): k] = p". We conclude X?" — a is indeed irreducible.

Finally, we have the case p = 2. We know X2 — g is irreducible, we must prove X2 — a is irreducible.
As usual and with familiar notation, we have

2
s r—1
X2 —a:”(X2 —qj); a=a; o®=a.
=1

So, if X 2 o is irreducible for j = 1,2, the usual degree argument will show X 2" _ g is irreducible. The
only way X2 - a;; will be reducible, by the induction hypothesis, is if o; € k(ozj)*2 or a; € —4k(aj)*4.
We will show each of these is untenable.

(1) Say a € k:(oz)*z; so, the same is true of as. Now,
—a = Ni(o) k() = Ni(ay/1(8)* = b*
yet a ¢ k*?, so (—1) ¢ k*2. Hence, i ¢ k and we factor X2 — a over k(i):
X2 —a=X2 407 = (XY +ib)(X¥ ' —ib).

If, on the right hand side, one of the factors is reducible, the induction hypothesis shows ib (or —ib) € k(i)**
or ib (or —ib) € —4k(i)**. Since —4 is square in k(i), the cases ib € —4k(i)** or —ib € —4k(i)** reduce
respectively to ib € k(i)** or -ib € k(i)*>. But —1 is also a square, so these two cases are just the one case:
ib € k(i)*>.

Write ib = (v +i6)?, with 7,6 € k. Then 4% = §2 and b = 2v5. However, v§ = £+, and so b? = 4%
But then, a = —b% € —4k*4, a contradiction. We are left with

(2) @ € —4k(a)**. Again,
—a = Ni(a)/1(@) = Nigay /e (=) Nigay /1 (8)*

Since Ny(ay/u(—4) = (—4)% = 16, we deduce —a is a square and we’ve assumed a is not a square. As above,
1 ¢ k and we now repeat the argument of (1) to finish the proof. []
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4.11 Algebraic Closures; Steinitz’s Theory of Fields

In the twentieth century, E. Steinitz examined the theory of fields, especially transcendental extensions. He
had at his disposal the then new technique of transfinite induction which he used in the form of Zermelo’s
well-ordering principle. Of course, the latter is equivalent to Zorn’s Lemma or the Axiom of Choice. Here,
we’ll examine Steinitz’s results both in the purely algebraic case (existence of an algebraic closure) and in
the general case (transcendence bases).

Recall that in Remark (4) at the close of Section 4.2 we made the following definition (but informally):

Definition 4.15 A field, K, is algebraically closed (AC) iff for every f € K[X], there exists a § € K, so
that f(0) =0

We also defined an algebraic closure of the field k as a field, K, which was itself AC and moreover was
algebraic over k. Here, we’ll prove the existence of an algebraic closure for each field, k, and its (essential)
uniqueness. First, for technical agility we’ll need equivalent forms of the condition (AC):

Proposition 4.75 For a field, K, the following conditions are equivalent:
(1) K has AC
(2) For every f € K[X], all the roots of f (in any extension of K) are already in K
(3) Every polynomial f € K[X] factors into linear factors in K[X]
(4) The only irreducible K -polynomials are the linear ones
(5) If L/K is algebraic, then L = K (so, K is algebraically closed in any of its overfields)

(6) If k is a subfield of K for which K /k is algebraic, then for any algebraic extension, L, of k, there exists
a k-monomorphism L — K.

(7) If k is a subfield of K for which K/k is algebmzc and sz is a field isomorphic to k, via an isomorphism,
©, then for any algebraic extension, L or k there exists a monomorphism ®: LK extending ¢.

The proofs of the equivalences (1)—(7) are trivial (DX); in (6) and (7) one makes use of the extension
lemma.

Remark: An algebraicaly closed field is always infinite. For, were it finite and 0y,...,60,, a listing of its
elements, then f(T) =1+ H;.Z:l(T —0;) would be a polynomial with no root in our field.

Now for the proof of the existence of algebraic closures, we need a very basic existence theorem.

Theorem 4.76 (Basic Existence Theorem) Suppose k is a field and Ky (A € A) is a family of overfields of
k. Then, there exists a field extension K /k so that for every A\ € A we have a k-monomorphism py: Ky — K.
That is, K contains a k-isomorphic copy of each field K. Moreover, we may even choose K so that it is
generated by all the subfields ox(Ky).

Proof. The proof is very simple using our techniques. We form the commutative ring A = @, ., Kx. Of

course,
(@),

i
SeL(A) AEA

where L£(A) is the family of finite subsets of A. The ring A is a k-algebra (the tensor products are taken over

k) and we embed k in A as usual via a — - (1®1®---®1® ---). Choose any maximal ideal, M, of A

and write K = A/9. Of course, K is a field extension of k and as each K has a k-algebra homomorphism

to K (Ko — @, K, =A— A/M = K) taking 1 to 1, we see that each K, is embedded in K via this

homomorphism. Now the images in A of the K generate A; so, their images in K generate K. []
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Theorem 4.77 (Steinitz) If k is a field, then k possesses an algebraic closure, Q. If Q and Q are two
algebraic closures of k, then there exists a (non-canonical) k-isomorphism Q@ — Q. The set Tsomg (2, Q) is
in one-to-one correspondence with G(Q/k).

Proof. We wish to use the Basic Existence Theorem, so the only problem is to find a good way of parametriz-
ing all finite extensions of k. Here, a better idea is to parametrize all the finitely generated extensions of
k. Take A = k[X;]32 jlj=0, the polynomial algebra on R¢ independent transcendentals over k. View, for each
n > 0, the finitely generated polynomial rings k[Xy, ..., X,] as a subring of A. In each ring k[ Xy, ..., X,]
we have the family of its maximal ideals, 9. Write K (n, ) for the field k[Xo,..., X,]/9 and consider
the collection of all these K (n,9).5 By the Basic Existence Theorem, there is field, L, over k containing
a k-isomorphic copy of each K(n,9). But each finite degree extension, M, of k is k-isomorphic to at least
one K (n,9M); and so, each finite degree extension is “contained” in L. Write

Q=L,, = {&e€L|¢isalgebraic over k}

= algebraic closure of k in L.

By construction, € is algebraic over k; by choice of L, each finite degree extension, M, of k is k-isomorphic to
a K (n,9M) so the latter is algebraic over k; hence, in Q. And now, (the obvious modification of) Proposition
4.75 #(6) shows ( is algebraically closed.

Having proved existence, we now investigate uniqueness. Say Q is another algebraic closure of k. Now
for © and 2 we have

Q- lm g (h
K /k finite, KCQ)
0= lm g (1)

K/k finite, Iy( cQ

Since ) is algebraically closed, for each such K /k we get a k-injection K — Q. We may assume each such
K is normal over k and choose a maximal chain of such K. Then, twisting if necessary by the G (K /k), w
obtain a consistent family of k-injections of these K into €. By (1), there results the k-injection Q— Q
But the image of Q is algebraically closed and € is algebraic over it. We deduce from Proposition 4.75 (5)
that @ = image of Q.

Lastly, if ¢ and 1 are two k-isomorphisms from € to Q, the map ¥~ o ¢ is in G(2/k). Hence, the
k-isomorphisms ¢ o o run over all k-isomorphisms 2 — ) whenever ¢ is one such and o runs over G(2/k).

O

There remains the general case of a field extension k/k. The important concept here is the notion of
transcendence basis.

Definition 4.16 A subset, S, of a field extension, K/k, is a transcendence basis for K/k iff
(1) S is algebraically independent over k and
(2) K is algebraic over k(S).

We need some technique in handling algebraically independent elements. The most useful technical
observation is the following:

6For readers with a foundational mind, note: In the first place, the pairs (n, ) are elements of the set N[]P(A), where
P(A) is the power set of A; so, our indexing is done by a set. Next, each field, K (n, 91), is itself in P(A); so, the whole collection
is perfectly valid from the point of view of set theory.
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Proposition 4.78 Suppose that K/k is a field extension and A and B are subsets of K. Then the three
conditions below are mutually equivalent:

(1) ANB =10 and AU B is algebraically independent over k
(2) A is algebraically independent over k and B is algebraically independent over k(A)
(8) Same statement as (2) with A and B interchanged.

Proof. By symmetry, (2) <= (3); all that remains is to prove (1) <= (2).

(1) = (2). As A C AU B and the latter is algebraically independent over k, we find that A is
algebraically independent over k. If B is algebraically dependent over k(A), there are elements by, ..., b;
and a nonzero polynomial f(7y,...,T;) € k(A)[Ty,...,T¢] with f(b1,...,b:) = 0. But, the coefficients may
be chosen from k[A] and involve only finitely many elements aq,...,as from A. Then, f(Ty,...,T}) is
actually a nonzero polynomial of the form f(al, cooag, Ty, 00 Ty, and fis a polynomial over k in variables
Uy,...,Us, Th, ..., T Tt is satisfied by {ay,...,as,b1,...,b:} € AU B contradicting (1).

(2) = (1). No element, &, can be in AN B, else the polynomial T'— £ € k(A)[T] is satisfied by £ € B
contradicting (2). We need only show each finite subset of AU B is algebraically independent and, of course,
this is immediate if that finite subset is in A or B. So, we may assume that our subset is ay, ..., as, b1, ..., b;.
Any polynomial f(Uy,...,Us,Ty,...,T;) € k[U,...,Us,T1,...,T;] which vanishes on ay,...,as,b1,...,b;
gives a polynomial

f((ll7 ceas, Ty 7Tt) S ]{Z(A)[Th .. ,Tt]
which vanishes on by,...,b;. By (2), all the coefficients of f(a1,...,as,T1,...,T;) have to vanish. By (2),
again, these coefficients which are just different polynomials g;(Ui,...,Us) (coeffs in k) must be zero as
polynomials. Therefore, our original polynomial f(Uy,...,Us, T1,..., ) is identically zero. This proves (1).

O

We derive many corollaries from Proposition 4.78.

Corollary 4.79 Let K/k be a field extension and A be a subset of K. Then, A is algebraically independent
over k iff for all £ € A, the element & is transcendental over k(A — {£}).

Proof. By taking A — {£{} and {&} as the two subsets of Proposition 4.78, we see that (=) is proved.

To prove (<), take a finite subset of A, say ai,...,a:, and suppose it is algebraically dependent over
k. We may assume no smaller subset of ay,...,a; is dependent by passing to that smaller subset. Apply
Proposition 4.78 to the sets {a1} and {as,...,a;}. Since ay,...,a; is not independent, it follows that a;

is not independent over k(as,...,a:). Hence, a; is not independent over the bigger field k(A — {a;}). This
contradicts our hypothesis when & = a;. []

Corollary 4.80 If K/k be a field extension and A is an algebraically independent subset (over k) of K, and
if € € K has the property that & is transcendental over k(A), then AU{E} is again algebraically independent
over k.

Proof. This is immediate either from Proposition 4.78 or Corollary 4.79.

Corollary 4.81 Suppose K/k is a field extension and A is an algebraically independent subset of K. A
necessary and sufficient condition that A be a transcendence basis for K/k is that A be a mazimal element
(under partial ordering by set inclusion) among the algebraically independent subsets of K.

Proof. If A is a transcendence basis for L/k yet is not maximal, there is an independent set, B, of K and
B > A. In Proposition 4.78, let B—a and A be the two sets, the K C k(A)(B—A) and K/K(A) is algebraic.
So, B — A is not algebraically independent over k(A) contradicting Proposition 4.78.

Conversely, if A is maximal among algebraically independent sets and £ € K but not in K(A), then &
cannot be transcendental over k(A) by Proposition 4.78 (set B = {{}, A = A). So, ¢ is algebraic over K(A);
that is, K/k(A) is algebraic. []
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Theorem 4.82 (Steinitz) If K/k is a field extension and if S C T are two subsets of K so that
(a) K is algebraic over k(S) and

(b) T is algebraically independent over k, then there exists a transcendence basis, B, for K/k with T C
B C S. In particular, every field extension possesses a transcendence basis.

Proof. We let S denote the collection of subsets of S which both contain T and are algebraically independent
over k. Of course, as T € S, we have S # (). Partially order S by set-theoretic inclusion and note that S is
inductive. Let B be a maximal element of S, it exists by Zorn’s Lemma. Consider the extension k(S)/k(B).
We know if each element of S is algebraic over k(S), then k(S) will be algebraic over k(B). But by the
maximality of B and Proposition 4.78 (or Corollary 4.80), we see that every element of S is indeed algebraic
over k(B). Thus, from the facts that K is algebraic over k(S) and k(S) is algebraic over k(B), we find K is
algebraic over k(B).

Upon taking S = K and T = (), we deduce each field extension has a transcendence basis. []

Doubtless you will have noticed an analogy between the familiar theory of linear dependence and inde-
pendence for vector spaces and our theory of algebraic independence and indepnedence for field extensions.
For example, Proposition 4.78 can be translated into the linear case. Steinitz noticed this explicitly and
transformed the analogy into an axiomatic treatment of both cases simulataneously. In the linear case, the
notion of Span is a crucial ingredient and Steinitz generalized this by setting

Y(A) ={¢ € K| ¢ is algebraic over k(A) (%)

for A a subset of K and K/k a field extension. Of course we can then write: A is a transcendence basis
for K/k iff A is algebraically independent over k and K = X(A). The axioms for the 3 operation are the
dictated by the linear case:

(1) ACX(A),

(2) If A C B, then (A) C X(B).

(3) X(X(A)) = Z(A).

(4) If ¢ € (A), then there is a finite subset, A, of A so that ¢ € $(A).
(5) It n e Z(AU{E&}) but n ¢ 3(A), then £ € Z(A U {n}).

Conditions (1)—(3) are obvious both in the linear case (when X(A) = Span(A)) and in the algebraic case
(when X(A) is as above). However, (4) and (5) deserve some comment. Property (4) makes the formation
of ¥(A) a property “of finite character”, and allows the application of Zorn’s Lemma in proofs of statements
about X (A) or independence. Property (5) is called the Steinitz Exchange Lemma—it is well-known in the
linear case. Here it is in the algebraic case:

Proposition 4.83 (Steinitz Exchange Lemma) For a field extension, K/k, a subset A C K and element
&,n of K we have

Ifne S(AU{E}) but n ¢ (A), then £ € S(AU{n}).
Here, 3(A) is as above in (x).

Proof. In k(A) we can choose a transcendence basis (over k) contained in A by Theorem 4.83. As k(A) is
algebraic over k(B), it is algebraic over k(B U {&}). Now, £ is algebraic over k(B U {£}); so, k(A U {})
is algebraic over k(B U {{}) and therefore n € k(B U {{}). If the exchange lemma were valid when A was
independent, we would deduce £ € (B U{n}) C (AU {n}).

This achieves a reduction to the case where A is algbraically independent. The silly case £ = 7 is a
tautology and so we have & # n and AU{, n} is algebraically dependent. But then, Proposition 4.78 applied
to the sets AU {n}, {¢}| shows that & € (AU {n}), as desired. []
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@ Clearly, the Exchange Lemma is susceptible of generalizations. But one must be careful. “Obvious”
generalizations may be false. For example, the statement: If A, B, C are subsets of K (an extension of
k) and if C C (AU B) but C' € 3(A), then B C S(AUC) is false. Indeed, even the weaker statememnt
(because the hypotheses are stronger): If C' C S(AUB) but no element of C' is in £(A), then B C 3(AUC) is
false. To see why the latter is false, just take A = () and K = k(X,Y,v/X), where X and Y are algebraically
independent over k. Set B = {X,Y} and C = {V/X}.

Proposition 4.84 (General Steinitz Exchange Lemma) Suppose K /k is a field extension and A, B,C C K.
Assume that C C (AU B) but C € X(A). Then, there exists a subset, B', of B with properties

(1) BCX(AUCUDB).

(2) B+#B'.
(3) B'NC = 0.

Before proving this form of the exchange lemma, we should remark that:

(a) The hypotheses are those of the previous strong (but false) statement—the conclusion is weaker: we
need B’. In the example where A = (), C = {V/X}, B = {X,Y}, it is clear that B’ = {Y'}.

(b) The name come from the fact that B” (= B — B’) and C have been exchanged. That is, we conclude
B" C¥(AU B UC) from the hypotheses C C (AU B’ UB"”) and C Z ¥(A).

Proof. Here, the notation ¥ refers to algebraic dependence over k. Let A be a maximal algebraically
independent subset of A, so that X(A) = X(A). Write C for a subset of C' maximal with respect to algebraic
independence over k(A). Because C ¢ (A A), we sce that C # 0 and that AUC is algebraically independent
over k by Proposition 4.78. Now C' C S(AUC) and A C %(A) C (AU C). We find that

S(AUB) =%(AU Q).

Write T'= AUC U B. Now, $(AU B) = Y (AU B) and by hypothesis we find that C' C Y (AU B). Therefore,
S(T) = S(AU B); call this field K. In it, we have T D AU C, the former set generates and the latter is
algebraically independent. By the existence of transcendence bases (Theorem 4.83), there is a transcendence
basis for IN(/k:, call it S, so that

T2>S8DAUC.

We set B' =S — (AU C) C B. Of course, B'NC = . We know
S(T) =%(5) =2(AUCUB)

and B C (T); so, conclusion (1) is proved. Were B’ = B, we’'d have S = AUC U B. Now C C C and
by hypothesis C' € (AU B) = S(AU B). As S is algebraically independent, we have a contradiction of
Proposition 4.78; this proves (2). Finally, if { € B'NC, then { € C C (AU C) implies that the subset of
B'UAUC = S consisting of {¢} UAUC is dependent; contradiction on how we chose S. [

The main use of the standard exchange lemma is to prove that transcendence bases have the same
cardinality. Here’s how the finite case goes.

Theorem 4.85 Suppose K/k is a field and S is a finite subset of K while T is any subset of K. Assume
that #(T) > #(S) and T C X(S). Then T is algebraically dependent. In particular, if K/k has a finite
transcendence basis, then all transcendence bases of K/k are finite with the same cardinality.
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Proof. First, replace K by 3(S), second replace S by a transcendence basis (for K = X(.S)) which is a subset
of S. Therefore, we may assume S is a transcendence basis for K/k. If #(T) = oo, then then replace T by
any finite subset with #(7) > #(.5); so we may assume T is finite, too. Now suppose the result is false and
choose a counter-example pair S, T so that #(5)+#(T") is minimal. Of course, in this case #(T') = #(T)+1,
else we could reduce the sum by choosing a subset of T' with #(T") = #(S5) + 1.

Our situation is now that
(a) S and T are finite algebraically independent sets
(b) T C ()
(c) #(S)=n, #(T)=n+1

(d) n is minimal among integers having (a), (b), (c).

Label the elements of S as s1,..., s, but refrain from labelling T" as yet. Consider S — {s1}. There must
be some t € T so that t ¢ (S —{s1}), else T'C X(S — {s1}) and (d) would show T dependent contradicting
(a). Call this element ¢;. Note that {so,...,s,,t1} is an independent set at t; ¢ X(sa,...,s,). Since
t1 € 2((S—{s1})U{s1}), the standard exchange lemma (Proposition 4.83) shows that s; € X(sa,..., S, t1).
All the other elements of S lie in X(sa,...,8,,t1) so T — {t;} is certainly in X(sa,...,S,,t1). However,
T — {t1} cannot be contained in X(s3,...,S,,t1). For if it were, the sets {s3,...,sn,t1}, T — {t1} would
satisfy (a) and (b), their cardinalities would be n — 1 and n respectively and (d) would be contradicted.

Since T — {t1} € 3(83,...,8n,t1), there is an element ¢t € T — {t;} with t5 ¢ 3(s3,...,8p,t1). This
means {83, S4,...,5n,t1,t2} is an independent set and allows the exchange lemma to be applied once more
ton = ty, &€ = so, and {s3,...,8,,t1}. We conclude that sy € X(s3,...,8n,t1,t2) and so all of T' (thus
also T — {t1,t2}) is in X(ss3,...,Sn,t1,12). It is clear how to continue the process and equally clear what
is happening: We are systematically replacing the elements s1,ss,... of S by elements ¢,t5,... from T.
In the end, we find T — {t1,...,t,} C X(t1,...,t,); but, #(T) = n+1, so tp41 € X(t1,...,t,)—our final
contradiction (on (a)). As (a)—(d) are untenable, no counter-example exists.

To prove if K/k has finite transcendence basis, all transcendence bases have the same cardinality, we
choose a transcendence basis, S, of minimal (so, finite) cardinality and any other transcendence basis, T.
Of course, #(T) > #(S). If #(T) > #(5), then T' C ¥(S) immediately implies from the above that T is
dependent, which is not true. Thus, #(T') < #(5), and we are done. []

If the reader will go through the argument, he will see we have used only Steinitz’s rules (1)—(5) on 3.
Thus, the argument works in the linear case—though a direct argument is simpler. In carrying this out, one
sees that Corollary 4.79 gives a way of defining algebraic independence solely in terms of the ¥ operation.
Namely, A is algebraically independent iff for every & € A, the element £ is not in 3(A — {&}).

We can now handle the infinite case.
Theorem 4.86 For every field extension K/k, any two transcendence bases have the same cardinality.

Proof. Is S and T are given transcendence bases for K/k, then, by Theorem 4.85, the sets S and T are
simultaneously finite or infinite. Of course, the only case of concern is when S and T are infinite.

I claim two statements, which taken together will quickly finish the proof.
(I) For each £ € K, there exists a unique finite subset of S, call it S(£), characterized by

(a) £€2(5(¢)) and
(b) If S C S and ¢ € ¥(S), then S(¢) C S.

(IT) For & and n in T, if £ # 7, then S(&) # S(n).
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Suppose we assume (I) and (II) and write FP(S) for the collection of all finite subsets of S. Then the
map & — S(£) is, by (I) and (1), a well defined injection of T' to FP(S). We find that #(T) < #(FP(9))
and we know #(S) = #(FP(S)) because #(59) is infinite. Thus, #(T) < #(S); by symmetry, #(S) < #(T).
Then, the Cantor-Schroder-Bernstein Theorem yields #(S) = #(T).

Both (I) and (II) are consequences of the exchange lemma. For (I), choose £ € K. If ¢ is algebraic over
k, the set S(§) = () satisfies (a) and (b); we may assume £ is transcendental over k. There is a finite subset,
{81,...,8n}, of S so that £ € X(s1,...,5,). We may assume no smaller subset of {s1,...,s,} has £ in the
¥ formed from it. Suppose {o1,...,04} is another subset of S and & € X(o1,...,04). Choose any s;, apply
the exchange lemma to £, s; and S —{s;}. We find that s; € 3(s1,...5;,...,5,,&). Now, £ € X(01,...,0),
therefore

S5 € 2(81,.../S\j,...,Sn,Ul,...,O'q).

The elements s; and o; are in the independent set S therefore s; must be one of the o1,...,04. Since s; is
arbitrary in {s1,...,$,} we get {s1,...,8,} € {01,...,04} and so S(§) = {s1,..., s} has (a) and (b).

To prove (II), first note that if £ € S, then S = {¢}. Pick &, € T and assume S(§) = S(n). Write
{s1,...,8,} for the listing of the elements of S(¢). A standard application of the exchange lemma shows
s1 € X(82,...,8n,&). Therefore, S(&) C X(sa,...,sn,&). It follows, as S(§) = S(n), that n € X(sa,...,8,,8).
By Claim (I) property (b), we find

{81, ,8n} =5S(n) C{s2,...,8n,&}.

Hence, £ = s1. By symmetry, n = $1, too; and so, £ =7 (or £ € S and hence so is n; therefore {{} = S(&) =
S(n) ={n}). We are done. []

Definition 4.17 The common cardinal number of all the transcendence bases for K/k is the transcendence
degree of K/k. It is denoted tr.d.,(K). The field K is purely transcendental over k iff K = k(S) where S is
a transcendence base for K/k.

To finish up this section, we have only to discuss the notion of separability for general field extensions
(i.e., not necessarily algebraic). For this, we essentially make Mac Lane I into a definition:

Definition 4.18 A field extension, K/k, is separable iff either char(k) = 0 or when char(k) = p > 0, then
the natural map
EVP @, K —s K'Y/P

is injective.
There is a related (but stronger) concept, namely the notion of separable generation:

Definition 4.19 A field extension, K/k, is separably generated iff there exists a transcendence base, B,
for K/k so that K is separable (algebraic) over k(B). Such a transcendence bases is called a separating
transcendence base for K/k.

Separable non-algebraic field extensions exist:
Proposition 4.87 If K = k(B) and B is an algebraically independent set, then K /k is a separable extension.

Proof. By the argument of Section 4.3, the definition of separability is that when wuy,us, ... are element of
K linearly independent over k, then u}, ... uf, ... are again linearly independent over k. If we apply this

to all the monomials formed from the elements of B, we see that we must prove: The elements u”, where u
ranges over B, are algebraically independent over k. But, any non-trivial polynomial relation

TR



4.11. ALGEBRAIC CLOSURES; STEINITZ’S THEORY OF FIELDS 249

is, a fortiori, a polynomial relation for u;,,...,u,,; hence, cannot be non-trivial. []

We can make two remarks that will be helpful for what follows:

Remarks:

(I) Separability is transitive. To see this, say L is separable over K and K is separable over k. Then, the
two maps

EYP @ K — K'YP: KYP g L — LYP (%)
are injective. But then, we get the injection
(K'? @) K) @k L — K'? @ L (%)

(as L is flat over K). The left hand side of (x%) is k'/? @) L and the right hand side injects into L'/?
by (x); so, we are done.

(IT) Any field extension of a perfect field is separable. For, if k is perfect, then k = kP; that is, kP = k.
But then, kY/? @, K = K and K C K/, as required.

(IIT) If K O L O k and K/k is separable, then L/k is separable. For consider the map
EYP @, L —s LYP,
Let its kernel be 2. By the flatness of K over L, we see that
0— A, K — (K'? e, L))o, K =k""? @, K — L'? @, K

is exact. Now, the composed map k'/? @, K — L'/? @ K — K7 is injective by hypothesis; so,
A®r K = (0). But, K is faithfully flat over L, therefore 2 = (0).

Corollary 4.88 If K/k is separably generated, then K/k is separable.

Proof. Write B for a separating transcendence base for K/k. Then, K is separable over k(B) and the latter
is separable over k by Proposition 4.87. Now Remark (I) applies. []

@ Separable generation is, in general, a strictly stronger concept than sepamZbilz'ty. Here is a standard
example: Let k be a perfect field (i.e., k = F,) and write k = k(T TYP VP ). Thus, K = liLn)Kn,

n
where K, = k(T pn) and each K,, being pure transcendental over k, is separable over k. Of course,
K'Y? = K and k'/? = k by choice of k; so K /k is separable. We will now see it is not separably generated.
Let’s write STB for the phrase separating transcendence basis. We know tr.d; K = 1 as each K, is algebraic

over K1. Were an element z € K an STB, we’d have z € K, for some n. Now, we may ignore Ky,..., K, 1
and still have K = lim Ky, (m > n), so we may assume z € K. i.e., z € k(T). but then, the diagram of
algebraic extensions "
K
ET) =K,
k(Z)

and the fact that K is separable over k(Z) would show that K/K; is a separable algebraic extension and
this is nonsense.
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@ Remark. In the general case when K/k is separable and L is a subextension of the layer K/k it does
not follow that K/L is separable. For example, L = K in the above example shows that K/K; is not
separable even though K/k is separable.

This remark indicates that separability is not a good notion in the general case; separable generation is a
much better notion. We are going to show now that the two concepts coalesce when the big field is a finitely
generated extension; so, the cause of most difficulties is infinite generation in the general case (as should be
clear from the counter-example above). Still, even in the finitely generated case, there are problems: Ks/k is
separably generated yet it is not separably generated over K; (or separable—notations as above). The moral
is: be careful with separability (or separable generation) in the non-algebraic case, especially with infinitely
generated extensions.

Theorem 4.89 If K/k is a finitely generated field extension, then K/k is separable if and only if it is
separably generated.

Proof. One direction is Corollary 4.88; so, assume K/k is separable and finitely generated, say K =
k(Ty,...,T,). We let r = tr.dy K and use induction on n — r. If the latter is zero, T1,...,T, are already
an STB; so, assume n = r + 1 (this turns out to be the essential case). Now T1,...,T,.;1 are algebraically
dependent and, by rearranging their order, we may assume 77, ..., T, are a transcendence base. Then there is
a polynomial of smallest degree in X, 1 coefficients in k[X1,..., X,] having content 1, say f(X1,..., X, 1),
so that f(T%,...,T,,Tr41) = 0. The degree of this polynomial in X”*! must be positive and if its lead-
ing coefficient is ag(X1,...,X,), we can localize k[X1,...,X,] with respect to ay and make f monic in
kX1, .., Xr]ao[Xr41]- The division algorithm for monic polynomials shows then that if g € k[X1,..., X, 1]
vanishes on T4, ...,T,11, we have

agg=f-g in Kk[Xi,..., X 11]

for some s > 0. by unique factorization in k[X7, ..., X, 1] it shows further that f is irreducible.

Suppose we could show that f(X1,..., X, 1) ¢ k[X{,..., X} |]. If so, at least one variable occurs in f
with exponent indivisible by p, call this variable X;. Then 7} is dependent on T1,...,T;—1,Tiy1, ..., 111
and the latter must be algebraically independent by Theorem 4.82. Moreover, as the exponent of T} is not
divisible by p, the element T; is separable over k(T4,...,T;—1,Ti+1,...,Try1) and so, Ty, ..., Ti—1,Tit1, . -
T,4+1 form a separating transcendence basis, as required.

We use the separability of K/k to prove that f(X1,...,X,11) ¢ k[X7,..., X ,]. Were the contrary
true, there would be a polynomial

*9

f(le s 5X7'+1) = g(X{)a s ’Xf-&-l)'

The monomials my, ..., m; comprising g all have degree less than of f, so the elements mq(71,...,Tr41),. -,
m¢(Th, ..., Try1) are linearly independent over k. By separability, the elements

ml(Tl, . ,TT_‘_l)p = ml(Tf, . ,Tf+1), . ,mt(Tl, N ,Tr+1)p = mt(Tf, PN an+1)
are still linearly independent over k. Yet the relation

g(Tf,...7Tf+1) = f(Tl,...,Tr+1) =0
is a non-trivial linear relation among m?,...,m¥, a contradiction.
For use below, we record what we have just proved:

If K/k is separable, of transcendence degree r, then any set of r+1 elements of K, say T1, ..., Ty11, which
contains a transcendence basis for K/k, already contains a separating transcendence basis for k(Ty, ..., Tr11)
over k. (All wee need note is that, by Remark III above, the field k(T},...,T-4+1) is separable over k.)
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Now, let’s continue with our induction and finish the proof. We have n —r > 1 and we assume separable
generation for all separable field extensions, K/k, generated by less than n — r elements (tr.dy K = r).
By Remark III, k(Ty,...,T,,—1) is separably generated; so we can take an STB Uy, ...,U; for it. There
are only two possibilities for ¢: either ¢t = r — 1 or ¢ = r. Since K is then separable (algebraic) over
k(Ui,...,U, T,), we need only show the latter field is separably generated over k. But, the transcen-
dence degree of k(Uy,..., U, Ty,) over k is r and t + 1 < r 4+ 1 by the above. Again, Remark IIT shows
k(Uy,..., U, T,) is separable over k, and so our argument above (summarized in italics above), implies the
required separable generation of k(Uy,...,U;,T,) over k. []

We can augment the reasoning in the proof of Theorem 4.89 to obtain a useful theorem of Mac Lane:

Theorem 4.90 (Mac Lane) Suppose K/k is a finitely generated, separable field extension. Then, any set
of generators for K/k already contains a separating transcendence basis for K/k.

Proof. Write r = tr.d K and say K = k(T1,...,T,). We use, as usual, induction on n—r, the case n—r =0
is trivial and the case n —r = 1 is covered by the italicized statement in the middle of the proof of Theorem
4.89. For the induction step, use the notation of the last part of Theorem 4.89 and note that, by the induction
hypothesis, STB Uy, ...,U; may be chosen from among Ti,...,T,,_1. Then the r +1 = ¢ + 1 generators
Ui,...,U, T, for k(Uy,...,Us,T,) are among T1,...,T,_1,T, and so the case n —r = 1 now applies and
finishes the proof. [

An important corollary of our theorems is this result:

Corollary 4.91 (F.K. Schmidt) If k is a perfect field, every finitely generated field extension of k is sepa-
rably generated over k.

Proof. We apply Remark II and Theorem 4.89 (or 4.90) to our finitely generated extension of k. []
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4.12 Further Readings

Some basics of Galois theory is covered in most algebra texts (see Section 2.9). Emil Artin’s classic [1] is a
must. Other references include Kaplanski [31], Zariski and Samuel [50], Bourbaki (Algebra, Chapter IV) [6],
Lafon [33], Morandi [41], Escofier [14] and Van Der Waerden [47].



