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M-regular sequence, 325

Z-Global Dimension Theorem, 334
(Co)homological Functors, 271
(N), 344

(co)homology of algebras, 275

enveloping algebra, 276

a-adic completion of A, 371
a-adic topology, 371
abelian category, 366

AC, 242

ACC for module, see ascending chain condition for

module
acyclic complex, 254
acyclic resolution of modules, 72
additive functor, 69
additive group functor, 40
additive Hilbert 90, 238
2-adic topology, 181
adjoint functors, 283
admissible monomial, 57
admissible word, 49
affine group, 28
Akizuki’s structure theorem, 139, 184
false for noncomm. rings, 140
Akizuki, Y., 138
algebraic closure, 242
algebraic closure of field, 191
algebraic element over commutative ring, 59
algebraic geometry, 143
algebraically closed, 242
algebraically closed field, 191

algebraically dependent set over commutative ring,

59

algebraically independent set over commutative ring,

59
alternating R-algebra, 98
amalgamated product of groups, 50
annihilator of submodule, 60
arrow of category, see morphism of category
Artin ordering, 100

Artin Schreier

Theorem I, 236, 237

Theorem 11, 236
Artin’s irreducibility criterion, 238-240
Artin’s theorem, 205, 207, 209, 212, 215, 386
Artin’s theorem of the primitive element, 214
Artin, E.; 238
Artin—Rees theorem, 182, 183
artinian module, 60
ascending chain condition for module, 60
associated primes of module, 172
atoms, 397
augmentation, 282
augmentation ideal, 278, 282
augmentation module, 330
augmented ring, 330
k-automorphism of field extension, 206
axiom of choice, 10, 129

backward image functor, 119
Baer embedding theorem, 77, 79, 362
Godement’s proof, 77
Baer radical of group, 344
Baer representation theorem, 75, 77
Baer’s theorem, 345
Baer, R., 79
bar resolution, 278
base extension of module to algebra, 113
Basic Existence Theorem, 242
bounded complex, 254
above, 254
below, 254
Brauer, R., 394
bundle homomorphism of vector bundles, 360
Burnside basis theorem, 16, 18, 344
Burnside dimension, 18
Burnside’s Lemma, 397
Burnside, W., 9, 32
butterfly lemma, see Zassenhaus’ butterfly lemma

Cameron-Cohen Inequality, 397
canonical flasque resolution, 295
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canonical map to localization, 118
canonical site, 374
Cartan—Eilenberg injective resolution of complex, 312
casus irreducibilis of cubic, 387
category, 39
examples, 39
category co-over object, 45
category over object, 45
Cauchy, A., 5
Cayley graph, 349
Cayley transform, 395
Cayley—Hamilton theorem, 181
center of group, 13
central group extension, 26
centralizer of group element, 3
chain, 10
chain detour lemma, 185, 186
chain map, 254
d-chain on manifold, 97
character, 298
character of representation, 204
characteristic class of extension of module by module,
273
characteristic of ring, 353
characteristic subgroup of group, 15
Chevalley, 158
Chinese Remainder Theorem, 136, 139
classical, 136
classification of groups of order pq, 29
closed set in Spec, 125
n-th coboundary group of group, 30
n-th coboundary map, group cohomology, 30
coboundary of 1-cochain on group, 23
n-th cochain group of group, 30
cochain map, 254
1-cochain on group, 23
2-cochain on group, 22
n-th cocycle group of group, 30
2-cocycle on group, 22
cofinal subset of index set, see final subset of index
set
cofunctor, 40
cogredient tensor of rank a, 91
Cohen’s lemma, 128, 129
Cohen, I. S.; 128
Cohen-Seidenberg, 151
I: Lying over Theorem, 151
II: Going-up Theorem, 152
IIT: Going-Down Theorem, 153
III: Going-down Theorem, 154
cohomological complex, 254
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cohomological spectral sequence, 300
cohomologous 2-cocycles on group, 23
cohomology
long exact sequence, 221
of a cyclic group, 224
of presheaves, 288
of sheaves, 288
cohomology cofunctor, 41
cohomology group of R with coefficient in M, 278
0-th cohomology group of group
calculation, 30
n-th cohomology group of group, 30
cohomology of groups, 315
comaximal ideals, 136
comma category, see category over or co-over object
commutator group of group, 16
commutator of group elements, 13
compatible filtration and coboundary map, 299
compatible filtration and grading, 299
complementary index of spectral sequence, 300
completely reducible module, 329
S-component of submodule, 179
composition factors of composition series, 10
composition of morphisms between objects of cate-
gory, 39
composition series for group, 10
compositum of two fields, 215
conductor, 165
of the integral closure, 165
conjugacy class of group element, 3
H-conjugacy class of group element, 3
k-conjugate fields, 201
conjugation group action, 3
connecting homomorphism, 221
connecting homomorphism in LES for (co)homology,
263
connecting homomorphism in snake lemma, 81
constant presheaf with values in object, 366
continuous functor vector spaces — vector spaces, 359
contracted ideal, 120
contraction of tensors, 91
contragredient tensor of rank b, 91
convolution product in polynomial ring, 54
coprimary module, 167
coproduct in category, 46
examples, 47-50
gr, 49
Mod, 47
Sets, 47
coproduct of family of groups, 350
cotangent bundle of manifold, 97
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cotangent space to manifold at point, 96 Eisenbud, 162
counting lemma, 4 elementary d-chain in manifold, 97
covering family, 367 elementary abelian p-group, 16
covering of object of category, 374 elementary symmetric functions, 153
covering surjection, see minimal surjection empty word, 49
crossed homomorphism, see twisted homomorphism, end of spectral sequence, 300
396 epimorphism of vector bundles, 360
cup-product, group cohomology, 347 equivalent categories, 42
equivalent group extensions, 19
décalage, 272 essential injection, 74
DCC for module, see descending chain condition for essential primes of submodule in module, 172
module essential submodule, see large submodule
Dedekind domain, 173 essential surjection, see minimal surjection
examples, 173 étale algebra over comm. ring, 196
Dedekind ring, 73 Euler function, 65
Dedekind’s theorem, 204-206 exact functor, 69
Dedekind, R., 173 examples, 69
degenerate spectral sequence, 308 exact sequence of groups, 19
degree of field extension, 188 exact sequence of vector bundles, 361
degree of filtration, 299 Ext"y (-, B), 262
O-functor, 265 extended ideal, 120
d-functor, 265 extension lemma, 200-203
derivation of algebra with values in algebra, 189 General, 228
examples, 189 extension property for injective modules, 75
derived functor, 261 exterior algebra of module, 94
j-th derived group of group, 17 j-th exterior power of module, 94
derived length of group, 18
derived series of group, 18 f.f., see faithfully flat module
descending chain condition for module, 60 f.g., see finitely generated module
descent, 114, 282 f.p., see finitely presented module
descent of property in extension, 114 Fact I
determinant of linear map, 98 cohomology of groups, 221
dimension shifting, 272 Fact II
direct image of sheaf, 142 cohomology of groups, 221
direct limit, see right limit faithful module, 132
direct mapping family, see right mapping family faithfully flat module, 99
directed set, 100 Feit, W., 9, 32
examples, 100 Fermat prime, 345
discrete valuation on ring, 381 Fermat’s little theorem, 198
discrete valuation ring, 381 fibre, 158
divisible abelian group, 350 fibred coproduct over object, 46
divisible module, 76 examples, 47-50
dual category, 40 gr, 50
dual module, 298 Mod, 48
DVR, see discrete valuation ring Sets, 48
fibred product over object, 46
E. Noether, 160 examples, 47-50
E. Noether: finiteness Theorem, 164 Mod, 48
Eckmann, B., 79 Sets, 48
Eilenberg, 396 filtered complex, 299

FEilenberg, S., 31, 267 filtration index of spectral sequence, 300
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final subset of index set, 104
finite atom, 397
finitely generated (f.g) module
need not be f.p., 64
finitely generated algebra, 59
finitely generated group, 345
finitely generated ideal (FGI) test, 109
finitely generated module, 59
finitely presented module, 60
finiteness Theorems, 164
first homomorphism theorem, 126
first uniqueness theorem for primary decomp., 172,
174, 175
Fitting’s lemma, 167
five lemma, 80, 87, 111, 134, 267
fixed field of family of characters, 205
flat module over ring, 99
flat op-module over ring, 99
forgetful functor, 40
forward image functor, 119
fraction field of comm. ring, 120
fraction ring of comm. ring, see localization of comm.
ring
fractional ideal, 379
fractional linear transformation, 348
Frattini argument, 34
Frattini subgroup, 15
free group on set, 50
free module on set, 59
free product of groups, 50
free resolution of module, 72
Frobenius, G., 9
full subcategory, 40
functor, 40
examples, 40-41
may have right adjoint, no left adjoint, 44
fundamental theorem of Galois Theory, 208, 215
general case, 230

Galois cohomology groups, 224
Galois equivalent field extensions, 207
Galois group

with Krull topology, 229
Galois group of field extension, 206
Galois group of polynomial, 206
Galois, E., 13
I'-Riccati equation, 353
Gauss, K., 387
Generalized Nakayama’s Lemma, 333
generation of group by set, 51

405

generation of submodule by set, see submodule gen-
erated by set
geometry, 143
germ of function, 354
global dimension (of a ring), 328
Global Dimension Theorem, 340
Godement, 77
Godement resolution, 295
good free module, 91
good subset, 332
graded ring, 93
Grothendieck, 164, 313
Spectral sequence of composed functors, 313
Q-group, 36
examples, 36
p-group, 5
group action (left), 1
examples, 3
group cohomology, 221
group extension, 19
examples, 2629
group ring, 274

half-exact functor, 69
Hamel basis, 11, 12
application to R/Q, 12
Hausdorff maximal principle, 10
height of prime ideal, 124
Hensel, K., 182
Henselization, 396
Herbrand’s Lemma, 396
Herstein’s lemma, 180
proof using Artin—Rees, 183
Hilbert basis theorem
Noether’s argument, 66
original, 67
Hilbert Syzygy Theorem, 335
Hilbert Theorem 90
cohomological version, 224
original form, 226
Hochschild, 278
cohomology groups, 278
homology groups, 278
Hochschild groups, 331
holomorphic geometry, 143
homogeneous ideal, 93
homogeneous space for group, 219
homological complex, 254
homology functor, 41
homology group of R with coefficients in M, 278
homology groups of G with coefficients in A, 275
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homothety

example, 167
homotopy, 258
homotopy functor, 41
homotopy invariance, 258
Hurewicz map, 41

immediate equivalence, 48
important module, 331
indecomposable module, 353
independent characters, 204
independent transcendentals over commutative ring,
see algebraically independent set over com-
mutative ring
index of filtration, 299
inductive limit, see right limit
inductive mapping family, see right mapping family
inductive poset, 10
injective dimension, 328
injective hull of module, 79
injective module, 70
inner twisted homomorphism, see principal twisted
homomorphism
inseparable field extension, 192
integral, 147
basis, 159
closure, 148
dependence, 147
dependence, transitivity of, 148
morphism, 147
over (Definition), 147
integral element over domain, 354
integrally closed, 148
integrally closed domain, 354
integrally closed domain in algebra, 354
integrally closed ring, 148
inverse limit, see left limit
inverse mapping family, see left mapping family
invertible module, 145
irreducible element of ring, 378
irreducible set, 178
isolated associated prime ideals of module, 172
isolated essential prime ideals of submodule in mod-
ule, 172
isolated primary components of module, 172
isolated primary components of submodule in mod-
ule, 172
isolated prime ideal of ideal, 127
isomorphic categories, 42
isomorphic normal flags, 36
isomorphism between objects of category, 40

INDEX

Jacobian criterion for multiplicity, 189, 192
Jacobson radical, 75, 126

Jacobson radical of group, 344

Jordan’s Theorem, 397

Jordan—Hélder theorem, 36, 65

Kaplansky, 397
Kaplansky’s Theorem, 398
Koszul complex, 322
duality isomorphisms, 324
Koszul duality, 323, 324
Kronecker’s theorem of the primitive element, 214—
216
Krull
Galois theory, 228
Krull dimension of comm. ring, 124
examples, 124-125

dim =0, 124
dim =1, 124
dim = n, 125

Krull height theorem, 185
converse, 186
Krull intersection theorem, 180, 181, 184
original, 181
Krull principal ideal theorem, 183, 185, 186
Krull topology, 229
Krull, W., 183
Kummer, 233
Pairing theorem, 234
Kummer theory, see prime cyclic Kummer theory
Kummer’s theorem, 239, see prime cyclic Kummer
theory
Kummer, E., 173

Lagrange’s cubic resolvent, 387
Lagrange’s theorem
converse false, 4
large submodule, 74
Lasker-Noether decomposition theorem, 170, 172
Lasker’s original, 171
Noether’s original, 171
LCS of group, see lower central series of group
left acyclic resolution, 254
left adjoint functor, 44
left derived functors of cofunctor, 261
left derived functors of functor, 261
left limit, 101
examples, 104-106
left mapping family, 100
examples, 101
left-exact cofunctor, 69
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left-exact functor, 69
lemma (L), 301-304
lemma(L), 303
length of chain of prime ideals, 124
length of module, 65
level of spectral sequence, 300
lifting property for projective modules, 71
line bundle, see invertible module
linear representation of group, 3
local embedding lemma, 6, 7
local flatness criterion, 130
local property, 130
local ring, 123, 352
local ringed space, 142
examples, 142
localization of comm. ring, 118
examples, 119
localization of comm. ring at prime ideal, 123
represents germs of ‘some kind’, 135-136
localizing subcategory, 65
locally P, see local property
locally (P) group, 346
locally standard LRS, 143
locally trivial vector space family, 358
locally-free O x-module, 144
long (co)homology sequence lemma, 263
long exact (co)homology sequence lemma, 264
loop space of space, 52
functor is right-adjoint to suspension functor, 52
lower central series of group, 33
lower star, 283
LRS, see local ringed space

Mac Lane, 160
Mac Lane I, 196, 211, 248
interpretation, 197
Mac Lane II, 196, 198
interpretation, 197
Mac Lane’s theorem, 251
Mac Lane, S., 31
Main theorem on separability, 196
counter example when K /k is not finite, 199
map of pairs, 283
Maschke’s Theorem, 329, 390
maximal M-regular sequence, 325
maximal condition for module, 60
maximal idempotent of ring, 353
maximal spectrum of comm. ring, 125
minimal condition for module, 60
minimal injection, see essential injection
minimal polynomial, 153
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minimal polynomial of algebraic elt., 192
minimal surjection, 74
module
Map(B, G), 222
divisible, 296
G-module, 3
Q-module, 36
module of relative Kéahler differentials, 194
examples, 194-196
monomial, 55, 57
monomorphism of vector bundles, 360
Moore’s theorem, 218
Moore, E.H., 218
Moore-Smith property, see directed set
Morita equivalence, 329
morphism of category, 39
morphism of functors, see natural transformation of
functors
morphisms between objects of category, 39
multiplicative group functor, 41
multiplicative subset in comm. ring, 117
examples, 117
multiplicity of root of polyn., 188

(N), 14, 16, 17, 34
Nagata, 159, 162, 164
rings, 164
rings (Definition), 164
Nagata, M., 138
Nakayama’s lemma, 131, 133, 146, 177, 184
classical, 131
natural irrationalities, 216
natural irrationalities theorem, 215, 239, 384
interpretation, 216
original, 216
natural transformation of functors, 41
examples, 41
on Vect(k), 42
Newton’s Identities, 158
Nielson, J., 51
nilpotence class of group, 34
nilpotent group, 34
nilradical of comm. ring, 125
Noether Normalization Lemma, 160
Noether’s proposition, 169, 170
Noether, E., 169
Noetherian induction, 138, 170
noetherian module, 60
subring of noetherian ring need not be noethe-
rian, 64
non-generator in group, 15
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nonrepetitious normal flag, 36
norm, 153, 224
of an extension, 225
G-norm, 28
norm map
definition, 223
normal basis theorem, 216, 225, 389
algebraic interpretation, 218-219
geometric interpretation, 219-220
normal chain, see normal flag
normal closure of field extension, 203
normal domain, see integrally closed domain
normal field extension, 201
counter-example to transitivity, 202
non sequiturs, 202
normal flag, 36
normal ring, 148
normal series, see normal flag
2-normal subgroup, 36
normality, 148
Noetherian domain, 150
normalized 2-cochain on group, 26
normalizer of set in group, 6
number field, 173, 379

object of category, 39

open set in Spec, 125

opposite category, see dual category
orbit space, 2

orbit under group action, 2
orthogonal idempotents, 144

partial order on set, 10
partially ordered set, see poset
Pass, 149
perfect field, 192, 249, 251
examples, 192
pertinent module, 332
PHS for group, see principal homogeneous space for
group
Picard group of comm. ring, 146
polynomial solvable by auxiliary chain of equations,
385
Pontrjagin dual, 234, 236, 237
poset, 10
power lemma, 175, 180
generalization, see Herstein’s lemma
premorphism, 253
presentation of group, 51
presentation of module, 68
presheaf, 288

INDEX

presheaf of germs, 366
presheaf on topological space with values in category,
366
primary ideal, 167
p-primary submodule, 168
primary submodule in module, 168
prime avoidance lemma, 128, 185
prime element of ring, 378
prime ideal, 123
Prime Number Theorem, 396
prime spectrum of comm. ring, 125
almost never Hausdorff, 127
primitive element, 214
primitive element theorem, see Artin’s such or Kro-
necker’s such
primitive root of unity, 233
principal homogeneous space for group, 219
principal idempotent of ring, see maximal idempo-
tent of ring
principal twisted homomorphism, 30
product in category, 46
examples, 47-50
gr, 49
Mod, 47
Sets, 47
profinite group, 107
profinite groups, 316
projective cover, 74
counter-example, 74
projective dimension, 328
projective limit, see left limit
projective mapping family, see left mapping family
projective module, 70
product of such need not be such, 362
projective resolution of module, 72
proper map, 383
property (N), see (N)
pseudo-metric topology, 181
pull-back of forms, 97
pullback functor for vector space families, 358
purely inseparable degree of field extension, 199
purely inseparable elt. over field, 193
purely transcendental, 248

quasi-coherent O x-module, 144
quasi-compact space, 127

radical of ideal, 126

rank of quasi-coherent O x-module, 144
rank of vector bundle, 358

rank one group, 346
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rational function field, 120 separable element over field
C* real geometry, 143 provisional defn., 192
reduced primary decomposition, 170 separable extension, 158
reduced ring, 126 separable field extension, 248, 250
refinement of normal flag by normal flag, 36 provisional defn., 192
regular element of comm. ring, 121 separable irreducible polynomial
regular filtration, 300 provisional defn., 192
regular local ring, 336 separable polynomial
regular sequence, 325 provisional defn., 192
related fields, 200 separably generated field extension, 248, 250
relative radical of submodule in module, 167 separating transcendence base, 248
representable functor, 43 Serre, 397

examples, 43 sheaf, 288

uniqueness of representing pair, 43 Cech cohomology, 291
K-representation of group, 204 cohomology, 290
residual quotient of submodule by set, see transporter direct image, 289

of set to submodule flasque, 291

resolution, 254 sheaf Hom, 317

injective, 254 sheaf of discontinuous sections, 295

projective, 254 sheaf of local rings, 141
restriction of vector space family, 358 sheaf of sets, 367
right acyclic resolution, 254 sheafification #, 288
right adjoint functor, 44 short exact sequence of groups, 19
right derived functors of cofunctor, 261 Sierpinski, 396
right derived functors of functor, 261 simple group, 8
right limit, 101 simple module, 65

examples, 104-106 site, 374
right mapping family, 100 skew field, 333

examples, 101 SMA, I, see sufficiently many automorphisms, I
right-exact cofunctor, 69 SMA, II, see sufficiently many automorphisms, 1T
right-exact functor, 69 small commutative diagram, 260
ring of formal power series over field, 371 small normal subgroup, 344
ring of integers in number field, 173 small radical of group, 344
ringed space, 316 small submodule, 74
Rudakov, A., 355 smooth algebra over comm. ring, 196

snake lemma, 81, 87, 112, 133, 263

S-saturation of submodule, 122 solvable group, 18
Schanuel’s lemma, 68, 356 Galois’ sense, 13
Schmidt, F.K., 251 space of 1-forms on manifold at point, see cotangent
Schopf, A., 79 space to manifold at point
Schreier refinement theorem, 36, 37 spectral sequence
Schreier, O., 51 Cech cohomology, 317
second cohomology group of group, 23 Associativity for EXt and Tor, 318
second homomorphism theorem, 14, 35, 66, 79, 176 Ext, 320
second uniqueness theorem for primary decomp., 172 Hochschild-Serre, 315
section, 282 Leray, 316
section of vector bundle over vector bundle, 358 Local to global Ext, 317
semi-local ring, 378 Tor, 320
semi-simple ring, 329 Spectral sequences, 299
separable closure of field in extension, 199 spectral topology, see Zariski topology

separable degree of field extension, 199 split exact sequence, 70
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split group extension, 26
splitting field arising from successive solution of chain
of equations, 385
splitting field for polyn., 200
splitting of exact sequence, 70
stabilizer under group action, 2
stalk of a (pre)sheaf, 288
stalk of presheaf at point, 141
standard model
examples, 143
standard resolution, 278, 287
Steinitz, E., 242
Axioms for X, 245
Exchange Lemma, 245
Existence of a transcendence basis, 245
Existence of an algebraic closure, 243
General Exchange Lemma, 246
stripping functor, see forgetful functor
strongly convergent spectral sequence, 304
sub-bundle of vector bundle, 360
subcategory, 39
examples, 40
subextension of field extension, 203
Q-subgroup, 36
submodule generated by set, 59
sufficiently many automorphisms, I, 202, 207, 209
sufficiently many automorphisms, I, 203, 210, 212
sum of submodules, 59
superfluous submodule, see small submodule
support of module, 129
suspension of space, 52
functor is left-adjoint to loop space functor, 52
Sylow classification theorem, see Sylow theorem II
Sylow existence theorem, see Sylow theorem I
p-Sylow subgroup, 5
of group of order pq, 8
of group of order pqr, 8
Sylow theorem I, 4, 6
original, 5
Sylow theorem II, 6, 8, 34
Sylow theorem III, 8, 14
modified, 34, 35
Sylow, L., 4
symbolic power of prime ideal, 183
symmetric algebra of module, 94
j-th symmetric power of module, 94
Syzygy, 335
Theorem, 335

tangent bundle of manifold, 97
tangent space to manifold at point, 96

INDEX

Taylor’s theorem, 216

tensor algebra of module, 93

tensor field, 91

tensor product of two modules over ring, 84
computations, 86-91

Thompson, J., 9, 32

tilde construction from module, 140

topological ring, 373

topologically nilpotent element in topological ring,

373

Tor(-, B), 262

Tor dimension, 330

n-torsion element of group, 346

torsion free group element, 346

total complex, 311

total differential, 311

total fraction ring, 148

total fraction ring of comm. ring, 120

total grading index of spectral sequence, 300

Tower Theorem, 316

trace, 153, 224
of an extension, 225

transcendence basis, 243

transcendence degree, 159, 248

transcendental element over commutative ring, 59

transcendental extensions, 242

translation group action, 3

transporter of set to submodule, 60

trivial group action, 3

twisted homomorphism, 30

two-sided ideal, 59

Tychonov’s theorem, 107

type of group extension, 20

UCS of group, see upper central series of group
uniqueness I for d-functors, 266
uniqueness II for é-functors, 267, 272
uniqueness 11 for §-functors, 268
universal d-functor, 265

isomorphism at n = 0 lifts, 265
universal 0-functor, 265
universal mapping property

left limits, 102

localization, 122

polynomial rings, 54

products, 46

right limits, 102, 106, 107

tensor products, 107
universal, effective epimorphism, 374
universally Japanese rings, 164
upper central series of group, 33
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upper star, 283
Urysohn’s lemma, 127

van Kampen’s theorem, 50

variety defined by ideal, 125

vector bundle, 358

vector space family over topological space, 358

weakly convergent spectral sequence, 304
Wederburn, 390
weight function on domain, 378
well ordered chain, 10
Wielandt, H., 4
Witt, 237
ring of Witt vectors, 237
words over alphabet, 49
wreath product, 28

Yoneda, 390
Yoneda’s embedding lemma, 43, 57, 85, 197
interpretation, 43

Zariski topology, 125, 157

Zassenhaus’ butterfly lemma, 37, 38
Zassenhaus, H., 37

Zermelo well ordering principle, 10

Zorn’s lemma, 10, 11, 76, 79, 123, 126, 129, 197



