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Abstract

This paper considers a dynamic coverage problem for sensor networks that
are sufficiently dense but not localized. Only a small fraction of sensors may be
in an awakestate at any given time. The goal is to find a decentralized proto-
col for establishing dynamic, sweeping barriers of awake-state sensors. Following
Baryshnikov-Coffman-Kwak [2], we use network cyclic cellular automata to gen-
erate waves. This paper gives a rigorous analysis of network-based cyclic cellular
automata in the context of a system of narrow hallways and shows that waves of
awake-state nodes turn corners and automatically solvepusuit/evasion-type prob-
lems without centralized coordination.

As a corollary of this work, we unearth some interesting topological inter-
pretations of features previously observed in cyclic cellular automata (CCA). By
considering CCA over networks and completing to simplicialcomplexes, we in-
duce dynamics on the higher-dimensional complex. In this setting, waves are seen
to be generated by topological defects with a nontrivial degree (or winding num-
ber). The simplicial complex has the topological type of theunderlying map of the
workspace (a subset of the plane), and the resulting waves can be classified coho-
mologically. This allows one to “program” pulses in the sensor network according
to cohomology class. We give a realization theorem for such pulse waves.

Keywords: Cyclic cellular automata, wireless sensor network, wavefront.

1 Introduction

A wireless sensor network (WSN)consists of a collection of sensors networked via
wireless communications, with every sensor being a device collecting data of the en-
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Figure 1: Greenberg-Hastings model in square with blocks: black blocks are regions
where no sensors are located, waves behave the same as with noblcks.

vironment with respect to one or more features, and returning with a signal [22, 1].
Sensors can read,inter alia, temperature, pressure, sound, target presence, range, and
identification. Current-generation smart sensors, increasingly smaller in size, can per-
form data processing and computation, albeit with very limited memory and compu-
tation capability. However, constrained by the locality ofsensors’ sensing function,
networks of sensors have many more applications in monitoring larger domains than
a single sensor. They can communicate with each other in the sense of transmitting
and receiving signals, which allows local information to becollected and agregated
globally.

A very common application of wireless sensor networks is intrusion-detection: the
network monitors an area, reporting the existence of intruders when they are detected
by at least one sensor. Video surveillance provides one suchexample. There is consid-
erable activity in this field, focusing on different features and goals, ”optimizing” net-
works in various senses. One such aspect concerns coverage problems, which consider
whether a domain is always fully covered by the union of sensing regions of sensors,
static or mobile. Current approaches include methods from graph theory, computa-
tional geometry, and algebraic topology [15, 17, 14, 5]. Other aspects focus on provid-
ing a specific degree of coverage, while keeping the connectivity of the network [20].
What concerns us most in the present work is the minimizationof energy consump-
tion, keeping in mind that sensors are almost always battery-driven. One of the most
intuitive ways is constructing a sleep-wake protocol for the network, allowing sensors
to alternate between higher and lower energy cost states [2].

This paper is motivated by recent work suggesting the use of cyclic cellular au-
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tomata (CCA) for intrusion-detection sensor networks [2].This inventive paper applied
the Greenberg-Hastings automata on a two dimensional planeto generate “waves” of
on-state sensors for intruder detection. Generally speaking, this specific automata as-
signs to each sensor the state spaceZn (the cyclic group onn elements), and the sen-
sors update their state by advancing one automatically, except in state0, in which case
update to state1 is induced by contact with at least one neighbor in state1. This
Greenberg-Hastings automata on lattices has been frequently investigated in the litera-
ture as follows. Some rigorous statistical results has beenproved for GHM with state
spaceZ3 [7]. For general state spaceZn, experiments has been carried out in [8], and
specific features or patterns that would keep and ergodic behaviors has been studied in
[9, 10, 6]. A few authors have considered what happens on a graph as opposed to a
lattice [16]; this is the starting point for the applicationin [2] to sensor networks. The
main features and results of Baryshnikov-Coffman-Kwak include:

1. The CCA runs on a random graph instead of a lattice, where nodes represent
sensors and edges communication links.

2. The network is completely non-localized and coordinate-free

3. The CCA with random initial conditions generates the familiar spiral-likewave-
fronts that sweep the whole domain with on-state sensors, giving a decentralized
scheme for low-power dynamic barrier coverage.

4. Parameters such as wavelengths are controllable.

5. For planar domains with small obstacles, the wavefronts behave as if there are
no obstacles at all (see Figure 1): waves propagate through,making the problem
of undersampling ignorable.

The present paper begins where [2] ends, by investigating what happens when this
protocol is adapted to anindoornetwork where the geometry and topology is not that
of an open plane (perhaps dotted with obstacles), but rathera system of fairly narrow
hallways connected with a non-trivial topology: a “fat” planar graph. The contributions
of this paper include the following:

1. We observe and then prove that wavefronts propagate through the hallways, turn-
ing corners and branching off to side-corridors.

2. We lift the CCA dynamics from the network to the higher-dimensional simplicial
complex the network bounds.

3. We detail a pursuit-evasion game within the domain and give sufficient condi-
tions (in terms of the topological features of the system) for the pursuer to win.

4. We show how wavefronts have well-defined cohomology classes and prove a
realization theorem for which cohomology classes can be attained by the system.

5. We identify what we believe is a novel type ofglobal defect in CCA, generated
by the topology of the domain as opposed to a local singularity. We show how
suchpulse solutionsbehave like solitons in the system.
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Most existing work on conserving energy for WSN focuses on distributed sleep-
wake scheduling. For example, PEAS[21] provides a protocolby forcing a node who
has an active neighbor to sleep for period according to exponential distribution. It is ro-
bust against node failure, however, could not guarantee, ormeasure the coverage with
the rapid change of active sensors. The CDSWS[18] protocol uses a clustering tech-
nique to divide the sensors into multiple clusters, and selects a few sensors from each
cluster to work, while maintaining nearly full coverage. ASCENT[3] allows sensors
to measure their connectivity in the network in order to activate their neighbors based
on those measurements. But it never allows working sensors to go back to sleep again,
which ends up consuming more energy as time goes by. Comparedto those works, our
protocol provides the “user” a chance to determine how much energy they would allow
to be consumed, as balanced against how long it takes the system to detect evaders in
the environment. The more energy it consumes, the less the expected time would be.
Another advantage over the other protocols is it guaranteesthe failure of any evader
following continuous path in the domain. Although our scheme requires synchroniza-
tion ahead of time, and has not taken into account node and link failure yet, it provides
a new approach to designing distributed sleep-wake WSN withenergy constraints.

The outline of our paper is as follows.§2 provides a network protocol, along with
simulations and observations. In§3, we first introduce the topological tools used later,
then classify the asymptotic behavior of the system, and detail a necessary and suffi-
cient condition for the system to not converge to an all-wakestate. Degree as a time
invariant is first introduced. We also formally define the “evasion game” at the end of
this section.§4 verifies the system on the one-dimensional limiting space defined by
the hallways. For proofs of normal hallways case as in the simulations, please refer to
§5, where we turn to topological tools.§6 is a supplementary section, answering ques-
tions such as what the dynamics would be if there is no “local defect”, by paring degree
and cohomology. Next comes§7, which briefly analyzes the system’s feasibility even
under link failures. Conclusion and comments are in§8.

2 Greenberg-Hastings Model and Simulation

2.1 Cellular Automata

A cellular automata, (CA), is a lattice-space and discrete-time dynamical system.
Spatial coordinates are callednodes, and the dynamics generally take values in a finite
alphabetA, with A = Z2 = {0, 1} being the most common choice. The dynamics
are local, in that the update rule for a node is a function of its state and the states of
its spatial neighbors. For example, inZ2 lattice, the Von Neumann neighborhood of a
node with coordinate(i, j) is defined as the set of nodes attached to it, including itself,
i.e., {(i − 1, j), (i, j − 1), (i + 1, j), (i, j + 1), (i, j)}. An initial state (time t = 0)
is selected by assigning a state for each node, typically at random. A new generation
is created (advancingt by 1), according to some fixed rule universally that determines
the new state of each node in terms of the current states of thenode and its neighbor-
hood. Typically, the updating rule is the same for each node and does not change over
time, and is applied to the whole space simultaneously (but see asynchronous cellular
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automata [2] for one exception).
This paper focuses exclusively oncyclic cellular automata(CCA). The alphabet is

defined to beA = Zn = {0, 1, . . . , n− 1} under modular arithmetic. One denotes the
(discrete) collection of nodes asX and denotes astateat timet asut : X → Zn. The
updating scheme for a general CCA is increments states inZn, assuming that some
excitation threshold is exceeded. More specifically,ut+1(x) = ut(x) + 1 if certain
criteria concerning the states of the immediate neighbors of x, N (x), are met. Such
systems tend to cause periodic or cyclic behavior, spatially distributed and organizing
into waves.

TheGreenberg-Hastings Model (GHM) is a CCA first invented to study the spa-
tial patterns in excitable media [12]. In this model, special significance is given to a
single state (state 0), interpreted as an excitation state.The update rule for GHM is as
follows:

ut+1(x) =







ut(x) + 1 : ut(x) 6= 0
1 : ut(x) = 0 ; ut(y) = 1 for some y ∈ N (x)
0 : else

This updating scheme is interpreted as the result of two mechanisms combined,
excitation mechanism diffusion. It is therefore no surprise that there is a strong resem-
blance between the behavior of GHM on the plane and solutionsto reaction-diffusion
PDEs on planar domains [11], with both generating spiral-type waves. Given a fixed
network, the states of the nodes will be uniquely determinedby the initial state, because
the GHM is a deterministic model. Denote byG the evolution operatorG : ZXn → ZXn .

2.2 Observations

Figure 2 illustrates the dynamics of the GHM on a specific indoor network. (See at-
tached video “pathmovie.mp4”.) The network is built onnarrow hallways modeled as
a metric space with Euclidean metric; the neighborhood of a node is defined as nodes
within distancer. We parameterize the system of 16250 nodes inside a200 × 200
square withn = 20 andr = 1.5. The colors are representing states, with dark blue
representing state 0. At time=0, it is in an unordered initial state. During the first sev-
eral time steps, generally until time 25, the ratio of nodes with states 0 grows, as a result
of the fact that states grow steadily until they reach 0 and wait for a stimulation from
its neighborhood. At around time 45, spiral patterns becomeclearer visually, from top
left, bottom and middle right. Those spiral “seeds” propagate waves along hallways.
Wavefronts, consisting of the nodes with state 0, sweep through the domain, traveling
“intelligently,” turning corners, etc. When wavefronts coming from different directions
meet, they annihilate. And after enough steps (about 250), wavefronts have finally
covered the whole space.

This protocol has some properties that make it ideal as a intruder detection sensor
network.

1. The system has tunable energy efficiency. Set state0 to be the waking state, with
all other states2, 3, . . . , n − 1 denoting sleep mode. Those sleep-mode sensors
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Figure 2: Greenberg-Hastings Model for Narrow hallways space at time 0, 20, 45, 90,
150, 200, 250, 350.
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are doing nothing but advancing their states by 1 for every time step. This could
be done with very low energy consumption because they only have to follow
clock clicks with no computing, sensing, or transmitting. Intrusion-detection
is performed by the wake-state0 nodes. After a sufficient time lapse, only a
fraction (about1/n) of the total sensors will be in wake mode at any given time:
the largern, the less energy consumed.

2. The wave length is generally fixed no matter which source itis from, assuming
the nodes are uniformly distributed: it appears to depend linearly onn. For
biggern, longer wave length is generated, but seeds are generated with smaller
probability and longer generation time. This makes a trade-off between energy
consumption and system success.

3. If we are given some specific sensors, say, with a big enoughsensing radiusǫ,
then we will see that nodes in wavefronts form barriers, cutting the hallway into
disconnected pieces. We note that the wavefronts efficiently sweep the corridors.
Any intruder between two barriers has to follow the direction wavefronts propa-
gate in order not to be detected immediately, but still is notable to survive to the
end and will be detected by a coming wavefront in the oppositedirection.

3 Topological tools and dynamical features

3.1 Topological tools

Our goal of a decentralized protocol for integrating local data into a comprehensive
understanding of the global system points to algebraic topology as an appropriate and
useful toolset. In order to construct a topological object based on the network that pre-
serves local information, we consider theflag complexof the network graph. Recall,
a simplicial complex is a union of simplices obtained by gluing them together along
faces of same dimension [13]. The flag complex (also known as aclique complex) of
a network is the maximal simplicial complex with the networkgraph as 1-skeleton.

Definition 1. Given an undirected network graphG, with vertex setX and edge set
E, the flag complexCf , of G is the abstract simplicial complex whose k-simplices
correspond to unordered(k + 1)-tuples of vertices inV which are pairwise connected
by edges inE.

If metric information about the network is given, theVietoris-Rips complexcan
also be built.

Definition 2. Given a set of pointsX in a metric space and a fixed parameterr > 0,
the Vietoris-Rips complex ofX , Rr(X), is the abstract simplicial complex whosek-
simplices correspond to unordered (k + 1)-tuples of points in X which are pairwise
within distancer of each other.

Compared to a flag complex, the (Vietoris-)Rips complex requires metric informa-
tion about the space. But if the network on a metric space is built with communication
radiusr, which means two nodes are neighbors if and only if they are with in distance
r, then the flag complex and Rips complex built on this network are exactly the same.
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Definition 3. For an abstract simplicial complexC whose 0-simplices are located in a
d-dimensional Euclidean spaceEd, the shadow ofC in D, S(C), is the union of convex
hulls of each simplex inC.

3.2 Dynamical features

We reprove certain results from the CCA literature [8, 7] in the more general setting of
network (as opposed to lattice) systems. Our perspective isthat a CCA is a discrete-
time network-based dynamical system. From observation, the interesting dynamical
features associated with the GHM are time-periodic. We therefore focus our efforts on
understanding time-periodic states.

Definition 4. An orbit of a nodex ∈ X under GHM with an initial stateu0 is the
time-sequence of states(ut(x))∞t=0. A nodex is said to beK-periodic if its orbit
satisfiesut+K(x) = ut(x) for someK > 0 and allt. A nodex is said to beeventually
periodic if its orbit satisfiesut+K(x) = ut(x) for someK > 0 and all sufficiently
large t.

Definition 5. A stateu on a subgraphX ′ ⊂ X is continuous if for every pair of
neighborsx, y ∈ X ′, |u(x) − u(y)| ≤ 1 (where, recall, all addition is inZn).

Definition 6. A nodex is subordinate to a neighbory at timet if their states at that
time satisfyut(y) = ut(x) + 1 (where, recall, all addition is inZn).

Lemma 1. Subordinate nodes will remain continuous for all future time.

Proof. It suffices to assume a subgraph consisting of a single edge with nodesx andy.
Assume that|ut(x) − ut(y)| ≤ 1. Consider the setS = {z ∈ X |ut+1(z) = ut(z)} ⊂
u−1
t (0). Depending on membership inS,

(ut+1(x) − ut+1(y)) − (ut(x) − ut(y)) =











0 x, y ∈ S or x, y /∈ S

1 x /∈ S andy ∈ S

−1 x ∈ S andy /∈ S

(1)

By continuity,|ut(x) − ut(y)| ≤ 1, so |ut+1(x) − ut+1(y)| will exceed1 only if
ut(x) − ut(y) = 1, ((G(u))(x) − (G(u))(y)) − (u(x) − u(y)) = 1 or u(x) − u(y) =
−1, ((G(u))(x) − (G(u))(y)) − (u(x) − u(y)) = −1. The first case is equivalent to
u(x) = 1, u(y) = 0 andx /∈ S, y ∈ S, which is impossible becausey has neighbor
x in state1, and will not stay in state0 for the next step, thus not inS; the second
case is the symmetric case which by the same argument is not possible either. Then
|(G(u))(x) − (G(u))(y))| ≤ 1, which makesG(u) also continuous.

Corollary 1. If a nodex is subordinate to a neighbory that isn-periodic at timet,
then nodex is n-periodic for all future time. Any node subordinate to an eventually
periodic node is eventually periodic.

Proof. Supposex reaches0 for the first time (aftert) at time t0. By the scheme of
G, ut0(y) = 1. Therefore, all we need to prove is for any non-negative integer k,
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Figure 3: Counter example: non-continuous state for all time.

ut0+kn+1(x) = 1. We have already provedut0+1(x) = 1 because it has a neighbor
y in state1 at that moment. Suppose the statement holds for a particulark0, i.e.,
ut0+k0n+1(x) = 1, thenut0+(k0+1)n(x) = 0. But by periodicity,ut0+(k0+1)n(y) = 1,
thusut0+(k0+1)n+1(x) = 1, which makes the statement hold atk0 + 1. By induction,
the statement holds for allk.

Corollary 2. Continuity isforward-invariant : continuous states remains continuous
in time.

Proof. According to Corollary 1, two neighbors that are subordination will remain
continuous. For one step forward, two neighbors that are of the same state will either
remain the same state, or be offset by state 1, which means subordination, thus also
continuous.

However, it isnot necessarily the case that all initial conditions converge to a con-
tinuous state (even in a connected compact network). See, for example, Figure 3: every
node has periodn, and the two nodes on the right end have states always differed by3.
Thus this is never a continuous network.

The following definition is a network-theoretic version of the lattice-based ana-
logue from,e.g., [8].

Definition 7. We call a formal linear combinationα of edgesαi = [ai, bi], i =

1, . . . ,K a cycle if the boundary ofα, ∂α =
∑K
i=1(bi − ai) is 0. A cycle is called

a loop if bi = ai + 1 for i = 1, . . . ,K − 1, andbK = a1.

As a remark, a loop is a cycle, and a cycle is the sum of one or more loops. We
also remark that the set of cyclesZ has the structure of an abelian group: one can add
cycles and scale them by (integer) coefficients.

Definition 8. A stateu : X → Zn has aseedif there is a loop
∑K−1

i=0 [xi, xi+1]
(x0 = xK), for whichu(xi) = i mod n.

By definition, the lengthK of a loop that makes a seed has to be a nonzero multiple
of n, becauseu(x0) = u(xK),K = 0 mod n. Every node on a seed has periodn,
because it will have a neighbor of state1 on the seed when it reaches state0.
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Figure 4: A seed (left) and a defect (right) forn = 8 on cycles in light red.

Lemma 2. If an initial conditionu0 on a connected compact networkX contains at
least one seed, then all nodes are eventually periodic.

Proof. Let the set ofn-periodic nodes inX bePt, and state at timet beut. Suppose the
loop

∑K−1
i=0 [xi, xi+1], x0 = xK makes a seed in initial condition, thenP0 is nonempty,

with (xi)
k−1
0 as a subset.Pt is non-descending with respect to timet,P0 ⊂ P1 ⊂ · · · ⊂

Pt ⊂ Pt+1 ⊂ . . . . For a nodex that is notn-periodic that has at least one neighbor
that isn-periodic at timet0, if x never gets to ben-periodic, it means for anyt positive,
there exists somes ≥ t such thatus+1(x) 6= us(x) + 1 mod n. It will induce that
us+1(x) = us(x) = 0, which is sayingx gets to stay in state 0 for a while from time to
time. But the neighbors ofx that are periodicn are advancing their states by 1 at every
time step, this will make the face difference between them andx bigger and bigger until
it reaches1 mod n. When the such a offset by 1 appears, a subordination betweenx
and its periodicn neighbor is built up, which makesx periodic ever since as a result of
corollary 1. Therefore every node which as at least one neighbor that is periodicn will
be periodicn after a finite amount of time (no longer thann). By the above argument
and the fact that the network is connected, for anyt, Pt ( Pt+n. On the other hand
side, sinceX is compact, there exist a timeT , such that

∞
⋃

t=0

Pt = PT

Therefore, the whole system is inn-periodic state since timeT .

We see in the above arguments that a loop that makes a seed at one moment will
support a seed forever with the dynamics. The key feature that is invariant under the
dynamics is the concept of “winding number”, which records how many rounds it goes
through while chasing continuously on a loop. We will define this as degree and extend
the concept to all cycles.
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Definition 9. For a given networkX and a stateu ∈ ZXn , if u is continuous on a cycle
α =

∑K
i=1[ai, bi], then thedegreeof u on this cycle is defined as

deg(u, α) := 1/n

k−1
∑

i=0

(u(bi) − u(ai))

where the summands are forced to be−1, 0, or 1, and the sum is ordinary addition (not
mod n).

Definition 10. We call a cycleα =
∑K
i=1[ai, bi] in the networkX a defect for some

stateu ∈ ZXn if the degree ofu on this cycle is nonzero.

An example of a defect is as in Figure 4. The concept of a defectis a generalization
of a seed, in the sense that it has nonzero degree. The term “degree” defined here is
consistant with the use of degree in topology, which is a homotopy invariant [13]. Here,
it is the discrete version of “winding number” for continuous self-maps of the circleS1

[7], describing how many times it wraps around with direction. Similar to Lemma
5 in [7], we will prove theR2 version instead of the latticeZ2 version, presenting a
necessary and sufficient condition for a continuous system not dying out.

Lemma 3. For two cyclesα andβ, if a stateu is continuous on both cycles, then it is
also continuous on their sumα+ β, anddeg(u, α+ β) = deg(u, α) + deg(u, β).

Proof. Let α =
∑K

i=1[ai, bi] andβ =
∑L
i=1[ci, di], then

deg(u, α+ β) (2)

=1/n(
k−1
∑

i=0

(u(bi) − u(ai)) +
k−1
∑

i=0

(u(di) − u(ci))) (3)

=1/n

k−1
∑

i=0

(u(bi) − u(ai)) + 1/n

k−1
∑

i=0

(u(di) − u(ci)) (4)

=deg(u, α) + deg(u, β) (5)

Lemma 4. For a cycleα and a continuous stateu, the degree ofu on this cycle is
invariant under the GHM updating ruleG, i.e.,

1/n

k−1
∑

i=0

((G(u))(xi+1) − (G(u))(xi)) = 1/n

k−1
∑

i=0

(u(xi+1) − u(xi)) (6)

Proof. We first prove that degree on a loop
∑K−1

i=0 [xi, xi+1], x0 = xK is invariant. As
before, equation 1 holds for every pair of neighborsxi+1 andxi. Since the number
of pairs(xi+1, xi) with xi ∈ S, xi+1 /∈ S is the same as the number of pairs with
xi /∈ S, xi+1 ∈ S, the summation of((G(u))(xi+1)−(G(u))(xi))−(u(xi+1)−u(xi))
is 0, which makes Equation 6 hold. Since every cycle is the sum of one or more loops,
and degree is additive by Lemma 3, then it is also invariant oncycles.
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Figure 5: In the region bounded by a defect, the state is discontinuous.

For a stateu on a loop that forms a defect, if the loop bounds a regionV in R2

that belongs toD, we can discuss the continuity of the subnetwork inV . If the subnet-
work in V is sufficiently dense (e.g., 2-complex has shadow containingV ), we observe
that the subnetwork could never reach continuity, with at least one singularity (a dis-
continuity) forced, as in Figure 5. This could be understoodintuitively as a discrete
version of the theorem in complex analysis, which says a holomorphic function on a
domain always has integration0 on the boundary. It would also contradict the fact that
a continuous map from a contractible space toS1 has degree0 restricted on any loop.

Lemma 5. Consider a stateu onX withn > 3, and a loopl =
∑K−1

i=0 [xi, xi+1], x0 =
xK inX . If the loopl is null homologous in the 2-complex built onX , andu onlmakes
a defect, thenu is discontinuous onX . For n ≤ 3 any state onX is continuous.

Proof. Since l is null homologous in 2-complex built onX , l = ∂β whereβ =
∑m
i=1 βi is a 2-chain in the 2-complex andβi are 2-simplices.l can be deformed

to a single 2-simplex through a sequence of homologous loopsin X ,
∑m−j

i=1 ∂βi, j =
1, . . . ,m − 1, while the successive two loops only differ by the boundary of one 2-
simplex. Supposeu is continuous onX , such operation could not change the degree at
all, since at most three of the summandsu(xi+1)−u(xi) has been changed value up to
1. Thus the summation is at most changed by 3, which makes the degree changed by at
most3/n, which has to be invariant whenn > 3. Thus the nonzero degree remains the
same for the sequence of homologous loops, which can not be true because the degree
on the boundary of a single 2-simplex has to be zero. Therefore the state onX could
not be continuous.

It is trivial to see the continuity whenn ≤ 3, because any two elements inZn differ
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by at most 1.

Theorem 1. For a continuous stateu on a connected compact networkX , the system
eventually turns to all-0 state (die out) if and only ifu does not contain a defect.

Proof. Supposeu contains a defect on cycleα =
∑K
i=1[ai, bi]. By lemma 4, the degree

is invariant underG, so it will never be0, thus the system will never turn to all-0 state.
For the converse, we need to show for a continuous stateu not dying out eventually,

it has to contain a defect at the beginning. Firstly, it is obvious that after long enough
time, in such systemut, every node in statei must have a neighbor in statei + 1, for
all i 6= 0, sinceut = Gi(ut−i). So if we start from a nodex0, such thatut(x0) = 1,
we can find a neighbor ofx0, x1, such thatu(x1) = 2. Following the process, we
get a sequence of nodesx0, x1, . . . , xn−1, such thatxi andxi+1 are neighbors and
ut(xi) = i + 1 mod n. If from every state0 node, a state1 node could be reached
by jumping along neighbors which are in state0, then following the process, we will
finally reach a node has been visited before, asX is compact. In this way, we have
obtained a defect inut, which is also a defect inu, by lemma 4 and the fact thatu is
continuous.

To see that a node with state1 could always be reached from a node with state0
by jumping along neighbors in state0, all we need to prove is there is no such setA of
nodes with state0, that their neighbors not inA could only be in staten − 1. If such
A exists inut, then there is a proper subset ofA with state0, and staten − 1 on the
complement inut−1. Following these procedure, we should finally obtain a setA0 of
state0 nodes, each has at least one neighbor with staten− 1 and other neighbors with
state0 in us. Then inus−1, nodes inA0 have to be in staten− 1 (by continuity), and
their neighbors not inA0 must all be in staten−2, and forn steps back, inus−n, nodes
in A0 have to be in state0, and their neighbors not inA0 must all be in staten− 1. But
such aus−n could not produceus−n+1 underG, because those state0 nodes have no
neighbors in state1. Therefore such a setA does not exist, which makes the statement
in the beginning true.

Since degree is invariant under the update ruleG, Theorem 1 can be interpreted as
saying that a continuous state dies out eventually if and only if it is cohomologically
trivial (see§6 for details on how to define the cohomology class of a state).

Theorem 2. There exists a directed subgraphF of the network that is a spanning
forest rooted at seeds, with directed edges in the directionof subordination.

Proof. Every node that is not originally a seed node will become periodic by building
up a subordination with some periodic neighbor. For every non-seed node, choose
one from its neighbors via subordination and use a directed edge with itself as head
to represent the relationship. This forms a directed subgraph of the network. From
any non-seed node, following those directed edges with inverse directions, it has to
end in a seed node, because it is a compact network. We argue that the subgraph is a
tree because it contains no loop: if it did contain a loop, then the loop is comprised of
non-seed nodes, but for any directed edge, the head node becomes periodic later than
the tail node, which is a contradiction with being in a loop. And furthermore, we can
treat the forests as rooted at seeds, which makes every edge in the direction that goes
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deeper in a branch to the leaves. Such structure gives the nodes a hierarchy, and since
for every edge, the two end nodes have states offset by 1, we can induce the state after
the system reaches equilibrium.

Definition 11. The depth of a node in a tree is the number of hops between the node
an the root of the tree.

According to the above proof, we have made a point in that the growth of the forest
is at most one level at a time, which means in every time step, there could not be more
than one node from a same branch that becomes subordinated.

Starting from a uniformly randomly generated initial condition (a reasonable if ide-
alized statistical model) the system is not guaranteed to converge to a periodic system,
not including all-zero states. One sufficient condition is the existence of a seed, which
we prove to be of high probability with certain reasonable assumptions (Lemma 6).
It is possible that the system became messy with no wavefrontobservable (too many
seeds all around in the space, for instance). We would require those nodes that are far
away (in the hop-metric) from the defects to be in state 0 at one moment (in our case,
larger than the number of states is already enough). This assumption is proved later to
be of high probability (Lemma 7). Under the above two assumptions, continuity in the
acquired region will be guaranteed. Therefore, from now on,we limit discussion to the
region far away from defects.

Lemma 6. For a fixed uniformly sampled network with communication radius r and
fixedn on a domain consisting of fixed narrow hallways, the probability of at least
one seed existing in the initial condition generated according to uniform distribution
approaches 1 as the number of nodes grows.

Proof. Divide the space into square shaped piecesDi indexed byI, with side length
smaller or equal tor/

√
2. As the network size|X | approaches infinity, the probability

of there to be no less thann nodes in eachDi approaches 1. For aDi with n or more
nodes, the sub-network in this subdomain makes a complete graph. Therefore, there
is no seed in the initial condition, if and only if the nodes donot cover all the states,
which means there is at least one state missing in the initialcondition. Thus

P (no seed in initial condition inDi with mi nodes)

≤ n(n− 1)mi

nmi

= n(1 − 1/n)mi

(7)
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and

P (no seed in initial condition inD)

≤
|I|
∏

i=1

P (no seed in initial condition inDi with mi nodes)

≤
|I|
∏

i=1

n(1 − 1/n)mi

= n|I|(1 − 1/n)|X|

(8)

which approaches 0 as|X | approaches infinity.

Lemma 7. Starting with a fixed network and uniformly distributed initial conditions,
with probability approaching1 as the state numbern grows, nodes with hop distance
to all defects bigger than2n will turn to state0 after2n− 2 time steps.

Proof. Suppose there is no state1 node inun−1 in the regionn hops away from any
defect, then there could be no state1 or 2 node inun in the regionn + 1 hops away
from any defect, and with the same reason, there could only bestate0 node inu2n−2

in the region2n hops away from any defect. Therefore the probability that every node
at least2n hops away from defects are state0 in u2n−2 is no smaller than the that of
no state1 node at leastn hops away from defects inun−1.

Now suppose there is a nodex at leastn hops away from any defect, andun−1(x1) =
1. Suchx1 must have at least one neighbor of state 2, namedx2, otherwise in one step
before, it would not be able to update from0 to 1. Via the same argument, there exists
a sequence of nodes:xj , j = 1, 2, . . . , n− 1, such thatxj andxj+1 are neighbors, and
un−1(xj) = j. For one step ago,un−2(xj) = j − 1 for j 6= n, and two steps ago,
un−3(xj) = j − 2 for j = 2, . . . , n− 1 andun−3(x1) ∈ {0, n− 1}. Following such
argument, back at time0, u0(xj) ∈ {0, n − 1, . . . , j + 1} for j = 1, . . . , n − 2 and
u0(xn−1) = 0 with at least one neighbor of state1.

Let Ij = {0, n− 1, . . . , j + 1}. For a fixed nodex,

P (at least one ofx’s neighbor have a state inIj at time 0)

= 1 − (1 − j/n)|N (x)|

(9)

where|N (x)| is the number of neighbors of nodex. SupposeÑ is a universal upper
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bound on|N (x)|, then

P (un−1(x) = 1 for somex at leastn hops away from any seed)

≤ |X |
n−1
∏

j=1

(1 − (1 − j/n)|N (x)|)

≤ |X |
n−1
∏

j=1

(1 − (1 − j/n)Ñ)

≤ |X |(1 − (1/2)Ñ)(n−1)/2

(10)

which approaches0 asn approaches infinity.

For example, in a40000 nodes network, where every node could have up to 6
neighbors andn = 20, the probability of a seed is bounded below by 0.9656, which
validates the observation in previous simulation. As per the above two lemmas, we will
always assume that at least one seed exist in initial condition, and the nodes at least2n
hops away from any defect will turn to state0 after2n−2 step. These two assumptions
guarantee not only the system not dying out (turn into an all-zero state), but also the
continuity of the system in acquired region, with the following corollary.

3.3 Evasion Game

We propose a sensor-network based “Evasion Game” formally,and then use the model
to verify the system: why the wavefronts sweep the entire domain; how to interpret the
phenomenon that wavefronts are dividing their neighborhoods and how to prove that
an intruder will always fail to evading detection; what are the parameters that control
the system and how they are changing the behaviors of those wavefronts.

Definition 12. Let the domain where the evader and sensors are located be denoted
D ⊂ R2, and the sensor networkX . For each sensorx ∈ X , its coverage is a subset
Ux ⊂ D. Denote byX(t) the set of sensors in wake-state (0) at time t. We define
the Evasion Gameas follows: the strategy for the pursuer is to control the network
following GHM, and the strategy for the evader is to pick a momentt0 to come into the
domain, and follow a continuous path inD: f : [t0,∞) → D. The pursuer wins iff
∃ τ ∈ [t0,∞), such that

f(τ) ∈
⋃

x∈X(⌊τ⌋)

Ux.

Otherwise, the evader wins.

We note that the only requirement on the evader is its trajectory be continuous:
there are no constraints on the velocity or acceleration. Even with such minimal con-
straints, the evader is not able to win.
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4 Limiting case with 1-d hallways

We begin our analysis with the limiting case when every hallway is sufficiently narrow
compared to the walls, so that the domainD can be approximated as a (topologically
equivalent) one-dimensional space. We assume those sensors are located inD with
each node having a coverage which is a one dimensional convexset around itself, and
the convex hall of two neighbors is covered by the union of their coverage regions. We
also assume the union of convex hulls of neighbors (subspaceof D) is good enough
to coverD, in which case the whole space is covered when every sensor isturned on.
If we run GHM on this network, with at least one seed in initialcondition, then every
evader (not near the seeds) loses the evasion game.

Theorem 3. For GHM on networkX with communication distancer in a compact
and connected 1-d complexD, if the initial condition contains at least one seed, and
there exists a subnetworkX ′ covering a sub-domainD′, such that the state onX ′ is
eventually continuous and contains no defect, an evader will always lose the evasion
game onD′.

Proof. For any timet0 when the evader comes into the domain, consider the product
spaceD′ × [t0,∞) with the second coordinate representing time. Treat the coverage
of the sensors also as a subspacePc of D′ × [t0,∞), which is

∞
⋃

t=⌈t0⌉,t∈Z

⋃

x∈X′(t)

Ux × [t, t+ 1) .

Let p be the projection map:p : D′ × [t0,∞) → D′, p(a, t) = a. Thenp : Pc → D′

is onto, becauseD′ is fully covered when every node inX ′ on. If we could prove that
there exists a subspace inPc homeomorphic toD′, with mapp as homeomorphism,
thenD′ × [t0,∞)\Pc contains no continuous path from topD′ × {t0} to bottomD′ ×
{T } for T big enough, because they are dual to each other. Therefore noevader could
survive forever. The construction of the subspace inPc is as follows in Lemma 8,
below.

As a remark, a good example for the state on subnetworkX ′ is eventually contin-
uous and contains no defect is to let it be all-0 state at a moment, which is observed
most of the time in simulations.

Lemma 8. Under the conditions of Theorem 3, there exists a subspaceS ∈ Pc, such
thatp induces a homeomorphism fromS to D′.

Proof. First, reduce to a subnetworkX ′′ of X ′ such that withinX ′′ the convex hulls
of neighbors is still enough to coverD′, but any two distinct convex hulls intersect in
at most one node. We then constructS inductively from the empty set as follows:

1. Select an integer timet which is no earlier thant0 big enough, such that every
node inX ′′ has already been periodic for a long enough time. Pick a node
x ∈ X ′′(t) and add(x, t) to S.
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2. For any neighbor ofx in X ′′, sayy, there exists a continuous path lying inPc,
between(x, t) and(y, ty), wherey ∈ X ′′(ty) and|t − ty| ≤ 1 (ty is an integer
time), which is mapped homeomorphically to the convex hull of x andy in D′,
because continuity holds on edge[x, y], andUx × [t, t+ 1) ∪ Uy × [ty, ty + 1)
is a path connected set. For anyx’s neighborsy that has not been visited, add
(y, ty) with the continuous paths between(x, t) and(y, ty) to S.

3. Repeat step 2 for every newly visited node, until every node in a connected com-
ponent ofX ′′ has been visited.

Such procedure could not be realized only if there is a cycle in X ′′, such that the
continuous lift of the path toPc is not a loop, which means the state restricted on the
loop is a defect. However there is no defect inut(X ′′) whent is big enough, by Lemma
4. Therefore the procedure is well-defined. Start above procedures until every node in
X ′′ has been visited.

Such anS is mapped ontoD′ by p, because every convex hall of two neighbors, say
x andy, is mapped onto from the path between(x, tx) and(y, ty). The restriction ofp
toS is also injective, because every node and edge is only visited once, andp restricted
on every continuous path between(x, tx) and(y, ty) is homeomorphism.

The only thing left to be proved is that there exist a continuous inverse ofp|S. Letf
be a map fromD′ toS, such thatf maps every nodex in X ′′ to (x, tx) in S, and maps
every edge between nodex andy to the continuous path between(x, tx) and(y, ty).
Suchf is an inverse ofp|S , and is continuous: for a point inD′ that is not a node, it’s
covered by a convex hall of two neighboring nodes inX ′′, thus its small neighborhood
maps to the lift of the the convex hall inS continuously; for a node pointx in X ′′,
its neighborhood maps to a neighborhood of the lift(x, tx) homeomorphically, by the
procedure of constructingS. Thusf is an continuous inverse ofp restricted onS, thus
p induces a homeomorphism fromS to D′.

5 Main theorem and proofs

5.1 Assumptions

The main theorem for this paper, Theorem 7, shows that any evader in the evasion game
on a narrow hallway spaceD ⊂ R2 will lose, given the appropriate assumptions about
the density of the networkX and the initial condition. Specifically, we assume:

1. the projection from Rips complexRr(X) to D preserves homotopy type;

2. each sensorx ∈ X covers a convex setUx ⊂ D around its location;

3. the convex hull of sensors that are pairwise neighbors is covered by the union of
coverage of those sensors;

4. there is at least one seed in the initial condition.

According to a theorem of [4], we will be able to build the correspondence between
the Rips complexRr(X) of a planar point set and its shadowS(Rr(X)) in R2.
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Figure 6: Product space andS: spaceD′ on top, time increases from top to bottom.
State space isZ4, with white for state 0, light green for state 3, red for state2, and dark
blue for state 1. Gray curve representS. S ∼= D′ by p. Continuous curves connecting
top and bottom without intersectinḡS do not exist.

Theorem 4. [ [4]] For any set of points inR2, π1(Rr(X)) → π1(S(Rr(X))) is an
isomorphism.

Definition 13. A local hole in the Rips complex is a non zero element ofπ1(Rr(X))
that has trivial projection inπ1(D).

In the sense of local holes, Theorem 4 is saying that in our case, the Rips complex
Rr(X) has no local hole if and only if its shadowS(Rr(X)) has no local hole.

Another useful fact is that with very high probability, whenthe network is dense
enough, the Rips complexRr(X) has no local holes [19]. Therefore, if with enough
sensors uniformly distributed in the domain and with high probability, the Rips com-
plexRr(X), and its shadowS(Rr(X)) both have no local hole.

5.2 Wave propogation

Definition 14. A boundary path along a boundary component, is defined as a simple
path such that every node on the path has a coverage that intersects with the corre-
sponding boundary, and the intersection of the coverage of every two neighbors,x and
y on the path, also intersects the boundary nontrivially. A boundary of a networkX ,
∂X onD is a collection of boundary paths, one with each component of∂D. Refer to
Figure 8 for illustration.

Definition 15. For positive integer setA, define thedepthA nodes,XA, as the set of
all the nodes that are with depthk ∈ A in the directed forestF built on the network.
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Figure 7: A piece of hallway with a subnetwork that is a barrier.

Definition 16. A connected sub networkX ′ ofX makes abarrier , if there exist a piece
of hallwayD̃, which intersects∂D at ∂D̃, and the composition∂ ◦ i∗ : H1(D̃, ∂D̃) →
H0(∂D) of i∗ : H1(D̃, ∂D̃) → H1(D, ∂D) and ∂ : H1(D, ∂D) → H0(∂D) is an
injection, such thatX ′’s coverage contains at least one element in a nonzero class of
H1(D̃, ∂D̃). In other words, it covers a region that divides the hallway locally and
transversally as in Figure 7.

Theorem 5. LetX be a connected and compact network on a narrow hallway space
D, running under GHM, whose initial condition contains at least one seed; if there is
a moment that the subnetworkX ′ in a sub domainD′ is continuous and contains no
defect, and boundary paths∂X ′ exists, then if at timet, there is a wavefront that makes
a barrier, which is not supported on any end leaves of the forrestF , then there would
be a wavefront also makes a barrier at timet+ 1.

Proof. If there is a wavefront of nodes with depthk at that makes a barrier, then we
want to prove that a wavefront of nodes with depthk + 1 exist which also makes a
barrier. LetA denote the subcomplex on subnetworkX≤k+1, and letB denote the
subcomplex on subnetworkX≥k+1. ThenA ∩ B is precisely the subcomplex with
nodes with depthk + 1. On the other hand,A ∪ B is the whole complex, because for
every simplex in the whole complex, their vertices are pairwise neighbors, so by con-
tinuity of states onX ′ (by the assumption that there is a moment that the subnetwork
X ′ is in state zero), their depths could only differ at most by 1,by Corollary 2, which
means the simplex is either inA or in B. The Mayer-Vietoris sequence forA andB
gives:

H1(A ∩B, ∂X ′)
φ−→ H1(A, ∂X

′) ⊕H1(B, ∂X
′)

ψ−→ H1(A ∪B, ∂X ′)
(11)
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Figure 8: Wavefronts propagation: light green nodes are with depthk − 1, red nodes
are with depthk − 1, dark blue nodes are with depthk + 1; Boundaries of the domain
are covered by boundary paths.

Let [α] ∈ H1(A, ∂X
′), [β] ∈ H1(B, ∂X

′), whereα andβ are both connecting bound-
ary nodes of different sides. Such anα exists because of the existence of a previous
wavefront of depthk, andβ exists because the network is sufficiently dense inD, and
α is not supported on any end leaves ofF . Thenψ([α], [β]) = 0 (if not, let β be of
opposite orientation) inH1(A ∪ B, ∂X ′), because first homology ofA ∪ B is trivial.
Thereforeψ([α], [0]) andψ([0], [β]) are homologous. Thus([α], [β]) ∈ kerψ. By
exactness,kerψ = im φ, thus there exist aγ, such thatφ([γ]) = ([α], [β]). Asφ is in-
duced by inclusion maps,γ has to be a path connecting boundaries of two sides, which
is a wavefront of depthk + 1, cf. Figure 8. Therefore, by induction, barrier-inducing
wavefronts of every depth exist.

The above wave propagation theorem presents how waves travel along the hall-
ways, but did not mention the generation of waves. The following proposition would
explain how a first wave is generated under same assumptions.

Proposition 1. With the assumptions of Theorem 5, at least one wavefront that is a
barrier and intersects with boundary paths on both sides must be generated.

Proof. LetX≤k be the set of nodes with depth less than or equal tok. Then there is a
filtration of Rips complexes:

Rr(X{0}) ⊂ Rr(X≤1) ⊂ · · · ⊂ Rr(X≤k) ⊂ . . .Rr(X)

Since they grow by attaching nodes within communication distance ask increases,
therefore, asRr(X) is connected, there has to be ak0, such thatRr(X≤k) are all
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Figure 9: corner of a hallway: with state spaceZ4, white for state 0, light green for state
3, red for state 2, and dark blue for state 1. The outer side boundary path have more
nodes than the inner boundary path, but more nodes stay in thesame states: four in
light green and three in red. Thus the wavefronts propagate from vertical to horizontal.

connected fork ≥ k0. For two boundary nodes ofX{k0}, if they belong to boundary
paths near different boundaries, since they are connected,and for the same argument
from Theorem 5 by using the Mayer-Vietoris sequence, they are connected by a path
with nodes fromX{k0}. This path generates a wavefront that is a barrier.

The above results not only explain why the evader has to lose the evasion game, but
also explain the behaviors of the wavefronts seen in simulations. After the first several
steps, the nodes far away from the seed are all turned on, until wavefronts generated
by the seeds reach them. The movements of wavefronts are verified to be moving
away from seeds, and they provide locally separating barriers, as observed. Another
significant property we observe from simulations is that thewavefronts make turns
when reaching a corner, as shown in Figure 9. This reminds again that the behavior of
the system does only depend on topology, not geometry, of theunderlying space.

5.3 Main theorem

For now, we will start argue that under certain conditions, evader will always lose the
evasion game.

Definition 17. For x ∈ X , define theopen star[13] of x, Ũx ⊂ Rr(X), as the union
of x and all open simplices withx as one vertex.

Lemma 9. Let σ be a d-simplex inRr(X). If there is a continuous functionf :
[t1, t2) → S(σ), such thatf(t) /∈ ⋃

x∈X(t)∩σ Ux, ∀t ∈ [t1, t2), then there exists a
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continuous functioñf : [t1, t2) → σ, such thatf̃(t) /∈ ⋃

x∈X(t)∩σ Ũx, ∀t ∈ [t1, t2).

Proof. For a 2-simplexσ = [x0, x1, x2]. There exist a homotopy equivalenceh from
S(σ) to itself, such that the interior of

⋂

i=0,1,2 Uxi
∩ S(σ) is mapped onto the interior

of S(σ), which is
⋂

i=0,1,2 Ũxi
, and the inverse image of every open edgeS([xi, xj ])

belongs toUxi
∩Uxj

∩S(σ). Therefore, we can constructf̃ ash ◦ f , with the property
thath−1(

⋂

i∈A Ũxi
) ⊂ ⋂

i∈A Uxi
, which induces̃f(t) /∈ ⋃

x∈X(t)∩σ Ũx, ∀t ∈ [t1, t2).

Lemma 10. For the Rips complexRr(X), if there exists a continuous functionf :
[t0,∞) → S(Rr(X)), such thatf(t) /∈ ⋃

x∈X(t) Ux, ∀t ∈ [t0,∞), then there exists

a continuous functioñf : [t0,∞) → Rr(X), such thatf̃(t) /∈ ⋃

x∈X(t) Ũx, ∀t ∈
[t0,∞).

Proof. The 2-complexC2(X) as a sub complex, has the same shadow as the Rips
complexRr(X). Lift the pathf from the shadowS(C2(X)) to the complexC2(X),
then apply lemma 9 on every simplex it goes through. This willgive a lift f̃ : [t0,∞) →
C2(X) ⊂ Rr(X), such thatf̃(t) /∈ ⋃

x∈X(t) Ũx, ∀t ∈ [t0,∞).

Theorem 6. For a networkX with coverage regionsU and Rips complexRr(X) with
the shadow the wholeD. Then if the state onX is eventually continuous, and if there
is no defect in the initial condition, then the evader loses the evasion game.

Proof. Suppose there is a continuous pathf for the evader to follow in order to win the
evasion game,f : [t0,∞) → S(Rr(X)) = D, then by Lemma 10, there exists a lift of
f , f̃ : [t0,∞) → Rr(X), such that followingf̃ , the evader could win the evasion game
with coverage regions{Ũx|x ∈ X}. Furthermore, sincẽf(t) /∈ ⋃

x∈X(t) Ũx, ∀t ∈
[0,∞), and by the fact that a 1-simplex is covered by a subset of sensors that covers
the simplex containing it, we can construct a continuous path f ′ that travels only on
the 1-skeleton ofRr(X) and still is safe, never being detected. However, by the same
argument as in Theorem 3, since there is no defect in initial condition, such a strategy
does not exist: any such evader would lose the game.

If may not be the case thatS(Rr(X)) ⊃ D. Our approach for solving this problem
is by adding sensors to the network without changing the coverage, but enlarge the Rips
complex such that it projects onto the whole domain.

Lemma 11. If a boundary path exists within distance
√

3/2r to each boundary com-
ponent of∂D, then there is a new sensor networkX̃ by adding sensors toX , with the
same coverage at every moment, such that the shadow ofRr(X̃) isD.

Proof. For every nodex in the boundary path, add a nodex′ in Ux ∩ ∂D to the new
networkX̃, and for every edge on the path[x, y], add a nodez′ in Ux ∩ Uy ∩ ∂D
to X ′. For a quadrangle with verticesx, y, x′, y′, it is covered by union ofUx and
Uy. Let x′ andz′ have same coverage and states asx, andy′ has the same asy after
equilibrium, then the coverage of̃X is exactly the same as that ofX at every moment.
Another property worth noticing isRr(X̃) now has its shadow same asD, because
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Figure 10: add new nodesx′, y′, z′ to the network, withx′ andz′ have same state and
coverage asx, andy′ has same state and coverage asy

[x, x′], [x′, z′], [x, z′], [y, z′], [z′, y′], [y′, y] are all 1-simplices inRr(X̃), which makes
the shadow exactlyD.

Theorem 7 (Main Theorem). With the existence of boundary paths within distance√
3/2r to boundary of hallways, the evader will always lose the evasion game in the

sub domainD′ ⊂ D on which the states is eventually continuous and contains no
defects.

Proof. By Theorem 6 and Lemma 11.

6 Controlling the Cohomology

We have observed in simulation that sometimes there is no “local defect” continu-
ously generating wavefronts, but the system still reaches anonzero equilibrium, with
the remaining wavefronts propagating along hallways in periodic way. (For illustra-
tion, please refer to video “noseedmovie.mp4”.) This phenomenon contributes to the
existence of a “global defect”, which differs from the “local defect” in that the cycle
on which the defect is supported is in a non-zero class in firsthomology of the Rips
complexRr(X), instead of a trivial one. Such an equilibrium presents a much higher
portion of nodes in state0 than those with local defects. We will try to manually gen-
erate such patterns in GHM by turning off local defects.

Such protocol is not energy efficient unless we shift state0 to sleep state as follows:
the new interpolation lets state1 to be waking state, state2 to be broadcasting state,
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and state3 till 0 to be sleeping state. Then most of the nodes will be sleeping after they
are eventually periodic.

Recall from Definition 9, the degree (or winding number) of a continuous state on
a cycle is an index measuring how man times the states cycle through the alphabet on
the cycle. Therefore, after local defects are turned off by breaking the links between
state0 and state1 nodes, the degree of a cycle which makes a nonzero class in first
homology of the Rips complexRr(X) is determined by the number of wavefronts
already generated and their directions of propagation. In other words, degree for all
cycles is determined absolutely by local defects’ locationand the number of wavefronts
they have sent out in the hallways. Note that the degree is invariant in time for a
continuous state. Thus counting the degree for a cycle afterdefects are turned off is not
a difficult problem: following the direction of this cycle, the number of wavefronts in
the same direction minus the number of wavefronts in the opposite direction determines
the degree.

Definition 18. For a class[α] inH1(Rr(X)) (orH1(C2(X)), the first homology of the
2-complex), define the degree of a continuous stateu on [α] as the degree ofu on cycle
α. If the projectionπ : Rr(X) → D induces an isomorphismπ∗ : H1(Rr(X)) →
H1(D), then define the degree ofu onπ∗([α]) as the degree ofu onα.

As a remark, the degree of a generator in first homology is well-defined, if for
homologous cyclesα andβ, degree ofu restricted on both are the same. By Lemma
5, degree ofu restricted onα − β, which is a null-homologous cycle, has to be zero.
Thus, the degree onα andβ have to be the same. By abuse of notation,deg(u, α) will
be used forα as a first homology class in eitherRr(X) orD.

Definition 19. Let Cont(X) represent the set of continuous states onX . Define a
cohomologizing maph : Cont(X) → H1(Rr(X)) = Hom(H1(Rr(X)),Z), such
thath(u)([α]) = deg(u, [α]).

As a remark, the first cohomologyH1(Rr(X)) defined here is a simplicial coho-
mology. It is torsion free and therefore can be treated asHom(H1(Rr(X)),Z).

Definition 20. A single waveis a continuous stateu onX , such that (1) there exists a
barrier on whichu is supported, and (2) there exists a cycleα on which the degree of
u is 1.

By the definition of a wave, the degree is zero on those cycles that do not intersect
the wave’s support. The waves move (changing supports in time) in a way that degrees
are invariant. They are even additive under some circumstances, by next lemma, which
allows for algebraic manipulations.

Lemma 12. Letφ1 andφ2 be two continuous states onX with supportsX1 andX2,
with no two nodes fromX1 andX2 being neighbors. Letφ = φ1 +φ2 be a state onX ,
thenφ is a continuous state onX , which satisfiesh(φ) = h(φ1) + h(φ2).

Proof. The continuity ofφ insideX1 andX2 is inherited form the continuity ofφ1 and
φ2. If x1 ∈ X1 andx2 6∈ X1 are neighbors, thenx2 6∈ X2. This meansφ(x2) = 0,
which makesφ on the pair(x1, x2) is continuous. The same argument works for a pair
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of neighbors in and out ofX2. For two neighbors both outsideX1 andX2, on whichφ
is 0, the continuity also holds since the values have to be both 0. Letα =

∑K
i=1[ai, bi]

be a cycle inX , thenα ∩X1 andα ∩X2 are two non neighboring subsets, and:

h(φ) = 1/n
K

∑

i=1

(φ(bi) − φ(ai))

For these pairs of neighborsai andbi, there could be at least one inX1, which sum up
to beh(φ1), or at least one inX2, which sum up to beh(φ2), otherwise, both are in
neitherX1 orX2, which sum up to 0. Therefore,h(φ) = h(φ1) + h(φ2).

Corollary 3. If statesφ1, . . . , φk have distinct and non-neighboring supports, then
h(

∑

φi) =
∑

h(φi).

An important property of the narrow hallwaysD is has the topological type of a
planar graphG; specifically,G is a deformation retraction ofD, with retraction map
r : D → G and injection mapi : G → D. SupposeH1(Rr(X)) = H1(D) =

⊕

g Z,
and{[α1], . . . , [αg]} is a basis forH1(Rr(X)), accordingly,{π∗([α1]), . . . , π∗([αg])}
is a basis forH1(D). Since the degree ofu on a cycle inRr(X) is totally determined by
integersdeg(u, α1), . . . , deg(u, αg) by Lemma 3, we only need to focus on controlling
the degree on a basis.

One problem we care about is whether one can realize every possible degree. In
other words, the question could be reformed as whether the maph is surjective. Specif-
ically, is it possible to realize a continuous stateu, such thatdeg(u, [α]) = f([α]),
wheref : H1(Rr(X)) → R is any integer valued linear map satisfyingf([α+ β]) =
f([α]) + f([β]).

Our last theorem concerns this ability toprogram pulsesin the network for cus-
tomizing the response.

Theorem 8. The maph is surjective: if[f ] ∈ H1(Rr(X)), then there exist a continues
stateu onX , such thath(u) = [f ].

Proof. We start by selecting a specific basis forH1(G), using the standard basis of the
complement of a spanning treeT : each remaining edge corresponds with an element
in a basis ofH1(G). Let this basis be{[α′

1], . . . , [α
′
g]}, and the edges in corresponding

sequence bee1, . . . , eg, where eachei is contained in only one elementα′
i. For eachi,

there exist at least one single waveφi that is supported only on a subnetwork inr−1(ei),
and satisfiesh(φi)([αj ]) = δij , andh(−φi)([αi]) = −1. From the density assumption
on the networkX , those waves can be supported on non-neighboring subnetworks
and therefore we can sum[f ]([α]) of them up to obtain a continuous stateφ′i such
that h(φ′i)([α]) = [f ]([α])δij by Corallary 3. From the same argument,

∑

φ′i is a
continuous state which maps to[f ] underh.

7 Link Failure Analysis

Reliability of links is a serious issue for achieving stability of WSN [1, 22]; in practice,
stability is not guaranteed, as wireless communication quality is unpredictable under
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different environmental and other physical conditions [23]. For our GHM system, it is
important to keep communication stable, especially the links between sensors of state
0 and state1, since they will determine those nodes’ state at the next time step.

In this section, we will assume that every link works well with a fixed probability
ps, as a more practical GHM system. By modifying our simulationaccordingly, we
observe that most of the nodes goes to state0 after the first several steps, as before. Af-
terwards, either the system dies out if there is no defect (either local or global defects),
or wavefronts are generated around local defects. But thesedefects do not guarantee
the system’s periodicity, since link failure might result in their dying, with a probability
associated withps.

For a fixed networkX , if given an initial stateu with at least one local defect,
the probability that one local defect dies afterT time steps is a functionf of X , u,
T andps. The smallerps is, the bigger the probability of defect dying. Meanwhile,
f(X,u, T, ps) is an increasing function ofT , which approaches 1 asT goes to infinity.

Although local defects die eventually almost surely, it does not affect pattern prop-
agation. For a continuous state of waves with no local defect, which are what remain in
the network after all local defects die, it could either be ina trivial cohomology class,
which will die out after a while, or has at least one global defect. As in the latter case,
wave propagation is not necessarily the same as in the deterministic model, since a
state 0 wavefront may not turn into a state 1 wavefront. However, even this wavefront
does not update to state 1 as a whole, it is of great chance thatat least one of the nodes
on the wavefront successfully update to state 1 (which stillmakes a global defect), and
therefore will gradually correct the neighbors states by contact.

8 Conclusion

In this paper, we provide a decentralized, coordinate-free, energy-efficient intruder-
detection protocol based on the Greenberg-Hastings cycliccellular automata. The sys-
tem could easily be adapted to real indoor environment if using sensing devices func-
tioned with communication and proper sensing ranges. It displays coherence in the
sense that it is a self-assembling system with random initial conditions; its efficiency
comes from low power-consuming property inherited from thescheme of the CCA.
Demonstrations in§2 are evidence that the system behaves as intended, and this paper
gives both intuition and rigor about how and why the system works:

• Wave patterns are explained as a topological phenomenon, determined and de-
scribed by the existence of defects with nonzero degree.

• Assigning to wavefronts a cohomology class reveals the qualitative structure of
the wavefront patterns, greatly clarifying certain classical results about CCA on
lattices.

• A non zero restriction of a cohomology class to a subdomain corresponds with a
set of strategies with which the evader could win the evasiongame; meanwhile,
a zero restriction stands for the failure of the evader: the cohomology class is
theobstructionfor the pursuer to win. This pleasantly resonates with the role of
cohomology in obstruction theory.
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[15] A. Kröller, S. P. Fekete, D. Pfisterer, and S. Fischer. Deterministic boundary
recognition and topology extraction for large sensor networks. In Proceedings
of the seventeenth annual ACM-SIAM symposium on Discrete algorithm, SODA
’06, pages 1000–1009, New York, NY, USA, 2006. ACM.

28



[16] M. Matamala and E. Goles. Dynamic behavior of cyclic automata networks.
Discrete Applied Mathematics, 77(2):161 – 184, 1997.

[17] S. Meguerdichian, F. Koushanfar, M. Potkonjak, and M. Srivastava. Coverage
problems in wireless ad-hoc sensor networks. InINFOCOM 2001. Twentieth
Annual Joint Conference of the IEEE Computer and Communications Societies.
Proceedings. IEEE, volume 3, pages 1380 –1387 vol.3, 2001.

[18] G. Nan, G. Shi, Z. Mao, and M. Li. Cdsws: coverage-guaranteed distributed
sleep/wake scheduling for wireless sensor networks.EURASIP Journal on Wire-
less Communications and Networking, 2012(1):44, 2012.

[19] P. Niyogi, S. Smale, and S. Weinberger. Finding the homology of submanifolds
with high confidence from random samples.Discrete Comput. Geom., 39(1):419–
441, Mar. 2008.

[20] X. Wang, G. Xing, Y. Zhang, C. Lu, R. Pless, and C. Gill. Integrated coverage
and connectivity configuration in wireless sensor networks. In Proceedings of
the 1st international conference on Embedded networked sensor systems, SenSys
’03, pages 28–39, New York, NY, USA, 2003. ACM.

[21] F. Ye, G. Zhong, J. Cheng, S. Lu, and L. Zhang. Peas: A robust energy conserving
protocol for long-lived sensor networks. InProceedings of the 23rd International
Conference on Distributed Computing Systems, ICDCS ’03, pages 28–, Washing-
ton, DC, USA, 2003. IEEE Computer Society.

[22] J. Yick, B. Mukherjee, and D. Ghosal. Wireless sensor network survey.Comput.
Netw., 52(12):2292–2330, Aug. 2008.

[23] J. Zhao and R. Govindan. Understanding packet deliveryperformance in dense
wireless sensor networks. InProceedings of the 1st international conference on
Embedded networked sensor systems, SenSys ’03, pages 1–13, New York, NY,
USA, 2003. ACM.

29


