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Abstract

We introduce a formal grammatical process for planar
self-assembling systems with conformal switching which in-
stantiates the geometry of the tiles. This extends prior work
which gave a grammatical structure that models only the
topology of the assembly. The addition of geometric data
leads to the problem of determining which sets of gram-
matical rules preserve the planar constraint. We illustrate
global obstructions while generating examples of rule sets
which intrinsically force the preservation of planar geome-
try.

1. Introduction

The collective behavior of mechanical devices at micro-
and nano- scales increasingly resembles that of chemical or
biological reactions, in which individual particles endowed
with intrinsic geometric data (the shape of the particle)
and algorithmic data (reactivity, bonding proclivities, repul-
sions) yield assemblies of complex devices through purely
local means. The challenge of being able to control these
processes for purposes of design in the mechanical realm is
two-fold. First is thephysicalchallenge: to be able to un-
derstand and exploit the behavior of mechanical devices at
micro- (or smaller) scales. Second is thealgorithmic chal-
lenge: how does one ‘program’ a collection of parts under
physical constraints to assemble into a desired device. At
small scales, one exchanges the ability to fabricate very in-
tricate components for the ability to produce huge numbers
of simple components. A significant algorithmic question is
therefore which complex devices can be built out of sim-
ple pieces with simple assembly rules?

Not surprisingly, experimentalists have been able to
build objects which have complete regularity with re-
spect to the local geometry: planar hex and square lat-
tices [17], cylindrical sheets [6], and spheres [1]. These
have the property that the component ‘tiles’ are regu-
larly shaped and the assembly ‘rules’ are determined
by passive physical means, e.g., via surface tension ef-

fects on a liquid surface. Such geometrically regular
assemblies can and are having significant impact on manu-
facturing at small scales [10, 11].

We are particularly concerned with ‘programmable’
self-assembly of mechanical devices at small scales. A re-
cent NASA-IAC report onKinematic Cellular Automata
[15] contains extensive information on small-scale pro-
grammable mechanical assembly, mostly in the context
of self-replication. We note in particular the claim pre-
sented there that self-assembly requires “a new mathemat-
ics” to be effective in programming devices.

This note continues an ongoing project with E. Klavins
to approach the algorithmic problems of mechanical self-
assembly using new mathematical tools. The goal of this
project is to ascertain when and how one can ‘program’ sys-
tem features into a grammatical assembly structure. In this
note, we keep formal definitions to a minimum.

1.1. A grammatical approach

We approach the problem of modeling self-assembling
systems from the point of view of grammars and computa-
tion. There are four principal components to a comprehen-
sive model for self-assembly: these are the

1. algorithmic ; what type of abstract computation is gen-
erated by an assembly sequence of parts?

2. topological; in which type of network are the various
pieces connected?

3. geometric; how do the pieces fill up their environ-
ment?

4. physical; to what laws are pieces and bonds between
pieces subject?

Several authors have approached self-assembling sys-
tems from the point of view of algorithms and computa-
tion (e.g., [18]), especially in those systems which use DNA
strands as a bonding protocol. The work in [4] introduced
a grammatical formalism (see§2 below) which captures
both algorithmic and topological aspects of self-assembling
systems. Geometric and physical constraints are significant
challenges to encode.



This note works toward developing a formal pro-
cedure for appending geometric content to an abstract
self-assembling system. This takes the form of a map-
ping from abstract graph assemblies to geometric cell
complexes. This leads to several interesting problems.

It is well-known that the problem of assembling tiles in
the Euclidean plane via compatibility rules on the edges
(Wang tiles) can perform computations. Indeed, this has re-
cently been implemented using DNA strands as the edge
markers (e.g., [18]. This paper considers an inverse of
this situation: Which abstract computations (in the form of
graph-replacement rule sets) involving marked planar tiles
necessarily constructonlyEuclidean planar outputs?

1.2. Prior and proximate work

The assembly model we formalize usesconformational
switching of components — the ability of an assembled
pair to register a change in conformation after an assem-
bly step. Conformational switching was first described as a
symbolic process for self assembly by Saitou [12], who con-
sidered the assembly of (linear, 1-d) strings. Self assembly
as a graph process has been described in [8, 9], with the for-
malism of graph grammars being introduced in [4]. Graph
grammars were introduced in theoretical computer science
decades ago [5, 3] and have been used to describe numer-
ous systems, from data structure maintenance to mechani-
cal system synthesis. Graph grammars are a generalization
of the standard “linear” grammars used in automata theory
and linguistics.

There are many other models of self assembly besides
graph grammars. As a brief example, several groups [18, 2]
have explored self assembly using passivetiles floating in
liquid. The tiles attach along complimentary edges (due,
for example, to capillary forces or the assembly of compli-
mentary strands of DNA) upon random collisions. A mathe-
matical approach via combinatorial assemblies has been ex-
plored in [13]. There is also preliminary work on supplying
tile systems with conformal-like state information [7]. Such
systems can in fact be used to perform arbitrary computa-
tions [16] and are best understood as two or three dimen-
sional symbolic processes. Other authors have used geo-
metric constraints on part-part interactions to model, forex-
ample, the assembly of proteins into spherical shells called
capsids[1]. The addition of simple processing to each part
is considered in models of the assembly of the T4 bacterio-
phage [14]. We note that the ability to program mechani-
cal devices at this scale holds applications beyond assem-
bly, extending to, e.g., mechanical information security.

2. Assembly via Graph Grammars

The majority of this description is derived from [4],
where graph grammars were introduced as a language for
computational self-assembling systems. Formal definitions
will be kept to a minimum.

2.1. Definitions

Let G denote a labeled graph:G = (V,E, ℓ), whereV is
a set ofvertices, E ⊂ V ×V is a set ofedges, andℓ : V → Σ
is a labeling function over some alphabetΣ. We denote by
VG, EG andℓG the vertex set, edge set and labeling func-
tion of the graphG or byV , E andℓ when there is no dan-
ger of confusion. For obvious reasons, we prefer a finite al-
phabetΣ. We assume basic definitions from graph theory
such as connectivity, isomorphism, and embedding.

Roughly speaking, a graph assembly system consists of
an initial graphG0 together with a collection of local rules.
These rules act as local replacement operations on graphs.

More specifically, arule is a pair of graphsr = (L,R)
whereVL = VR. The graphsL andR are called theleft
hand sideandright hand sideof r respectively. Thesizeof
r is |VL| = |VR|. Most of the examples in this paper will in-
volve rules which arebinary— the size of each rule is two.
We will assume for this paper that all rules areconstruc-
tive (EL ⊂ ER). A rule isacyclic if its right hand side con-
tains no cycles (the left hand side may contain cycles).

A rule r is applicableto a graphG if there exists a label-
preserving embeddingh : L → G. An actionof a ruler on
a graphG is a pair(r, h) such thatr is applicable toG via
h. Theapplicationof (r, h) to G yields a new graphG′ =
(V ′, E′, l′) defined by replacing the image ofL in G with a
copy ofR. More formally,G′ is defined thus:

V ′ = V

E′ = (E − {{h(x), h(y)} | {x, y} ∈ L})

∪{{h(x), h(y)} | {x, y} ∈ R}

l′(x) =

{
l(x) if x 6∈ h(V )
lR ◦ h−1(x) otherwise.

We writeG
r,h
−−→ G′ to denote thatG′ was obtained fromG

by the application of(r, h).
A graph assembly systemis a pair(G0,Φ) whereG0 is

the initial graph andΦ is a set of rules (called therule set).
We may refer to a system simply by its rule setΦ and as-
sume that the initial graphG0 is an unbounded supply of
isolated vertices labeled with an initial symbol. Anassem-
bly sequencefor a system(G0,Φ) is a finite sequence of
pairs of graphs{Gi}

k
i=0 and actions{(ri, hi)}

k
i=1 where

ri ∈ Φ and

Gi

ri,hi

−−−−→ Gi+1



for i ∈ {0, ..., k − 1}. A graph assembly system(G0,Φ)
defines a non-deterministic system since, at any step, many
rules inΦ may be simultaneously applicable.

2.2. Examples and properties

Example 2.1 Consider the assembly system with initial
graph consisting of isolated vertices labeledA0 and rule
set

Φ =

{
A0 A0 ⇒ A1 − A1,

A0 A1 ⇒ A1 − A2

(1)

where the vertices are relabeled according to position. This
rule set generates arbitrarily long chains of vertices labeled
A2.

Example 2.2 If we augment to the rule set of the previous
example the single rule(A1 A1 ⇒ A2 − A2), then
we obtain a graph grammar that assembles cycles of length
greater than or equal to three, as well as long open chains.

There are highly non-trivial examples which build a va-
riety of devices. In the general case, [4] gives an algorithm
for generating a rule set (with constructive and destructive
rules) which will build any graph in such a way that it issta-
ble, in the following sense.

The pair(G0,Φ) provides a ‘seed’ from which may grow
a variety of outputs. These are called thereachablestates
for the graph assembly system. More formally, a connected
graphG is reachablein a system(G0,Φ) if there exists
an assembly sequence{Gi}

k
i=0 of (G0,Φ) such thatG is

isomorphic to some component ofGk. The set of all such
reachable graphs is denotedR(G0,Φ).

Likewise, one cares about those assemblies in the reach-
able set which are mechanically ‘inert’ and not subject to
further change. A graphG ∈ R(G0,Φ) is stableif for all
G′ ∈ R(G0,Φ) there does not exist an action(r, h) on
the disjoint unionG ∐ G′ such thatr = (L,R) ∈ Φ and
h(L) ∩ VG is nonempty. The set of all such stable graphs is
denotedS(G0,Φ).

For systems which build graphs of unbounded size (e.g.,
a planar lattice), we introduce a notion of stability. An as-
sembly sequence of graphs{Gn} is defined to beasymp-
totically stableif, given anyR > 0 large, there exists an
M > 0 such that for alln > M , the only rules applica-
ble toGn act outside a fixed domain inGn of diameterR.
Such systems may not have stable elements, but rather have
asymptotically stable limit sets. Clearly, all finite stable as-
sembly sequences are asymptotically stable, as is the se-
quence from Example 2.1 which builds an unbounded lin-
ear chain.

3. Grammatical tiles

One would like a way to assign a geometric structure to
a graph assembly system in a manner that, e.g., represents

the geometry of tiles whose attachments occur along sides.
We give a broad definition of a geometric realization for
a graph assembly system that amounts to a mapping from
the reachable set to geometric objects that is defined lo-
cally on graphs. For this note, we will always assume that
the ‘tiles’ are compact two-dimensional Euclidean domains:
three-dimensional formulations follow analogously. We be-
gin with two examples that illustrate how one goes from the
geometric system to the graph-grammar system. We then
present a more general formulation for how to proceed from
the grammatical to the geometric.

Example 3.1 If we wish to repeat Ex. 2.1 geometrically, we
can think of each vertex as representing a rectangular tile
and each bond as representing an attachment of tile faces in
an end-to-end fashion. This rule set creates arbitrarily long
straight chains of tile. Note that extending this same action
to the augmented rule set of Ex. 2.2 leads to tile assemblies
which are cylindrical and cannot fit in the plane geometri-
cally (though they are planar as topological graphs).

A general definition for atile assembly systemconsists
of a graph assembly system along with ageometric realiza-
tion: a mapG which (1) sends labeled vertices totiles —
compact connected subsets of the Euclidean plane; and (2)
sends edges between pairs of vertices to identifications be-
tween connected subsets of the vertex tiles. These identifi-
cations may or may not occur along ‘faces’ of the tiles (sub-
sets of the boundaries). The image of a connected graphG

underG naturally has the structure of a connected cell com-
plex, where the individual cells are Euclidean. The mapG
thus sendsR(Φ) to (abstract) two-dimensional piecewise
Euclidean cell complexes.

4. Planar constraints

Is it possible to ‘program’ the geometry of the Euclidean
plane into an abstract set of tile assembly rules? Otherwise
said, if we write a set of grammatical rules based on a geo-
metric assembly system, will these rules produce only pla-
nar outputs?

A tile assembly system is said to beplanar if the image
of R(Φ, G0) underG consists solely of complexes isomet-
ric to subsets of the Euclidean plane. Without care, it is often
the case that a geometric rule set designed for a given planar
output in fact produces much more than is legal. For exam-
ple, a rule set which tends to construct highly non-convex
shapes can create collisions between sections of the output
which are far apart in the graph structure.

Question 4.1 How can one determine if a tile assembly
system forces the construction of illegal outputs?



4.1. Obstructions

There exist obstructions for planar tile assembly which
manifest themselves purely on the level of the topology of
the aggregate. Roughly speaking, any tile assembly system
which can assemble a non-simply connected object out of
‘small’ rules is necessarily non-planar: cf. Example 3.1.

Theorem 4.1 If an acyclic graph assembly system builds a
cycle, then the system cannot be planar, no matter what the
geometric realization map is.

PROOF: It is shown in [4] that for rule sets which are
acyclic, the reachable set is closed undertopological cov-
ers. Otherwise said, such a rule set cannot distinguish be-
tween buildingk disjoint copies of a graph containing a cy-
cle of lengthN and one copy of a graph containing a mul-
tiple cycle of lengthkN (obtained by splitting open and
‘chaining’ thek copies together end-to-end).

Assume that for someG ∈ R, there is a cycleγ. Denote
the vertices ofγ by {v1, . . . , vn} wherevi is connected to
vi−1 andvi+1 (modn). The image of this cycle underG is
a 2-d cell complex which by assumption embeds in the Eu-
clidean plane. From the result of [4], there is a graph inR
containing a double-cover̃γ of the cycleγ: a cycle obtained
by cutting open and joining two copies ofγ. Denote the ver-
tices of this cover{v0

1 , . . . , v0
n, v1

1 , . . . , v1
n} with cyclic edge

connections. The mapG sends the subgraph

v0
1 − v0

2 − · · · − v0
n

to G(γ), but with one edge-bond not included. SinceG acts
locally (acting on edges of graphs), it must sendv0

n − v1
1 to

the same type of cell gluing as is sendsvn − v1 in γ. This
forces the tile associated tov1

1 to lie on top of the tile forv0
1 ,

contradicting the planarity of the system. 2

This is a very broad result, independent of the tile geom-
etry, so long as the rules do not have cycles as right hand
sides.

Obstructions to planarity arise on the geometric as well
as topological levels. These obstructions can belocal in na-
ture (e.g., a tile assembly system which attempts to assem-
bly more than four square tiles around a shared vertex), or,
more difficult to detect,global (e.g., the tendency to build
long non-convex protuberances which are locally planar but
globally not so). Determining these global geometric ob-
structions is a challenging task.

4.2. Simply connected regions

For the remainder of the paper, we will restrict attention
to the following classes of geometric tile assembly systems:

1. All rules are binary.

2. The alphabet is finite.

3. There is a unique asymptotically stable product.

Question 4.2 Which connected aggregates of tiles in the
plane can be constructed by a geometric tile assembly set
satisfying the above assumptions?

From Theorem 4.1, we can restrict attention to those ge-
ometric tile assembly systems which construct simply con-
nected aggregates of tiles in the plane, since those with non-
trivial cycles cannot be geometric for sets of binary (hence
acyclic) rules. Note that this problem is very easy in di-
mension one: the rule set of Example 2.1 gives an example
which has a simple geometric realization. The problem is
more challenging in dimension two. It is, nevertheless, pos-
sible to write a finite set of local rules which assembles ar-
bitrarily large simply connected regions of the plane.

Theorem 4.2 There exists a geometric tile assembly system
which assembles the entire plane as the unique asymptoti-
cally stable output. The rule set can be chosen to be con-
structive, with a finite set of binary rules and a finite alpha-
bet.

The proof is constructive and tiles the plane using square
tiles which spiral about a seed. The rule set which does so
is a specific example from the family of rule sets given in
the next section. The analysis that the output is unique and
asymptotically stable is relatively straightforward and left
as an exercise.

We note that the problem is simple for finite aggregates
given a large enough alphabet, since one can put a total or-
dering on the assembly sequence and then use a sufficiently
large alphabet to force this sequential assembly. For infinite
aggregates, a finite rule set is insufficient:

Theorem 4.3 Not all simply connected aggregates of tiles
in the plane can be constructed uniquely by a finite rule set
with a finite alphabet.

PROOF: This is a simple cardinality argument: there are
an uncountable number of simply connected planar shapes
which can be built out of (e.g., square) tiles. Only a count-
able number of these can be realized via finite rule sets
which construct a unique limit set, since the assembly se-
quence gives a discrete sequence of rule applications.2

5. Building spirals grammatically

In this section, we demonstrate that it is possible to build
the infinite spiral of Fig. 1 as a unique and asymptotically
stable product of a finite set of binary grammatical rules for
a tile assembly system. Grammatically, this rule set creates
a linear chain of vertices whose corner symbols are spaced
out with regularly incrementing period. The geometric re-
alizationG for this system attaches square tiles end-to-end
except for the corner symbols, at which the tiles are glued
with a turn.



Figure 1. A graph assembly system with
square tiles can assemble into an unbounded
planar spiral with each tile communicating
with only one neighbor.

5.1. Building spirals

There are eighteen symbols inΣ and twenty-one rules
in the rule set for building the spiral of Fig. 1. The initial
graph is a field of symbols with labelI0. After an initial
seed-building, the rule set builds two consecutive edges of
the spiral, the terminal edge labeled withA symbols and the
penultimate edge labeled withB symbols. The rule set uses
pairwise rules to propagate signals from the leading edge of
the spiral back along theA edge and theB edge. These sig-
nals effectively count the length of theA edge and compare
it to that of theB edge. This counting procedure signals
when to turn a corner (T andC symbols), after which, the
formerB edge is converted to anF (finished) edge, which
is inert to further rules. The symbols are as follows:

A0,A1,A2,A3,A4 A (leading) edge
B0,B1,B2,B3,B4 B (penultimate) edge

F0,F1 F (finished) edges
C0,C1,C2,C3 corner tiles

T0 turn tiles
I0 Initial tiles

In the general case of an intermediate step in the con-
struction, there aren tiles in the terminalA edge. The num-
ber and types ofB symbols used in the neighboring edge is
the counter that the signaling wave uses to decide when to
turn a corner. The picture is intended to suggest that there
are, in total,n tiles labeledA0 andn tiles labeledB1.

A3 A0 · · · A0 C0

n

``B
B

B

B

""E

E

E

E B1

· · ·

B1

B0

· · ·

B0

· · · F0 F0 F1

The rule set is as follows:

1 I0 I0 ⇒ T0–F1 Initialization
2 I0 T0 ⇒ A3–C0 Attach about a corner
3 I0 A3 ⇒ A4–A1 Attach in-line
4 A1–A0 ⇒ A1–A1 Propagate‘Attach new piece’
5 A1–C0 ⇒ A1–C1 backward along the A edge
6 A1–C2 ⇒ A2–C0 Propagate‘OK to continue’
7 A1–A2 ⇒ A2–A0 forward along the A edge
8 A4–A2 ⇒ A3–A0

9 A1–C3 ⇒ B0–F1 Propagate‘Turn a corner’
10 A1–B0 ⇒ B0–B0 forward along the A edge
11 A4–B0 ⇒ T0–B0

12 C1–B0 ⇒ C2–B1 Signal‘Continue’ to B edge
13 C1–F1 ⇒ C3–F1 Signal‘Halt’ to B edge
14 C1–B1 ⇒ C1–B2 Maybe room to continue;
15 B2–B1 ⇒ B2–B2 Check backward for anyB0

16 B2–B0 ⇒ B3–B1 Yes, room to continue;
17 B2–B3 ⇒ B3–B1 Propagate“OK to continue”
18 C1–B3 ⇒ C2–B1 forward along the B edge
19 B2–F1 ⇒ B4–F1 No, not room to continue;
20 B2–B4 ⇒ B4–F0 Propagate“Turn corner”
21 C1–B4 ⇒ C3–F0 forward along the B edge

Here are two snapshots showing the addition of a tile.

A3 A0 A0 C0

B1

F1 F0 F1 B1

F0 F1 B0

F0 B0

F1 F0 F0 F0 F1

A3 A0 A0 A0 C0

B1

F1 F0 F1 B1

F0 F1 B1

F0 B0

F1 F0 F0 F0 F1



The ease of building these spirals stems from the fact that
one need merely “count” the number of tiles on the penulti-
mate edge of the spiral and increment this by two. A slight
change in the rule set increments by one instead of two,
yielding a tiling of the plane and a proof of Theorem 4.2.

Looser spirals can be constructed by incrementing some
fixed large number before turning a corner. However, it fol-
lows from the proof of Theorem 4.3 that not all infinite spi-
rals can be built in this manner, since there are an uncount-
able number of possible sequences of arm-lengths of the
spiral. Only those sequences which are “computable” have
the possibility of being constructible.

5.2. Asynchronous construction

The use of sequential propagating waves between theA

andB edges in the spiral rule set presented gives a rela-
tively slow construction: each additional tile added to the
spiral requires waiting for several waves to propagate one
at a time down arms of increasing length. The time (mea-
sured by the number of rules sequentially applied) needed
to add a new edge to the spiral of lengthN is quadratic in
N . By changing the rule set to make the waves of commu-
nication non-sequential we may speed up the construction.

1 I0 I0 ⇒ T
0

–F1 Initialization
2 I0 T0 ⇒ L0–A0 Initialization
3 A0–B0 ⇒ B0–B1 Propagate
4 B1–B2 ⇒ B2–A0 the B wave

5 A
0

–B0 ⇒ B
0

–B1 Propagate B wave

6 B
1

–B2 ⇒ B
2

–A0 around corner
7 A0–C0 ⇒ C0–C1 Propagate
8 C1–C2 ⇒ C2–A0 the C wave
9 A0–F1 ⇒ B0–F1 Advance F edge

10 B1–F1 ⇒ B2–F2 while starting
11 A0–F2 ⇒ F1–F0 a B wave

12 A
0

–F1 ⇒ B
0

–F1 Advance F edge

13 B
1

–F1 ⇒ B
2

–F2 around a corner

14 A
0

–F2 ⇒ C
0

–F2 while starting

15 C
1

–F2 ⇒ C
2

–F3 a B wave and then

16 A
0

–F3 ⇒ F
1

–F0 a C wave
17 L0–B0 ⇒ L1–B1 Add a new tile
18 I0 L1 ⇒ L0–B1 in response to
19 L0–B2 ⇒ L0–A0 a B wave

20 L0–C0 ⇒ L
1

–C1 Turn corner in

21 B
1

–C2 ⇒ A
0

–A0 response to C wave

This rule set is a “compressed” version of this scheme.
We have reduced the number of rules and size of the alpha-
bet by encoding the geometric realizationG into the alpha-
bet itself: vertices are represented with an orientation deter-
mining the bond geometry. While this is not consistent with

the rules of being a strictly grammatical construction, it is
possible to expand the alphabet and rule set to recover a true
graph assembly system.

Rules 1 and 2 are used to create an initial graph of three
vertices. The following frames show the second rule set in
action. The leading edge has just finished responding to a
“C” wave by turning the corner, and the trailing edge has
not yet started any of the waves that will eventually cause
the side on top to be built.

L0 A0

A
0

F
0 F0 F0

A
0

F
0

F
0

A
0

F
0

A
0

F0 F0 F0 F0 F
1

Since the last frame, the leading edge has completely re-
sponded to one “B” wave, and another “B” wave is propa-
gating up the side.

L0 A0 B0

B
1

F
0 F0 F0

B
2

F
0

F
0

A
0

F
0

F
2

F0 F0 F0 F0 F
0

In the best case, the time to build an edge of the spi-
ral of lengthN is linear inN ; in the worst case, in which
all rules are applied with the sequential protocol of the prior
subsection, it is quadratic inN . Otherwise said, in the op-
timal case, it is constant time to add the next tile, indepen-
dent of location in the spiral. Since this is not a determin-
istic system, we cannot force the best-case scenario; how-
ever, we suspect that randomized asynchronous execution
would yield the best-case run times.

6. Concluding remarks

We have presented a formalism for ascribing geomet-
ric content to a grammatical assembly scheme which for-
merly contained only topological (network) content. We
then demonstrated that the problem of writing rule sets
which are consistent with the geometry of the plane is pos-
sible (even in the case of building infinite spiral structures)



but by no means simple. However, there are simple obstruc-
tions computable from the topology and geometry of the
outputs: unless there are nontrivial cycles of communica-
tion, any rule set which builds a cycle in the plane will also
want to build non-planar objects as well.
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