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Abstract

In this paper, we use the heat kernel methods to study index the-
orem for generalized Dolbeault-Dirac operators on cohesive modules
defined in [Blo10]. Using the theory of characteristic classes devel-
oped in [Hua16], we extend the classical Grothendieck-Riemann-Roch
theorem to coherent sheaves on compact complex manifolds.
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1 Introduction

In the paper [Blo10][Blo06], Block obtained dg-enhancement of the derived
category of complexes of analytic sheaves with coherent cohomology on a
general compact complex manifold X. The objects are cohesive modules
which are generalizations of complexes of holomorphic vector bundles. In
this paper, we use the heat kernel methods to derive local index formulas for
cohesive modules. The organization of the contents are as follows.

In section 2, we first review of bundle of Clifford algebras, Clifford su-
perconnections on Clifford modules and generalized Dirac operators. Then
we express the Dolbeault-Dirac operator as a generalized Dirac operator of a
superconnection AX which depends on the torsion of the holomorphic Chern
connection.

In section 3, we review the theory of cohesive modules defined in [Blo10]
and their characteristic classes developed in [Hua16]. Then we express the
generalized Dolbeault-Dirac operator as the generalized Dirac operator with
associated superconnection AX ⊗ 1 + 1 ⊗ E. Using the heat kernel method
for Clifford superconnection, we obtain an index formula for the Euler char-
acteristic that extends classical the Hirzebruch-Riemann-Roch formula.

In section 4, we consider a holomorphic submersion π : M → B between
compact complex manifolds. In [Blo06], the push-forward operation was de-
fined for cohesive modules. We define a natural superconnection π!E on the
push-forward module whose degree zero component is family of generalized
Dolbeault-Dirac operators. By the family index theorem for Clifford super-
connections, we extend the Grothendieck-Riemann-Roch theorem to coherent
sheaves.

2 Clifford module and Dirac operators

Let X be a compact even dimensional manifold with Riemannian metric g.
We also denote the induced metric on the cotangent bundle T ∗X by g. Let
A•(X) be the space of differential forms. The bundle of Clifford algebras is
denoted by C(X) whose fiber at x ∈ X is the Clifford algebra C(T ∗xX, gx) of
the cotangent vector space at x.

Let ∇LC be the Levi-Civita on TX and we use the same notation for its
induced connection on T ∗X. Since ∇LC preserves g, it lifts to a connection
on C(X).
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Definition 2.1. A Clifford module of C(M) is a Z2-graded vector bundle
E± with an even action of C(M) on it.

Example 2.2. Let Λ•T ∗X be the bundle of exterior algebras with C(M) action
given by

c(v) · η = v ∧ η − ι(v∗)η (2.1)

where v ∈ T ∗X and v∗ ∈ TX is the dual tangent vector under metric g.

Definition 2.3. Let σ to be the symbol map σ : C(X) ⊗ C → Λ•T ∗X ⊗ C
defined by

σ(a) = c(a) · 1 (2.2)

Then σ is an isomorphism of Z2-graded vector bundles with inverse σ−1 called
quantization map.

Example 2.4. For a complex manifold X with Hermitian metric h and un-
derlying Riemannian metric g, there is a canonical polarization of (T ∗X, g)
by forms of type (1, 0) and (0, 1):

T ∗CX = T ∗1,0X ⊕ T ∗0,1X (2.3)

Let Λ•T ∗0,1X be the subbundle of anti-holomorphic forms. It is a Clifford
module with C(X) action defined by

c(v) · η =
√

2(v0,1 ∧ η − ι(v∗1,0)η) (2.4)

where v = v1,0 + v0,1 is the decomposition and v∗1,0 is a tangent vector of
type (0, 1) dual to v1,0 under the complexified Riemannian metric.

Definition 2.5. A connection ∇E on a Clifford module E is called a Clifford
connection if for any vector field Z on X and a ∈ A0(X,C(X)),

[∇EZ , c(a)] = c(∇LC
Z a) (2.5)

A superconnection A on a Clifford module E is called a Clifford supercon-
nection if

[A, c(a)] = c(∇LCa) (2.6)

where ∇LCa is in A1(X,C(X)).
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Locally on X, we can choose a Spin structure and form the spinor bundle
S and every Clifford module E is of the form

E = S ⊗W (2.7)

for some vector bundle W , called the twisting bundle. If we choose a
orthonormal frame ei on TX with dual frame ei, and let Γijk be the Christoffel
symbols of ∇LC , then the following formula

∇S = d+ ei ⊗ 1

4
ωijkc(e

j)c(ek) (2.8)

defines a Clifford connection on S . We then have the following simple result
concerning Clifford superconnections on a general Clifford module E .

Proposition 2.6. If E = S ⊗ W , there is a one-to-one correspondence
between superconnections AW on W and Clifford superconnections on E, in-
duced by the correspondence

AW −→ ∇S ⊗ 1 + 1⊗ AW (2.9)

Since the existence of Clifford superconnection is a local property as we
can apply partition of unity to glue local Clifford superconnections into a
global Clifford superconnection, the previous proposition implies the exis-
tence in general.

Definition 2.7. For a Clifford module E with Clifford superconnection A,

we define the associated generalized Dirac operator /D
A

as the composition

A0(X, E)
A−→ A•(X, E)

σ−1

−−→ A0(X,C(X)⊗ E)
c−→ A0(X, E)

Since A is an odd operator while both quantization map and Clifford action

are even, /D
A

is an odd operator that interchanges sections of E±.

When the superconnection A is in fact a connection, we recovered the
classical notion of twisted Dirac operators on Spin manifolds. In general,
these generalized Dirac operators are square roots of generalized Laplacian
operators in the following sense.
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Proposition 2.8. If D is a first order differential operator of odd parity on
a Z2-graded vector bundle V such that D2 is a generalized Laplacian in the
sense that

[[D2, f ], f ] = −2g(df, df) (2.10)

for any smooth function f ∈ A0(X), then the following formula defines a
Clifford module structure on V

c(df) = [D, f ] (2.11)

and there exist an unique Clifford superconnection A on E such that D = /D
A

3 Generalized Dolbeault-Dirac Operator on

Cohesive module

In this section we study the opearator DE =
√

2(E′′ + E′′∗) on a cohesive
module E. It is a natural generalization of the classical Dolbeault-Dirac op-
erator ∂̄E + ∂̄E∗ for a holomorphic Hermitian vector bundle whose index is
the Euler characteristic. We first identify DE as a generalized Dirac operator
explicitly by constructing the Clifford superconnection AE associated to it.
It is well-known that for a holomorphic vector bundle E on a Kahler mani-
fold X, AE is just the induced Levi-Civita connection ∇LC . For holomorphic
vector bundles on non-Kahler manifolds, AE is a superconnection which in-
volves the torsion of Chern connection. We refer to [MM06] for a detailed
treatment. After we explicitly identified DE, we apply a theorem of Getzler
in [Get94] to obtain the local index formula.

3.1 Spinc Dirac operators

We assume X is an n-dimensional compact complex hermitian manifold
with underlying Riemannian metric g. By example 2.4, the bundle of anti-
holomorphic forms is a Clifford module. If X is spin, then we have an iso-
morphism

Λ•T ∗0,1X = S ⊗K−1/2 (3.1)

where K is the canonical line bundle detT ∗1,0X and a choice of spin structure
is the same as choosing a square root of K. We will use the decomposition
at least locally on X where a spin structure exist.
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We are mainly interested in the Dolbeault-Dirac operator

DX = ∂̄X + ∂̄X∗ (3.2)

It’s clear that DX satisfies the conditions of proposition 2.8 and the induced
Clifford module structure is the previous one considered in example 2.4, our
first goal is to explicitly describe the associated Clifford superconnection.

Definition 3.1. Let wi, w̄i be local unitary basis for T ∗1,0X and T ∗0,1X
respectively, and we let wi, w̄i be the dual basis. Set

e2j−1 =
1√
2

(wj + w̄j) e2j =
i√
2

(wj − w̄j)

then ek is an orthogonal basis with dual basis ek given by similar formulas
in terms of wj, w̄j. With these local frames, Λ•T ∗0,1X has basis

w̄i1 ∧ w̄i2 ... ∧ w̄is , i1 < i2 < ... < is, s ≤ n

and we write w̄I for the previous expression with increasing multi-index I =
(i1, i2, ..., is). We also obtain a frame w1∧w2...∧wn for the canonical bundle
K.

Using these local frame and our explicit formula for the Clifford connec-
tion on spinor bundles (2.8), the following proposition is clear from our local
decomposition (3.1).

Proposition 3.2. If ωLC is the connection one form for the Levi-Civita
connection under the frame {ek, k ≤ 2n}, and ωdet is the connection one form
for the holomorphic Chern connection on K under the frame w1∧w2...∧wn,
then the following expression defines a connection ∇Cl on Λ•T ∗0,1X under
the frame {w̄I , |I| ≤ n}

∇Cl = d+
1

4
g(ωLCei, ej)c(e

i)c(ej)− 1

2
ωdet (3.3)

∇Cl is independent of the choice of basis and is a Clifford connection.

Definition 3.3. Denote by ∇C the Chern connection of TX, viewed as the
holomorphic tangent bundle, canonically isomorphic to T 1,0X. Let

S = ∇C −∇LC (3.4)
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as an element in A1(X,End(TX)), the torsion T is then computed by

T (U, V ) = S(U)V − S(V )U (3.5)

We define the anti-symmetrization of T as the 3-form on X by

Tas =
∑
i,j,k

1

2
g(T (ei, ej), ek)e

i ∧ ej ∧ ek (3.6)

Since the Chern connection preserves the almost complex structure and
metric, using the well known-formula d = ∇ + ι(T ), we have the following
simple lemma.

Lemma 3.4. If Θ is the fundamental form of the hermitian metric defined
by

Θ(U, V ) = g(JU, V ) (3.7)

where J is the almost complex structure. Then

Tas = −i(∂X − ∂̄X)Θ (3.8)

The following proposition was proved in [Bis89], for a detailed proof, see
[MM06].

Proposition 3.5. The Dolbeault-Dirac operator DX and the generalized

Dirac operator /D
∇Cl

are related by the torsion form as

DX = /D
∇Cl

+
1

4
c(Tas) (3.9)

Definition 3.6. Since Tas is a real 3-form on X, we may regard d+ 1
4
Tas as

a Hermitian superconnection on the trivial twisting bundle and modify ∇Cl

by setting

AT = ∇Cl +
1

4
Tas (3.10)

then AT is a Clifford superconnection and the associated generalized Dirac
operator coincide with DX .

If E is a holomorphic hermitian complex vector bundle on X, there is a
canonical ∂̄X-connection ∂̄Eon A0,•(X,E) and we can form the Dolbeault-
Dirac operator

DE =
√

2(∂̄E + ∂̄E∗) (3.11)
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If we denote by ∇Cl,E the tensor product connection ∇Cl ⊗ 1 + 1 ⊗ ∇E

where ∇E is the holomorphic hermitian Chern connection on E, we have the
following generalization of Proposition 3.5.

Proposition 3.7. ∇Cl,E is a Clifford connection on the Clifford module
A0,•(X,E) and

DE = /D
∇Cl,E

+
1

4
c(Tas) (3.12)

Therefore if we modify the Clifford connection by

AE,T = AT ⊗ 1 + 1⊗∇E (3.13)

where AT was defined above, then AE,T is a Clifford superconnection on
A0,•(X,E) with associated generalized Dirac operator DE.

3.2 Cohesive module on complex manifold

We take a digression to review the theory of cohesive modules and char-
acteristic class developed in [Blo10][Hua16]. Let X be a complex compact
manifold, (A0,•(X), ∂̄X) be its Dolbeault differential graded algebra (dga).
PA0,•(X) is the dg-category of cohesive modules over (A0,•(X), ∂̄X) defined as
follows.

Definition 3.8. A cohesive module E = (E•,E′′) over the Dolbeault dga
(A0,•(X), ∂̄X) consists of two data:

1. A finite dimensional Z-graded complex vector bundle E•.

2. A flat Z-graded ∂̄X-superconnection E′′ on E•. That is a C-linear map
E′′ : A0,•(X,E•) → A0,•(X,E•) of total degree 1 which satisfies both
the ∂̄X-Leibniz formula:

E′′(e⊗ ω) = (E′′e) ∧ ω + (−1)|e|e⊗ ∂̄Xω,∀ω ∈ A0,•(X), e ∈ A0(X,E•)
(3.14)

and the flatness equation:

E′′ ◦ E′′ = 0 (3.15)
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Definition 3.9. The objects in the dg-category PA0,•(X) are cohesive modules
and the degree k morphisms PkA(E,F ) between two cohesive modules E =
(E•,E′′), F = (F •,F′′) are A0,•(X) linear maps φ:

φ : A0,•(X,E•) −→ A0,•(X,F •)

of total degree k.
There is a differential d : PkA(E,F )→ Pk+1

A (E,F ) defined by

d(φ) = F′′ ◦ φ− (−1)kφ ◦ E′′ (3.16)

It’s simple to verify that d2 = 0, so the morphism (PA0,•(X), d) is a complex.

Theorem 3.10. (Block) The homotopy category HoPA0,•(X) of PA0,•(X) is
equivalent to the bounded derived category Db

Coh(X) of complexes of sheaves
of OX-modules with coherent cohomology.

Remark 3.11. This result enables us to study properties of the coherent
sheaves by applying global differential geometric methods to cohesive mod-
ules and then verify the results are invariant under quasi-isomorphisms be-
tween cohesive modules.

Definition 3.12. A Hermitian metric h on a cohesive module E = (E•,E′′) is
a Hermitian metric on the graded vector bundle E• such that Ek is orthogonal
to El for k 6= l.

Definition 3.13. We define a conjugate linear involution on A• as follows,
for ω ∈ Ak(X) a complex differential form, define

ω∗ = (−1)
(k+1)k

2 ω (3.17)

and we extend ∗ to an involution on A•(X,End•(E•)) by

(ω ⊗ L)∗ = (−1)|ω||L|ω∗ ⊗ L∗ (3.18)

Using ∗ operation, we extend h to A0,•(X,E•) by

h(ω · e, η · f) = ω∗h(e, f)η (3.19)

Proposition 3.14. (Chern superconnection) For each hermitian form h on a
cohesive module E, there exist an unique superconnection E which is unitary
with respect to h in the sense

(−1)|s|dXh(s, t) = −h(Es, t) + h(s,Et) (3.20)

for all s, t ∈ A0,•(X,E•).
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Remark 3.15. Locally on X, we can assume E• are holomorphic hermitian
bundles and construct the holomorphic Chern connections ∇E•

. Then if we
write

E′′ = ∂̄E
•

+
∑
k

E′′k (3.21)

where E′′k ∈ A0,k(X,End1−k(E•)), the ∂X-component E′ of the Chern super-
connection can be written as

E′ = (∇E•
)1,0 +

∑
k

(E′′k)∗ (3.22)

If we set E′k = (E′′k)∗, it is an element in Ak,0(X,Endk−1(E•)).

Definition 3.16. We define an exotic grading on A•(X),A•(X,E•) and
A•(X,End•E) by

Deg(ωp,q ⊗ ed) = −p+ q + d (3.23)

Then E′′ is of exotic degree 1 and E′ is of exotic degree −1. The exotic
degree is compatible with wedge product, composition of endomorphisms
and evaluations. We denote by Gk for the subspaces of exotic degree k.

Proposition 3.17. The curvature RE of the Chern superconnection is of
total degree zero. For any convergent power series f(T ) in T , the differential
forms

f(E,E′′, h) = Trsf(RE) (3.24)

is closed and of exotic degree zero on X. Consequently, the characteristic
forms f(E,E, h) defines cohomology classes in the Bott-Chern cohomology.

Proposition 3.18. If h1 and h2 are two hermitian forms on the cohesive
module E and ht is a family of hermitian forms joining h1 and h2, then we
have the following transgression formula

f(E, h1)− f(E, h0) = ∂X ∂̄X{
∫ 1

0

f ′(REt)h−1
t dht} (3.25)

where f ′ is the formal derivative, Et is the family of Chern superconnections
for ht, and h−1

t dht is the Maurer-Cartan form θ on the space of hermitian
forms.

In addition to the independence of Hermitian metric, we proved that the
characteristic classes descend to Db

Coh(X) as a consequence of the following
theorem.
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Theorem 3.19. If (E,E′′) is homotopy equivalent to (F,F′′) in HoPA0,•(X),
then they have the same Bott-Chern characteristic classes.

3.3 Generalized Dolbeault-Dirac operators

For a cohesive module E with hermitian form h, we can form the generalized
Dolbeault-Dirac operator

DE =
√

2(E′′ + E′′∗) (3.26)

as an differential operator on the space of sections A0,•(X,E•) of odd par-
ity. It coincide with the classical Dolbeault-Dirac operator when E is just a
holomorphic vector bundle.

Lemma 3.20. If ω is a form of type (0, •), then on the Clifford module
A0,•(X), the Clifford action coincide with exterior product

c(σ−1ω)s = ω ∧ s (3.27)

Lemma 3.21. If η is a form of type (•, 0) and ω = η∗, the on the Clifford
module A0,•(X), the Clifford action of η coincide with the Hodge dual of the
Clifford action of ω

< c(σ−1ω)s, t >=< s, c(σ−1η)t > (3.28)

If we work locally on X, we may assume E• are given a holomorphic
structures and we can construct the holomorphic Chern connections ∇E•

,
we have by proposition 3.7

√
2(∂̄E

•
+ ∂̄E

•∗) = c ◦ σ−1 ◦ (AT ⊗ 1 + 1⊗∇E•
) (3.29)

Using the previous two lemmas and the explicit decomposition in remark
3.15, we have

√
2(E′′k + E′′∗k ) = c ◦ σ−1(1⊗ E′′k + 1⊗ E′k) (3.30)

Adding them together, we established the following result.

Proposition 3.22. If we define the modified superconnection by AE,T by

AE,T = AT ⊗ 1 + 1⊗ E (3.31)

Then AE,T is a Clifford superconnection on the Clifford module A0,•(X,E•)
and the associated generalized Dirac operator is the generalized Dolbeault-
Dirac operator for the hermitian cohesive module (E,E′′, h).
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3.4 Local index formulas

Definition 3.23. For an arbitrary superconnection A on a super bundle E
and positive real number s, we define the scaled superconnection As by

As =
∑
k

s(1−k)/2Ak (3.32)

If E is a Clifford module and A is a Clifford superconnection, then As is a

Clifford superconnection and we denote by DA
s = /D

As the generalized Dirac
operator associated to the rescaled superconnections. When the supercon-
nection is clear from the context, we write Ds for short.

Definition 3.24. If follows from general elliptic operator theory that the
heat semigroup exp(−tD2

s) associated to the generalized Laplacians Ds
s are

smoothing. We define the integral kernels pt,s(x, y) such that for any test
section φ ∈ A0,•(X,E•), we have

exp(−tD2
s)φ(x) =

∫
X

pt,s(x, y)φ(y)dy (3.33)

Definition 3.25. We define the chirality operator Γ on the Clifford algebra
by

Γ = ine1e2...e2n (3.34)

For a Clifford module E , we define the relative supertrace StrE/S on forms
with values in C(X)-endomorphism bundle A•(X,EndC(X)(E)) by the for-
mula

StrE/S (a) = 2−n/2StrE(c(Γ)a) (3.35)

In the local decomposition (2.7), we have an induced isomorphism

End(S ⊗W ) = C(X)⊗ End(W )

and EndC(X)(S ⊗W ) = End(W ), the relative supertrace coincide with StrW .

Definition 3.26. We define a supertrace Trs on the Clifford algebra by

Trs(a) = TrS (Γa) (3.36)

It is related to the symbol map and Berezin integral T by the formula

Trs(a) = (−2i)nT ◦ σ(a) (3.37)

Recall that both the exterior algebra and Clifford algebra are Z-filtered al-
gebra and the symbol map preserves the filtration. It follows that Trs(a)
vanishes on the elements of Clifford filtration strictly less that 2n.
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We have the following theorem due to Getzler in [Get94] concerning the
small t asymptotic expansion of pt,s(x, y) along the diagonal.

Proposition 3.27. The heat kernel pt,s/t(x, x) has an asymptotic expansion
of the form

pt,s(x, x) = (4πt)−n
N∑
i≥0

ai(x, s)t
i +O(tN−n+1/2) (3.38)

where ai(x, s) ∈ End(Ex) vary smoothly in x, s. Under the canonical isomor-
phism

End(E) = C(X)⊗ EndC(X)(E) (3.39)

we have ai(x, s) ∈ C2i(X)⊗EndC(X)(E) where C2i(X) is the Clifford filtration
of degree 2i. If we apply the symbol map σ to kernel functions and set s = 1/t,
we get an asymptotic expansion

σ(pt,1/t) ∼ (4πt)−n
∑
i≥0

Ai(x)ti (3.40)

where Ai(x) ∈ ⊕j≤2iAj(X,EndC(X)E).

Definition 3.28. The full symbol of the heat kernel p is defined by

σ(p) =
n∑
i=0

[Ai](2i) (3.41)

where [Ai](2i) is the degree 2i form component of Ai.

Theorem 3.29. If RE/S is the relative curvature of the Clifford module
E/S , then the full symbol is given by

σ(p) = det1/2(
RLC/2

sinh(RLC/2)
) · exp(−RE/S ) (3.42)

As we remarked before, the modification term Tas is a three form on X
and ∇T = d+ 1

4
Tas can be viewed as a superconnection on the trivial twisting

bundle.
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Lemma 3.30. Let RT be the curvature of ∇T , it is computed by

RT =
1

4
dTas =

i

2
∂X ∂̄XΘ (3.43)

consequently, it is an exact form in both deRham cohomology and Bott-Chern
cohomology.

Lemma 3.31. If we apply the relative supertrace to the full symbol, and
under the local decomposition

Λ•T ∗0,1X = S ⊗ E• ⊗ C⊗K−1/2

we have
StrE/S σ(p) = Â(∇LC) · ch(E) · ch(∇T ) · ch(∇K−1/2

) (3.44)

Consequently, if we apply the supertrace on EndE by first applying supertrace
on C(X), we have

StrC(X)pt,1/t(x, x) ∼ (4πt)−n
∑
i≥n

StrC(X)Ai(x)ti (3.45)

so there is no pole at t = 0.

Proposition 3.32. We have the following McKean Singer formula for gen-
eralized Dirac operators.

Ind(Ds) = Trs exp(−tD2
s) =

∫
X

Trspt,s(x, x)dx (3.46)

As an corollary of the McKean-Singer formula, we have the following
index theorems for cohesive modules.

Corollary 3.33. In deRham cohomology, we have

Â(∇LC) · ch(∇K−1/2

) = todd(X) (3.47)

Therefore the generalized Dolbeault-Dirac operator DE has index

Ind(DE) = (2πi)−n
∫
X

todd(X) · ch(E) (3.48)
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Corollary 3.34. If X is equipped with a Kahler metric, then Θ is closed and
therefore Tas = 0. In addition, the Chern connection ∇C coincide with the
Levi-Civita connection ∇LC. Therefore as differential forms on X, we have

Â(∇LC) · ch(∇K−1/2

) = todd(∇C) (3.49)

Consequently, the local index density is given by the Bott-Chern form

indDE = (2πi)−n[todd(∇C) · ch(E)](2n) (3.50)

Remark 3.35. Since we are working with superconnections rather than con-
nections, the usual formula for Chern character of a connection ∇

ch(∇) = exp(−∇
2

2πi
) (3.51)

needs modification. Instead of dividing by 2πi of the curvature, we define a
map φ on A•(X) by

φ(ω) = (2πi)−|ω|/2ω (3.52)

for homogeneous forms ω, the Chern character is then defined by the formula

ch(E,E) = φ(Trs exp(−E2)) (3.53)

4 Family index theorem for cohesive modules

4.1 Riemannian fibre bundles

Let π : M → B be a submersion between compact manifolds and we choose
a splitting TM = T (M/B) ⊕ THM such that π induces an isomorphism
THM = π∗TB. Let P be the projection from TM to T (M/B) with respect
to the splitting. We obtain a splitting of the dual bundles as well and have
the canonical decomposition

A•(M) = A•(M/B)⊗ π∗A•(B) (4.1)

where the tensor product should be understood as the projective tensor prod-
uct of Fréchet algebras over M .

For any connection ∇M/B for the vertical tangent bundle T (M/B) on M ,
we define the following geometric tensors.
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Definition 4.1. We define the second fundamental form S as an element in
A1
H(M,EndT (M/B)) by

S(Z) · U = ∇M/B
Z U − P [Z,U ], Z ∈ THM,U ∈ T (M/B) (4.2)

The mean curvature k is the horizontal one form given by the trace of S

k(Z) = trM/BSZ (4.3)

The curvature Ω of the splitting is an element in A2
H(M,T (M/B)) defined

by
Ω(Z,W ) = −P [Z,W ], ∀Z,W ∈ THM (4.4)

Definition 4.2. If T (M/B) is equipped with a Riemannian metric gM/B, we
choose an arbitrary Riemannian metric gB on B which lifts to a metric on
THM . We define the Levi-Civita connection ∇M/B of the vertical tangent
bundle by

∇M/B = P ◦ ∇LC,gB⊕gM/B (4.5)

then ∇M/B is independent of gB and coincide with the Levi-Civita connec-
tions along the fibre when restricted.

Therefore we may work with the Levi-Civita connection ∇g with g =
gB ⊕ gM/B or the direct sum connection ∇⊕ = π∗∇B ⊕ ∇M/B where ∇B is
the Levi-Civita connection on B. The following tensor captures the difference
of ∇g and ∇⊕.

Definition 4.3. Let ω ∈ A1(M,Λ2T ∗M) be the one form defined by the
formula

ω(X)(Y, Z) =g(S(X)Y, Z)− g(S(X)Z, Y ) +
1

2
g(Ω(X,Z), Y ) (4.6)

− 1

2
g(Ω(X, y), Z) +

1

2
g(Ω(Y, Z), X) (4.7)

Proposition 4.4. The Levi-Civita connection ∇g is related to the connection
∇⊕ by the formula

g(∇g
XY, Z) = g(∇⊕XY, Z) + ω(X)(Y, Z) (4.8)
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4.2 Clifford modules on degenerate Clifford algebra

For the fibre bundle (M,B, π, P, gM/B), we may consider the vertical bundle
of Clifford algebras C(M/B) whose fibre at m ∈ M is the Clifford algebra
of the Euclidean vector space (T ∗mM/B, gM/B). For the horizontal direction,
we use the degenerate metric and the Clifford algebra C(T ∗H) reduces to the
exterior algebra π∗Λ•T ∗B.

Definition 4.5. The degenerate bundle of Clifford algebra C0(M) on the
fibre bundle (M,B, π, P, gM/B) is defined by

C0(M) = π∗Λ•T ∗B ⊗ C(M/B) (4.9)

To define the natural connections on the degenerate Clifford algebra, we
use the method of adiabatic limits. For a positive real parameter u, let gu be
the metric on T ∗M defined by

gu = gM/B ⊕ ugB (4.10)

and we denote by Cu(M) the bundle of Clifford algebras on M defined by
the metric gu.

Definition 4.6. We define a map τu from Λ2T ∗M to End(T ∗M) by

τu(v1 ∧ v2)ξ = 2(gu(v1, ξ)v2 − gu(v2, ξ)v1) (4.11)

Then τ 0 = limu→0 τ
u exists and we define a connection on T ∗M by

∇T ∗M,0 = ∇⊕ +
1

2
τ 0(ω) (4.12)

where ω was defined in 4.3.

Definition 4.7. A Clifford module E for the vertical Clifford algebra C(M/B)
is a Z2-graded vector bundle with an even Clifford action cπ. A connection
∇E is a Clifford connection if it satisfies

[∇EY , cπ(a)] = cπ(∇M/B
Y a) (4.13)

for any Y ∈ TM, a ∈ C(M/B). A superconnection AE is a Clifford super-
connection if it satisfies

[AE , cπ(a)] = cπ(∇M/Ba) (4.14)
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For any Clifford module E for the vertical Clifford algebra C(M/B), the
vector bundle

E = π∗Λ•T ∗B ⊗ E (4.15)

defines a Clifford module for the degenerate Clifford algebra C0(M) with
horizontal actions given by wedge product and vertical actions given by cπ.

Proposition 4.8. The connection ∇E ,0 defined by

∇E ,0 = π∗∇B ⊗ 1 + 1⊗∇E +
1

2
c0(ω) (4.16)

is a Clifford connection for C0(M) on E

[∇E ,0, c0(a)] = c0(∇T ∗M,0a) (4.17)

Lemma 4.9. If fα is a horizontal basis and ei is a vertical basis with dual
basis fα, ei then

c0(ω) = k(fα)fα − 1

2
gM/B(Ω(fα, fβ), ei)f

α ∧ fβ · cπ(ei) (4.18)

4.3 Push forward superconnection

We assume M,B are compact complex manifolds and π is a holomorphic
submersion. In addition, we assume the splitting is compatible with the
almost complex structures such that

T ∗HM = π∗T ∗B (4.19)

is an isomorphism of complex vector bundles. The Riemannian metric gM/B

induces hermitian metrics on M/B defined by the usual formula

hM/B(X, Y ) = gM/B(X, Y ) + igM/B(JX, Y ) (4.20)

Similarly if we choose a Riemannian metric gB on B, we obtain a hermitian
metric hB on B.

Let (E,E•) be a hermitian cohesive module over M with Chern super-
connection E. We define its push-forward π!E as a quasi-cohesive module in
the sense of [Blo06].

π!E is an infinite dimensional bundle over B whose fiber over b is the
space of smooth sections A0,•(Xb, E

•) where Xb = π−1(b) is the fibre. We
view it as a Clifford module of C(M/B) with space of sections A0,•(M/B,E),
the vertical antiholomorphic forms with values in cohesive module E.
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Definition 4.10. Let E be the Clifford module defined in previous section,
then we have the identification

A•(B, π!E) = A0(M,E )

A superconnection A adapted to a family of differential operators Db is a
differential operator on the bundle E over M of odd parity such that

A(vs) = dB(v) · s+ (−1)|v|vAs (4.21)

for all v ∈ A•(B), s ∈ A0(M,E ) and it decomposes as

A = D +
dimB∑
i=1

Ai (4.22)

where Ai maps A•(B, π!E) to A•+i(B, π!E).

Definition 4.11. We define the push-foward superconnection π!E as the
Dirac operator for degenerate Clifford module:

π!E = c0 ◦ ∇E ,0 (4.23)

which is a composition of maps

A0,•(M/B,E•)
∇E ,0

−−−→ A•(M)⊗A0,•(M/B,E)
σ−1

−−→
π∗A•(B)⊗ C(M/B)⊗A0,•(M/B,E)

c0−→ π∗A•(B)⊗A0,•(M/B,E)

Since ∇B is torsion free, it follows that π!E is a superconnection for π!E.

Proposition 4.12. π!E is a superconnection adapted to the family of spinc

Dirac operators along the fibre.

We still need to modify the superconnection by the torsion three form.
Let h be the hermitian metric with fundamental form Θ on M , we define the
three form T on M by

T (Θ) =
i

4
(∂M/B − ∂̄M/B)Θ (4.24)

and regard ∇T = d+ T (Θ) as a superconnection as before, then if we set

EΘ = E⊗ 1 + 1⊗∇T (Θ) (4.25)

then π!ET is a superconnection on π! adapted to the family of generalized
Dolbeault-Dirac operators DE.
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Definition 4.13. The fibre bundle is called a Kahler fibration if there exist
a closed (1, 1) form τ on M such that τ restricts to Kahler forms to each
fibre and the splitting is orthogonal with respect to τ .

As is clear from our argument, we may choose any global (1, 1) form that
restricts to the fiberwise fundamental form, so instead of using Θ, we may
define T (τ) and twist the Clifford modules by the trivial bundle with super-
connection d + T (τ), the resulting superconnection Eτ has its pushforward
π!Eτ is a superconnection for π!E adapted to the family of modified Dirac
operators

Dτ,E
b = DCl,E

b + cπ ◦ T (τ) (4.26)

We define the scaled superconnections (π!Eτ )s as before and extend super-
trace and relative supertrace in this context.

Proposition 4.14. The heat semigroup exp(−tπ!Es) is smoothing for t > 0
and are represented by smooth kernel functions pt,s(x, y) on M . The asymp-
totic expansion along the diagonal takes the form

pt,1/t(x, x) ∼ (4πt)− dimM/B
∑
i≥0

tiAi(x) (4.27)

where the coefficients Ai lies in A≤2i(M,EndC(M/B)E) and the full symbol

σ(p) =
dimM∑
i=0

σ2i(Ai) (4.28)

is given by the formula

σ(p) = det1/2{ RM/B/2

sinhRM/B/2
} exp(−RE/S ) (4.29)

where RE/S is the relative curvature of the vertical Clifford module E with
respect to the vertical Clifford algebra C(M/B).

Corollary 4.15. Locally on M/B we may decompose the vertical Clifford
module E = A0,•(M/B,E) by

Λ•T ∗0,1(M/B)⊗ E = S (M/B)⊗K−1/2 ⊗ C⊗ E
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where they have the spin connection ∇S, Chern connection ∇K−1/2
, modified

superconnection ∇T and Chern superconnection E respectively. Applying the
relative supertrace, we have

StrE/S σ(p) = Â(RM/B) exp(−RK/2) exp(−dT ) exp(−RE) (4.30)

consequently, we have the integral formula for the Chern character in deRham
cohomology of π!E by McKean-Singer formula

lim
t→0

ch(π!Et) = (2πi)− dimM/B

∫
M/B

todd(M/B)ch(E) (4.31)

Corollary 4.16. If the fibration is Kahler, then T = 0 and ∇M/B is the
holomorphic Chern connection for T (M/B) so along the fiber, we have

Â(RM/B) exp(−RK/2) = todd(RM/B) (4.32)

as an identity of differential forms.
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