Practice exam - will not be collected

1. (20 points) For each of the following statements, mark whether they are true or
false. (5 problems 4 points each).

(a) For a matrix A, in the Singular Value Decomposition (SVD) A = UXVT
the factor U is an orthogonal matrix. ANS: T

(T) (F)

(b) If det(A?) = 1 then A’s eigenvalues must all be 1 or —1. ANS: F

(T) (F)

(c¢) For a symmetric positive definite matrix A all pivots are positive. ANS:T

(T) (F)

(d) A 5 x5 matrix B has eigenvalue A\ = 3 of algebraic multiplicity 5 and geo-
metric multiplicity 1 and the matrix B is therefore diagonalizable. ANS: F

(T) (F)

(e) All the eigenvalues of a real symmetric matrix are real. ANS: T

(T) (F)



2. (20 points) Consider the following 3 x 3 matrix:

A:

— =
o O =
o O =

(a) Calculate the eigenvalues of A.

(b) Calculate the eigenvectors of A and write the decomposition A = SDS™!
with the diagonal matrix D.

(c) Write an expression for A* for any positive integer k.

(d) Write an expression for e”.

SOLN: We calculate

1-x 1 1| [1-=x 1 1| |1=-x 1 2
det(A-X)=| 1 =X 0|=| 1 =X 0]=| 1 =X =\=- AM1(-2)
10 -\ 0 A —A 0 A 0

a) The eigenvalues are A\; = 0, Ay = —1, A3 = 2.
For the eigenvectors, we solve the systems (A — A\;I)e; =0, s=1,2,3.

Let es = [z, ys, 25]. We have to solve the following systems:

Tty +21=0, 200+y2+20=0, —2x3+yz+23=0
1 =0, Ty +y2 =0, r3 —2ys =0
x1 =0, ro+2=0, T3 — 223 =0

The matrix A is symmetric with three different eigenvalues. Therefore the three
eigenvectors are orthogonal. We normalize each eigenvector to get an orthogonal
matrix S = Q.

Solving the systems above, we select three orthonormal eigenvectors:
0 -1 2

1 1 1
€3 = ——= 1

er=— 1), ea=—| 1],
vzl A V6 \ 4

The diagonal matrix D equals

0 0 0
D=10 -1 0
0 0 2



The matrix S is:

o i Z

V3 V6

s—1 £ L L
M

V2 VBB

and it is an orthogonal matrix, S—! = S7.

b) The factorization of A is:

12 1 1
N O N AN B
A=SDS " = 721 ?5 ?6 0 -1 0 —275 ?g ?5
v ow w0V YT B %
c¢) Using A = SDS™! we have A* = SD¥S~! and
0 O 0
DF =10 (=1DF 0
0 0 2k
d) Using the expansion of e and ¢) we calculate
A 2 D 2
A _ oy 4= B T
e —I+1!+2!+ —S(I+1!+2!+...)S.
Using the expansion of ¢! we obtain
1L 2 1 1
0 =7 w) [ 0 0\ [0 H 35
VAR RS G W N T I (P T b
‘ i N A
v ow ow \0 VYN E F S



3. (20 points) Find the Singular Value Decomposition (SVD) of the matrix:
0 1
A=11 0
11

(a) Find the eigenvalues and unit length eigenvectors for ATA and AAT.
(What is the rank of A?)

(b) Calculate the three matrices U,, ., V, in the reduced SVD and observe
AV, =U,%,.

(c) Calculate the three matricies U, 3, and V7 in the SVD and observe that
A = UXVT. Please explain clearly how you obtain these matrices.

SOLN:

a) Calculate:

01
011 2 1
ATA = ( ) 1o = ( )
1 01 11 1 2
We have det(ATA — M) = A2 — 4\ + 3 with eigenvalues \; =3, Xy = 1.

The rank of A is two.
Solving (ATA — 3I)v; = 0 and (AT A — I)vy = 0 we obtain

=) e )

We have

0 1 101
AAT:10<(1)(1)D:011
11 11 2

We have det(AAT — XI) = (A — 1)(=)? + 3)\) with eigenvalues \; = 3, Ay = 1,
>\3 - 0



Solving (ATA —31)u; =0, (ATA — Iuy = 0 and AT Auz = 0 we obtain
-1 1

! 1 1 L 1
= ) U = —= y U = —=
V6 \ 5 RV WP RV W

b) Observe u; = \%Avl, uy = Avy, and uz € N(AT).

Hence V, = [vjvs], U, = [ujuz| with the expressions

1 1

1 1 N NG}
vo(v w) po|T
"\ n) T e
Z 0

and

AV, = U5, %, = (“03 ?)

¢) Since rank(A) =2 and A is 3 by 2 matrix, V = V,.. To obtain U we need to
add one more column to U, from N(A”) of norm one, U = [ujusus] and to get
> we need one more row of zeros to be added to X,.

The SVD is:
1 1 1
P (F T (PN (s b
A=UXV" = qé 7 731 0 1 \/Li _\%
% 0 v 0 0



4. (20 points) Calculate the Jordan form of the following matrix:

4 2 1
B=1-2 0 -1
-1 -1 1
(a) Calculate the eigenvalues of B and show A\ = Ay =2, A3 = 1.
(b) Find the algebraic and geometric multiplicities of both eigenvalues.
(c¢) Find the Jordan form J of B.
)

(d) Find an invertible matrix S so that B = SJS™!. Be sure to clearly explain
how you obtained the columns of this matrix.

SOLN The problem was solved in class, see your class notes.

5. (20 points) Consider the matrix:

-1 -8 4
B=|-8 -1 4
4 -4 -7

Calculate the eigenvalues of B and show A\; = Ay = —9, A3 = 0.

(a)

(b)

(¢) Find the diagonal form A of B
)

(d) Find an orthogonal matrix @ so that B = QAQT. Be sure to clearly
explain how you obtained the columns of this matrix.

Find the algebraic and geometric multiplicities of both eigenvalues.

SOLN: The problem was solved in class, see your class notes.



