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1. A rectangular field adjacent to a river is to be enclosed. Fencing along the river costs $5
per food but fencing along the other three sides costs only $3 per foot. The area of the field is
to be 4800 square feet. What are the dimensions of the cheapest possible rectangle field with
the right size? (Be sure to check that you have found a minimum and not a maximum!)

60 feet along the river and 80 on the opposite side.

2. Find all critical points of #. Identify which are local minima and which are local
maxima.

The critical points are +2. (0 is not a critical point because the original function
is undefined there.) 2 is a local min and —2 is a local max.

c 3. What are the global minimum and maximum values of f(z) = 1-55. (This
should be the largest and smallest values f(x) can ever have, not the the z-values
you plug in to get them.)

a. 2 and —2 d. 2and 0
b. 1 and —1 e. 4 and —4
c. 1/2 and —1/2 f. 0o and —o0

4. Let f(z) =2 -3z +2.

1. Where are the critical points of f(x)?
2. On which intervals is f(x) increasing?

3. On which intervals is f(x) concave up?

Critical points are x = +1. Increasing on (—oo,—1)U(1,00), decreasing on (—1,1).
Concave up on (0,00).

c 9. Find lim,_,o+ aV?,

a. —1 e. e

b. 0 f. DNE, goes to —o0

c. 1 g. DNE, goes to 400

d. e h. DNE for another reason
g 6. Find lim,_,oo 2~ 2€%.

a. 0 e. e

b. 1 f. DNE, goes to —oo

c. —1 g. DNE, goes to oo

d. —e h. DNE for another reason
g 7. Find lim,_,0(2 — e””)l/”“".

a. —e e. e

b. —1 f. 1

c. —1/e g 1/e

d. DNE, goes to —oo h. DNE, goes to +00
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. . 2(z+1
e 8. Find lim,_ (Q;j ),
a. —2 e. 2
b. —1 f.1
c. —1/e g 1/e
d. DNE, goes to —o0 h. DNE, goes to +00
.. . 2 2 . .
h 9. This picture shows an estimate of fo e~ dx using 14 rectangles. When £ is
an integer between 1 and 14, what is the area of the k-th rectangle?
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10. We measure a sphere carefully and determine that its radius is approximately 20 inches,
with an error of at most 0.01 inches. We use our estimate of the radius to calculate the volume.
What is the maximum possible absolute error in our calculation of the volume?

We know that » ~ 20 and Ar < 0.01. We have the formula V = %7‘(’7’3 , so AV =~ dV =
4mr? ~ 4720%dr ~ 16007 - 0.01.

11. We fold paper into a right circular cone with volume %m’Zh where r is the radius and
h is the height. If we know the height exactly but have a 5% error in the radius, what is the
percentage error in the volume?

We have V = %71'7“2h and so AV =dV = %m“hdr. Therefore

dl B 2mrhdr B 2mrhdr B % — 10%
Vo3V 3lmen o

12. Find the z value where the absolute maximum of the function f(z) = % occurs in
the interval [0.001, 20].

We take the derivative and look for critical points:

Flx) = 33(_%) —1-(1—-1Inx) _ —2—|—1Il:L"

x2 2
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Critical points occur where f’(z) is either 0 or undefined. The denominator is never
0 on this interval, so this is always defined. f’(x) will only be 0 at e2.

The candidates are 0.001,¢2,20. f(0.001) must be very large (because —In0.001 is a
large positive number). f(e?) = 1_;7282 = 16_22 = —6% < 0. # is also negative,
since In20 > 1. So the maximum occurs at 0.001.

13. Find the largest and smallest values of f(x) = % obtained on the interval
[—5,5].
() = (x—6)x+3+2—2] 2— (x+3)(x—2)
(z - 6)

(@ —6)2z+ 1] — (2 + 2 — 6)

B (z —6)?

B 202 —1lx —6—22 —2+6

(z —6)
B r? — 122
C (@—6)2

(=2)=7) _ 9

~~
~—~
(=)
S~—
I
B
|
in
=
I

The only critical point in the interval is 0. f(—5)=

—11 11°
1, and f(5) = %‘? = —24. So the absolute minimum is —24, achieved at z =5, and
the absolute maximum is 1, achieved at z =0.

14. Show that 2% 4 322 + 1 does not have three distinct roots.

Suppose that f(z) = 2% 4+ 32% + 1 did have three distinct roots. Call them a,b,c
with a < b < ¢. Then we would have f(a) = f(b) = f(¢) = 0. By Rolle’s Theorem,
there would be a d with a <d<b and f'(d) =0, and an e with b<e<c and f'(e) =
0. By Rolle’s Theorem again, there would be a k with d < k < e and f"(k) = 0.
But f”(z) =302+6. f”(x) is always > 6, so there cannot be such a k. Therefore
there cannot be three roots.

15. Show that 328 + 22 + sinz does not have three distinct roots.

Suppose that f(z) = 3284222 +sinz did have three distinct roots. Call them a,b,c
with @ < b < ¢. Then we would have f(a) = f(b) = f(¢c) = 0. By Rolle’s Theorem,
there would be a d with a <d<b and f'(d) =0, and an e with b<e <c and f'(e) =
0. By Rolle’s Theorem again, there would be a k with d < k < e and f”(k) = 0.
But f’(k) =3-8-720 4+ 2 —sinz. Since sinz <1, 3-8-725>0+2-1>1>0, so
f”(k) >1. This is a contradiction, so there cannot be three distinct roots.

Vzitl

16. Identify all local minima and maxima of T
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If f(z) = Y2l

241

oy i /T
(24 1)2
2232 4+ 1) — 2z(a 4 1)
B (22 +1)2Vazt +1
2@+’ -2’ —a)
(2 + D+ 1
2(x3 — )

T @)Wl

/' is always defined, so the critical points are when f/(x) =0. This is when
0=2a3—z=ux(?-1),

so when =0 or x = =£1.

It would be awful to take the second derivative, but we can try to check the sign

of f’. The denominator is always positive, so we only need to look at 31 :x(xQ—

1).  f/(=100) = —100(100%> — 1) which is a negative times a positive, so negative.
f'(=1/2) = (=1/2)((-=1/2)? — 1) which is a negative times a negative, so positive.
f(1/2) = (1/2)((1/2)?> — 1) which is negative. And f’(100) = 100(100? — 1) which is
positive.

So 0 is a local max and 1,—1 are local minima.

17.  Sketch the graph of ———. (This is a hard one.)

ette~ "

18. Sketch the graph of % (This is rigged so things factor nicely; if you're not

getting that, check your algebra.)
19.
e Show that the equation 27 + 42° 4+ 8z + 100z — 1000 has at least one root.

e Show that the equation 27 + 42° 4+ 822 + 1002 — 1000 has at most one root.

20. Give (by sketching a graph) an example of a function f such that:
e f is defined and continuous on [0, 1],
o f(0)=/f(1)=0,
e Neither 0 nor 1 is a global extremum of f,
e f has more local maxima in (0,1) than local minima,

e There is no ¢ such that f’(c) = 0.
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21. Graph the function
(z + 3)(z — 2)?
(z +6)2

(This is rigged so things factor nicely; if you're not getting that, check your algebra.)

/=

22. Determine each of these limits:

: Inz
1. hmx_>oo =

2. limg_yq xsec(ﬂ'a:/2)
: 1 1
3. hmx_>1 [m — ﬁi|

4. limg o0 % where f is an unknown function with the property that f(x) > 22 for all z.

1.0

2. e 2/pi
3. 1/2
4. 0

23. It is known that if a certain petri dish begins with N bacteria (in millions), it will take
T(N) = 2'%n N minutes for the bacteria to completely fill the dish. If the relative error in N
is 0.125 = 1/8, what is the absolute error in 17

—~ __ 210 __ol0dN __ 210 o7
ATNdT_WdN_Q T_?_Q.

24.  Sketch the graph of f = ﬁ

25.  Find lim, o+ (% — =2).

T sin x

. 1 1 . sinx —=x
lim (- ——)= lim ————
r—0+t x  sinz r—0+ xsinx
. cosx — 1
=LH jiy — -
z—0t SIN X + T COST
LH 1 —sinz

x—0+ 2cosx — xrsinx
=0.

26. Suppose that f(x) is continuous and differentiable on [0,4], f(0) = 3, and f’(x) < 2 for
all z. What is the largest possible value of f(4)?

3+2-4=11. This is certainly possible: consider the line f(x)=2x+3, which
satisfies f(0) =3 and f'(z) =2<2 for all z.
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On the other hand this is the maximum possible. Suppose f(4) > 11. By the mean
value theorem, there is a c € [0,4] such that

f(4)—£(0) S 11—3_2
4-0 4 7

fie) =
so f'(¢c) >2. But this contradicts the fact that f’(c) <2.

27. Estimate the area under the curve x7 + 1 on the interval [2, 4] using four rectangles.

(There is no need to simplify.)

There are several possible answers depending on which endpoint is used. One is %[(274-
D+ 257+1)+ 3" +1) + (3.5 +1)].

28.  Find 3% (k +1)%

50 50
D k+1)? =) (K +2k+1)
k=1 k=1
_ 50~51-101+250'51Jr50

6 2

29. Suppose we use 120 rectangles to estimate the area under the curve e~® on the interval
[1,5], using the left endpoint of the rectangle as the height. Express this estimate using %
notation

120 —[(1+; 120 ,—i/30
120 2is ) =30 6 Din]

30. A farmer wants to construct a rectangular pen next to a barn which is 60 feet long. Part
of one side of the pen will be the barn, but that side (might) extend beyond the barn. Find
the dimensions of the pen with the largest area that the farmer can build if 120 feet of fencing
material is available.
Call z the side extending the barn and y the side perpindicular to the barn, so the
perimeter is 120 = 2y + = + x + 60 and the area is A = (z + 60)y. The range of
possible y values is (0,30].
Then z =30 -1y, so

A= (90 —y)y =90y — ¢*,

S0 ‘é—A = 90 — 2y, so the only critical point is when y = 45. But in this case =z

is negative, so this is outside our boundaries. Either the endpoint where y = 30
and £ =0 is the maximum, or there is no maximum (because the area as y — 0 gets
bigger and bigger). But on the interval (0,30], % is always positive: the bigger

y gets, the bigger the area is. So the maximum area is when y = 30.

31. A piece of wire 8cm long is cut into two pieces. One piece is bent into a circle, and the

other is bent to form a square. How should the wire be cut if the total enclosed area is to be as

as small as possible? What if the enclosed area is to be as large as possible?

Suppose x is the part which gets folded into a circle and 8—z is the part which

gets folded into a square. The circle part gets folded into a circle with circumfrence

6 of 8



Name:

2rr =x, so r =z/2m, and the square gets folded into a square with perimeter 4s =

2
8 —x, so s = 5L, The circle encloses mr? = m(z/2m)? = £ cm® and the square
a2
encloses s% = % cm?. The interval for z is [0,8].
We have A = Z 4 (8—2)’ o dA _ @ _ 8=z The oply critical point is o = ST
) ir 6 > da o 8 - y p ity
% = %r + % >0, so the minimum is at the critical point when we cut at ﬁ—”ﬂ.

The maximum must be at an endpoint. When z = 8, the area is %, while when = =
0, the area is 4. 16/m is slightly larger than 4, so the largest possible area is
found by folding the whole wire into a cicle.

32.  The curves (i), (ii), and (iii) in the graph below are the graphs of a function f and its
first and second derivatives. Which curve is f, which is f’, and which is f”? Explain.

We notice that i is always positive, but both ii and iii are sometimes decreasing,

so i can’t be the derivative of either of the others, so f must be i.

ii is initially positive, but iii is decreasing, so ii cannot be the derivative of
iii, so ii must be f’ and iii must be f”.

We can confirm that the this matches what we see: 1ii crosses the r-axis three times,
each of which corresponds to a local extremum of i. 1ii crosses the z-axis twice,
each of which corresponds to a local extremum of ii and an inflection point of 1i.

33.  What is lim, ,;+(Inz)=¢"'?

. _x—1 s E‘T_l
lim (Inz)!=¢" =M

z—1t

+ In(lnz)l—

_ 6limmﬁﬁr(l—e”‘_l)ln(lnatt)

lim In(ln z)
—e z—1t (T_ex—T)—T

1
i 1
:LH ehmwﬁl"' _(1_617€)E€(_6$71)

lim =e"1)?
=€ 21T pexz—11n 4

lim 2(1_6171)(_6171)
:LH e z—1t et— 1 1get—TngteZ—ling

i )
= e 1+ l+zlnz+lnz

lim _=20=¢)
= ¢ M2z—1T THTIni+In1

lim _=2(0)
— ¢ Ta—1t TF1.0+0

:eo

34. How many zeroes does e* + x have?
It will be easiest to look for a maximum first. If f(x)=e"+z then f'(z)=e"+
1. We notice that f/(z) >0 for all z. If there were two zeroes, a and b with a <
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b then we would have f(a) =0= f(b), so by Rolle’s Theorem there would be a ¢ with
f'(¢c) =0, which is impossible.

To see that there is at least one root, notice that e~ is very small, so e~
(—100) < 0, while e+ 0=1>0, so by the Intermediate value theorem, there must
be at least one root.

100 100_|_

35. If the function blnx + = has a local extremum at 2, what is b and is this extremum a
local minimum or a local maximum.

Let f(z) =blnz+x. Then fl(x) =2+1. If f(2)=0, so 2+1=0, then b= -2.
'(z) = —I—Z’Q =% >0, so this is a local minimum.

36.  Which intervals is z(x + 1)*/° increasing on?

If f(z) = x(z+1)%°,

() = (2/5)a(x+1) "3 +(2+1)%° = (2/5)x(a+1) O+ (x+1)%5(2+1)% (24+1)73/° = (24+1)73/° ((2/5)x

The critical points are —5/7 (when the numerator is 0) and —1 (where the denominator
is 0, so f’ is undefined).

On the interval (—oo,—1), we check, say, f/(—1000); the numerator and denominator

are both negative, so f/(—1000) >0, so f is increasing on (—o0,—1).

On (—1,-5/7), we check f'(—5/6); the numerator is %7-1-1 < 0 while the denominator

is >0, so f/(-5/6) <0, so f is decreasing on (—1,—5/7). 0On (—5/7,00), we check
f/(0)=1>0, so f is increasing on (—5/7,00).
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