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Functional Analysis 1 PRELIMINARIES

Abstract

These notes are intended as a resource for myself; past, present, or future students of
this course, and anyone interested in the material. The goal is to provide an end-to-end
resource that covers all material discussed in the course displayed in an organized
manner. If you spot any errors or would like to contribute, please contact me directly.

1 Preliminaries

1.1 Review of linear analysis
1.2 Hilbert spaces and spectral theory

1.3 Some important theorems in Banach spaces

Lemma 1.1 (Risez). Let X be a normed space. Suppose Y is a closed proper subspace of X,
then Ve > 0, 3 ||z|| = 1 such that d(z,Y) = infyey |z —y|| > 1 —€.

Proof. Pick z € X \'Y. Since Y is closed, d(z,Y) > 0, so there exists y € Y such that
(I=e)llz =yl <d(zY). Let x = (2 — y)/[|z — y|| € Bx,

g F oy Ad=Y)
d(x,Y)_d<Hz_yH,Y> A (1.1)

]

Remark 1.1. Let Y be a subspace of X. Suppose there exists a 0 < § < 1 such that for
every x € By, there exists a y € Y with ||z —y|| <J. Then YV = X.

Theorem 1.2. Let X be a normed space. Then the dimension of X is finite if and only if
Bx 1s compact.

Proof. (=) Since X ~ 13, the result follows from Heine-Borel theorem.
(<) Assume dim X = oo, we can construct a sequence (z,) € By such that ||z, — z,| > 1/2

for m # n. This is done by induction: having found x4, - - , x,, we apply Risez’s lemma to
Y = span{xy,--- ,x,}, so there exists an x, 1 € By such that d(z,;1,Y) > 1/2. Note that
xr1 € By is arbitrary. Then we are done. O

Theorem 1.3 (Stone-Weierstrass). Let K be a compact Hausdorff space. Consider C*(K) =
{f:R — R: f is continuous} with the sup norm. Suppose A is a subalgebra of C®(K) that
separates the points of K (Vx # vy in K, 3f € A, f(x) # f(y)) and contains the constant
function, then A = C®(K).

Proof. First we claim that iof we are given two disjoint closed subsets E, F of K, then there
exists f € A such that —1/2 < f < 1/2 on K, where —=1/4 < f on E and f > 1/4 on F.
Then we are done. Let g € C®(K), with ||g]|.c < 1. Then we apply the claim to F = {g <
—1/4}, F = {g > 1/4}, then || f — g|| < 2. By Risez’s lemma, A = C*(K).

Proof of the claim. Fix x € E. For any y € F, 3h € A such that h(z) = 0, h(y) > 0, and
h >0 on K. There exists an open neighborhood V' of y such that h > 0 on V. By an easy
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Functional Analysis 1 PRELIMINARIES

compactness argument, we can find a ¢ = g, € A such that g(z) =0, ¢ > 0 on F, and
0<g<lonkK.

There exists R = R, > 0 such that g > % on F', and an open neighborhood U = U, of x such
that g < ﬁ on U. Do this for every x € E. By compactness, we can find zq,--- ,2,, € F
such that U ,U,, D E. Now we write g; = ¢,,, R; = R,,, Uy =U,,, for 1 <1 <m.

For fixed i, on U;, we have

1—gH¥>1—(gR)"=1-2"—1 (1.2)

On F', we have

n 1 1
1—g)t < - <
L=a)™ < Trg® < Ry

Now we can find an n; € N such that if we let h; =1 — (1 — g?")R?i, then h; < 1/4 on U; and
1/m

h,; Z (%) on F'.

Now let h = hy - hg -+ hyy, then h € A and 0 < h <1 on K. Note that h < 1/4 on E and

h > 3/4 on F. Finally, let f =h —1/2.

— <27 0. (1.3)

O
Remark 1.2. We have used the Euler’s inequality:
I1-Nz<(1—-2)V < L ! (1.4)
- ~ (14+x)N =~ Nx ’

for0<z<land N >1.

Remark 1.3. Stone-Weierstrass fails for complex scalars. In fact, let A ={ze€ C: |z| =1}
and D =intA = §° = {z € C : |z| < 1}. Consider the disk algebra

A(A)={f € C(A) : f is analytic on D}. (1.5)
Then A(A) is a closed subalgebra of C'(A).

Theorem 1.4 (Complex Stone-Weierstrass). Let K be a compact Hausdorff space. Suppose
A is a subalgebra of CS(K) = {f : K — C: f is continuous} that separates points, contains

the constant functions, and are closed under complex conjugation( f € A= f € A), then
A =CYK).

Remark 1.4. There is a more general version for locally compact Hausdorff spaces.

Lemma 1.5 (Open mapping lemma). Let X be a Banach space, and'Y be a normed spaces.
Let T : X =Y be a bounded linear map. Assume that there exists an M >0, and 0 < § < 1
such that T(M Bx) is d-dense in By. Then T is surjective, that is, for any y € Y we can
find an x € X such that y = Tx, and

M
[z < EHZ/H’ (1.6)

i.e. T({#5Bx) D By. Moreover, Y is complete.
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Functional Analysis 1 PRELIMINARIES

Definition 1.1. If A and B are subsets of a metric space (M,d), and let § > 0, then A is
d-dense in B if for any b € B, we can find an a € A such that d(a,b) <.

Proof. Let y € By, then there exists x; € M Bx such that ||y — Tx1|| < J. Then there exists
an xy € M Bx such that

— Tz
K 5 - — Tzg|| <6, (1.7)
l.e.

Note that % € B,. Continue inductively, we obtain a sequence {x,} in M Bx such that
ly — Ty — T(6xy) — - — T(6" L) || < 6" (1.9)

for any n € N. Let z =3 >7 6" 'x,. Since

- M
D ol || < 0 M = 5 (1.10)

n=1
so the series converges and ||z|| < {2%. Now

n

y—Tz=lim (y— ZT(6k_1xk)) = 0. (1.11)

n—00
k=1

For the last part, let Y be the completion of Y. Consider T as a map X — Y. Since
By = By, T(MBx) is d-dense in By where 0 < § < 1. So T is onto as a map from X to Y.

HenceY =Y. O

Remark 1.5. If T(Bx) D By, then T(B%) D BY.

Quotient spaces Let X be a normed space, Y C X a closed subspace. Then X/Y becomes
a normed space , where
4+ Y = d(a,Y) = inf [lz + ] (1.12)
)

(Y closed is needed to show that if Z € X/Y with ||z|| = 0, then z = 0)

Proposition 1.6. Let X be a Banach space and Y C X be a closed subspace. Then X/Y is
complete.

Proof. Consider the quotient map g : X — X/Y defined by ¢(x) = 2+Y, then ¢ € B(X, X/Y).
In fact,
lg(2)]] = [lz + Y| < [lz| (1.13)

so [l¢ < 1. Given x +Y € B%)y , there exists y € Y such that |z +y|| < 1, and
q(z +y) =z +Y, s0 B}y Cq(B%). Thus By = q(B%) (note that the other direction

follows from |l¢|| < 1). In particular, ¢(Bx) O Bx/y. By open mapping lemma, X/Y is
complete. O
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Proposition 1.7. Fvery separable Banach space is a quotient of {1, i.e. there exists a closed
subspace Y of 1 such that ¢1/Y ~ X.

Proof. Let {x,} be dense in By. Define T': {4 — X by T'(a) = > 7, ayx,, where a = {a,}.
Note that

S llawzall < 3 lanl = llally < oo, (119
n=1 n=1

so T € B({;,X) with |[T|| < 1. Thus T(B?) C B%. Since {z, : n € N} C T(By,),
Bx CT(By,). By the open mapping lemma, B C T'(Bf,). Thus B = T(B7 ).
Now let Y = ker T which is a closed subspace of £;. Let T be the unique linear map such that

;L)Y
4 - Jq
X
commutes, where ¢ : {; — ¢1/Y is the quotient map. Note that T is a bijection
T(B,y) = T(a(BY)) = T(BY) = B} (1.15)
Hence T is an isometric isomorphism. O

Recall that a topological space K is normal if whenever £ and F' are disjoint closed subsets
of K, there exist disjoint open sets U and V such that £ C U and F' C V. For example, a
compact Hausdorff space is normal.

Lemma 1.8 (Uryson’s). Let K be a normal space, and let E and F' be disjoint closed subsets
of X, then there exists a continuous function f: K — [0,1] such that f =0 on E and f =1
on F'.

So C'(K) separates the points of K for a compact Hausdorff space K.

Theorem 1.9 (Tietze extension theorem). Let K be a normal topological space, and let L
be a closed subspace. Suppose g : L — R is continuous and bounded, then there exists a
continuous and bounded function f: K — R such that f’L =g and || flloo = [|9]|co-

Remark 1.6. Assume f: K — R is continuous, f|;, = g. Define
A if [A] < [[glloo,
IOYIER N - (1.16)
allgllo i [A] > [lglloc-
Then ¢ is continuous with (¢ o f)|, = g and ||¢ o f|leo = [|9]]co-

Proof. Let X = Cy(K) ={f: K — R: f is continuous and bounded}, then X is a Banach
space with sup norm. Let Y = C,(L) and consider the map R : X — Y defined by R(f) = f|..
Clearly R € B(X,Y) and ||R|| < 1. We have to show that R is onto. In fact, we will show
R(By) = By.
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Let g € By, apply the Uryson’s lemma with £ = {g < —1/3} and F' = {g > 1/3} to obtain
a continuous function f : K — [-1/3,1/3] such that f = —1/3 on F and f = 1/3 on F.
Then f € %BX and

I1Rf = gllo <2/3. (1.17)

So R(%BX) is %—dense in By. By the open mapping lemma,

R( 3D )DBy, (1.18)

ie. R(Bx) D By. ]

Remark 1.7. The complex version is also true.

1.4 Review of measure theory

2 Hahn-Banach theorems and LCS

2.1 The Hahn-Banach theorems

For a normed space X, we write X* for its dual space, i.e.
X* = B(X,R) (2.1)

(or C instead of R), which is the space of all bounded linear functionals on X. X* is always
complete with the operator norm

[fI} = sup{|f(z)[ - = € Bx}. (2:2)
So [f(x)] < ||l - ||| for all z € X and f € X*. We will use < z, f > as notation for f(z).
Definition 2.1. Let X be a real vector space. A functional p is called
e positive homogeneous if p(tx) = tp(x), for all t > 0 and = € X.
e subadditive if p(z + y) < p(x) + p(y) for all z,y € X.

Theorem 2.1 (Hahn-Banach). Let X be a real vector space, and p be a positive homogeneous,
subadditive functional on X. Let'Y be a subspace of X and g : Y — R be a linear functional
such that g(y) < p(y) for ally € Y. Then there exists a linear functional f : X — R such
that fly = g and f(x) < p(z) for allx € X.

Recall: let (P, <) be a non-empty poset. A chain is a subset A C P which is linearly ordered
by <. An element x € P is an upper bound for a subset A if a < x for all a € A. An element
x € P is a maximal element of P if whenever x < y for some y € P, then y = x. We will
use the Zorn’s lemma in the proof of the Hahn-Banach theorem.

Lemma 2.2 (Zorn’s). Let P # (). If every non-empty chain in P has an upper bound, then
P has a maximal element.
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Proof of Theorem 2.1. Let
P={(Z,h): h:Z — Ris a linear such that hly =g, h(z) < p(2)Vz € Z, }, (2.3)

where Z is a subspace of X, Y is a subspace of Z. Then P is non-empty since (Y, g) € P.
Let {(Z;, h;) : 1 € I'} be a non-empty chain. Let Z = |J,.; Z;, and define h : Z — R by

h(z) = hi(z) forze Z;,i€ 1. (2.4)

Then (Z, h) is an upper bound for the chain. ( Note that (71, hy) < (Zs, hy) iff Z; C Z; and

hi = halz,)
By Zorn’s lemma, there exists a maximal element (W, f). We need show W = X. Suppose
not, pick an xg € X — W. Let W; = W @ Rxg and define f; : W; — R by

fi(x 4+ Axg) = f(z) + A (2.5)
where x € W, A € R, and « is to be determined. We want

fi(w + Azo) < p(wamo) (2.6)

for all x € W and A € R. By positive homogeneity, it suffices to have
filz +xo) < plx+1x9) and fi(z —x0) < p(x — z0), (2.7)
which is
fl@)+a<pl@+z) and f(z) - o <ple— ). (2.8)
By rearranging the term, this is equivalent to

f(y) —ply —x0) < a < p(x+x0) — f(2) (2.9)

for any x,y € W. Hence « exists iff

fy) =y — x0) < plx+ 20) — f(2) (2.10)

for any x,y € W. But this always holds since

f@)+ fly) = flz+y) <plr+y) < plx+x0) + ply — 70). (2.11)

Therefore, (Wi, f1) € P which is strictly bigger that (W, f). But this contradict the maximality
of (W, f). Hence W = X. ]

Definition 2.2. A seminorm on a real or complex vector space X is a function p: X — R
(or C) such that

e p(x) >0forall z € X,
e p(Az) = |Ap(z) for all x € X and A is a scalar,

o p(x+y) <plx)+ply) forall z,y € X.
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Remark 2.1. We have the following inclusions:
positive homogeneous+subadditive — seminorm — norm (2.12)

Theorem 2.3 (Hahn-Banach). Let X be a real or complex vector space, and p a seminorm
on X. Given a subspace Y C X, and a linear functional g on'Y such that

l9(W)| <ply) VyeY. (2.13)

Then g extends to a linear functional f on X such that
()] < pla) Ve X (2.14)

Proof. (Real scalar) We have ¢g(y) < p(y) Yy € Y. By Theorem 2.1, there exists f: X — R
such that f|y = ¢ and f(z) < p(z) for all z € X. Since

— f(z) = f(=x) < p(—2) = p(z) VzeX, (2.15)

we have |f(x)| < p(z).
(Complex scalar) Consider g; = Re(g), that is, g1(y) = Re(g(y)), which is a real linear map
Y — R and

() < lg(y)| < ply) VyeY. (2.16)

By the real case, there exists a real linear functional f; : X — R such that fi|y = ¢; and
|fi(z)] < p(x) for all z € X. Now we seck a complex linear functional f : X — C such that
Re(f) = f1. In fact, such an f is unique. Write f(z) = fi(z) + if2(x). Note that

flz) = —if(ix) = —ifi(ix) + fa(iz), (2.17)

f(x) = fi(z) —ifiliz), (2.18)

Define f by this formula, so f is real-linear and f(iz) = if(x) forallz € X. Hence f : X — C
is complex-linear and Re(f) = f;. Note that now

Re(fly) = fily = g1 = Re(g). (2.19)

By uniqueness, fly = g. Given x € X, choose a A € C with |A\| = 1 such that

[f(@)] = Af(z) = fAz) = fr(Ar) < p(Az) = p(z). (2.20)
0

Remark 2.2. If X is a complex normed space, then (X*)g — (Xgr)*, f — Re(f) is an
isometric isomorphism (real linear).

Corollary 2.4. Let xy € X, then there exists a linear functional on X such that f(xq) = p(x),
and | f(z)| < p(x) Vo € X.

Proof. Let Y = span{zy}, and define g(Axo) = Ap(x¢) for all \. Then ¢ is a linear functional

7



Functional Analysis 2 HAHN-BANACH THEOREMS AND LCS

on Y. By Theorem 2.3, g extends to a linear functional f on X such that |f(z)| < p(x)
Vo € X, and f(zo) = g(xo) = p(z0)- O

Theorem 2.5 (Hahn-Banach). Let X be a normed space, then

o IfY is a subspace of X, g € Y*, then there exists f € X* such that fly = g and
11l = llgll-

o [fzge X and xog # 0, then there exists an f € Sx« such that f(xo) = ||xo]|-

Proof. a) Define p(x) = ||g|| - ||z||. Then this is a seminorm on X. Since [|g(y)| <
lgll - llyll = p(y), by Theorem 2.3 there exists linear functional f on X such that f|ly =g
and [f ()] < p(z) = [lgl| - [|«]| for all 2 € X. Hence f € X~ with [|f]| < lg]l. So |[f]| = gl|

b) Let Y = span{zo}, and define g : Y — scalar by g(Azg) = A||zo||. Then g € Y* and
lgll = 1. By a), there exists an f € X* with f|y = g and ||f]| = ||g|| = 1. In particular,

f(wo) = g(w0) = [[o]|. -

Remark 2.3. a) can be viewed as a linear version of Tietze’s extension theorem.

Remark 2.4. b) says that X* separates the points of X: if x # y in X, apply b) to o = z—v.
Thus there are plenty of linear functionals on X.

Remark 2.5. The functional f in b) is call the norming functional for xo or the supporting
functional at xy. It shows that

[zoll = sup{|f(xo)| - f € Bx+}. (2.21)

In complex plane, we can replace f(zo) by Re(f(z)). Assume that ||zo|| = 1, then the
half-space {z € X : f(z) <1} (or {z € X : Re(f(x)) <1} in the complex case) is a sort of
tangent to Bx at xg.

2.2 Bidual

For a normed space X, we write X** for (X*)* = B(X, scalar), which is the Banach space
of all bounded linear functionals on X* with the operator norm. For x € X, we define
z: X* — R(or C) by z(f) = f(x) (evaluation at x). Then & € X** and ||z|| < ||z|. The
map z — T : X — X** is called the canonical embedding.

Theorem 2.6. The canonical embedding defined above is an isometric isomorphism of X
into X**.

Proof. For x € X, it’s easy to show that z is linear. Since
(DI < f @< WA 2l vf e X7, (2.22)
so x € X* and ||Z|| < ||z|. By Theorem 2.5, there exists f € Bx+ such that ||z| = f(z). So
2] = 2] = =] (2.23)
Therefore, ||z|| = ||z||. Clearly, the map x +— & is linear. O

8



Functional Analysis 2 HAHN-BANACH THEOREMS AND LCS

Remark 2.6. Using the bracket notation, we have
< f,z>=<uzx, f>= f(x) (2.24)
forze X, fe X"

Remark 2.7. The image X = {# : 2 € X} of the canonical embedding in X** is closed iff
X is complete.

Remark 2.8. In general, the closure of X in X** is a Banach space of which X is a dense
subspace. So we proved that any normed space X has a completion which is a pair (Z, j)
where Z is a Banach space , and j : X — Z is isometric such that j(X) = Z. The completion
is unique up to isomorphisms. If (71, j1) and (Z3, j) are both completions, then there exists
a unique isometric isomorphism 6 : Z; — Z5 such that the following diagram

7)Y

commutes, i.e. o0 j; = Js.

Definition 2.3. A normed space X is reflexive if the canonical embedding of X into X™*
is surjective, i.e. X = X™**.

By definition a reflexive space must be complete.

Example 2.1. The spaces ¢, for 1 < p < oo, Hilbert spaces, and finite-dimensional spaces
are all reflexive.

Example 2.2. The spaces co, ¢1, L1]0, 1] are not reflexive.

Remark 2.9. There are Banach spaces X with X ~ X** which are not reflexive. So for
1 < p < oo, it is not sufficient to say that £;* ~ ¢7 ~ {, (where % + % = 1) implies ¢, is
reflexive. One also has to verify that this isomorphism is indeed the canonical embedding.

2.3 Dual operators

Recall that for normed linear spaces X,Y, we denote the space of bounded linear maps
T:X —Y by B(X,Y). This is a normed space in the operator norm:

|T|| = sup{||Tz| : x € Bx}. (2.25)

Moreover, B(X,Y') is complete if and only is Y is.
We define the dual operator of ', T* : Y* — X* by T*(g) = go T for g € Y™, ie.
T x(g)(z) = g(Tz) for x € X, g € Y*. In bracket notation,

<z, Trg>=<Tx,g>. (2.26)
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T is well-defined since the composite of continuous linear maps is continuous and linear.
Moreover, T+ € B(Y*, X*) and

[T} = sup [[T7g]] (2.27)
gEBy =
= sup sup [|goT(z)| (2.28)
gEBy* .Z’EBX
= sup sup [g(Tz)| (2.29)
r€Bx g€By*
= sup [[(Tx)[| = [|T]. (2.30)
TEBx

Example 2.3. Let 1 < p < oo, define T" : ¢, — ¢, to be the right shift operator by
T(wy, w9, -+) = (0,21, 29,--+), then T" : £ =~ £, — £, =~ % is the left shift operator.

Properties of dual operators
[ ] (Idx)* = [dX*-

e When X and Y are Hilbert spaces, the dual operator 1™ corresponds the adjoint of T’
by identifying X* and Y* with X and Y respectively.

o (A\S+ uT)* = \S* + uT™ for scalars A\, u, and S, T € B(X,Y). In fact,
<z, AS+uT)(g) >=< (AS +uT)x,g > (

=A< Sx,g>+pu<Tx,g> (2.32
(
(

=A<z, Sg>+pu<x,Tg>
=<z, A"+ puT")g > .

Note that there is no complex conjugation here which is different from adjoints in
Hilbert spaces. This is due to the fact that the identification of a Hilbert space with its
dual is conjugate linear in the complex case.

o (ST)x =T*S*, where T € B(X,Y) and S € B(Y, Z).
o If X ~Y, then X* ~ Y™,
Remark 2.10. The map T+ T™ is an isometric isomorphism of B(X,Y") into B(Y*, X*) .

Remark 2.11. We have Tz = T*4. In fact, let z € X, g € Y™,

< g,f:\v >=<Tx,qg> (2.35)
=<uxz,T"g > (2.36)
=<T"g,z > (2.37)
=<g,T"% > . (2.38)

Hence the following diagram commutes,

10



Functional Analysis 2 HAHN-BANACH THEOREMS AND LCS

X ——T-vY
where 7 denotes the canonical embedding.

Theorem 2.7. If X* is separable, then so is X.

Proof. Let {z} : n € N} be a dense subset of Sx«, then for each n, we can pick an z,, € Bx
such that z}(z,) > 3. Let Y = span{az, }nen, we claim that Y = X. Suppose not, take
xo € X\ Y. Since Y is closed, d(z¢,Y) > 0. Let Z = span(Y U{x}). Define g : Z — scalar
by

9(y + Axo) = Ad(z0,Y) (2.39)
for scalar A and y € Y. Observe that

y
19(y + Azo)| = [Ald(wo, Y) < [Al - |5+ 2oll = [y + Aol (2.40)

for y € Y and A # 0. Hence g € Z* with ||g|| < 1. Let {y, }nen be a sequence in Y such that
lim,, o0 [|Yn + Tol| = d(z0,Y), then it follows that

lim YWnF20) _ (2.41)
n=00 ||y + o

and therefore ||g|| = 1. By Theorem 2.5, there exists f € X* such that f‘Z =gand ||f]| =1

Now we can find an n such that || f — 2| < 155, but then

1 . . 1
5 < lraal =1 — )l < = (242)
which yields a contradiction. O

Remark 2.12. The converse is false. For example, ¢; is separable but /., is not.

Theorem 2.8. Every separable Banach space X is isometrically isomorphic to a subspace of
loo, 1.6. X — Mo

Proof. Let {x,}nen be a dense subset in X. For each n, pick an z in Sx- such that
i (xy) = ||zn]] (WLOS assume X # {0}). Define T': X — (., by

T(x) = (z}(x))

- (2.43)

n=1

Since
[z ()] < || - llz]| < [z, Vn €N, (2.44)

Tx € U and ||Tz||o < ||z||. Clearly, T is linear. Given z € X. We can find an sequence
{2, }nen such that x,, — . Observe that

7, @ = n, || = 25, (2 = 20 )| 2 Nzl = 2]z = 2] (2.45)

11
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Letting nj — 0o, we can find an n; such that ||z, || > ||z| — € for any given ¢ > 0. Taking
supremum over n, we get [|[7z]|« > ||z||. O

Remark 2.13. Let S be the class of all separable Banach spaces, then ¢, is tsometrically
universal for S. Note that (, ¢ S. Question: does there exist a universal Z € S for §. The
answer is yes and we will see it later.

Remark 2.14. Let SR be the class of separable reflexive spaces. Question: does there exist
a universal Z € SR for SR. The answer is no, and it turns out to be much harder.

Theorem 2.9 (Vector-valued Liouville theorem). Let X be a complex Banach space, and
f:C — X is an analytic and bounded function. Then f is constant.

Proof. Note: f is analytic means that lim,_,,, %ﬁw) exists for all w € C. f is bounded
means that there exists M > 0 such that || f(2)|| < M for all z € C.
Now we return to the proof of the theorem. Let ¢ € X* and consider the function

¢po f:C— C. Since ¢ is continuous and linear, the limit of

o(f(2)) = o(f(w))

Z—Ww

(2.46)

exists and equals to (b(f’(w)). Hence ¢ o f is analytic on C. Also,

oo fA < ligll - [[F ()]l < Mgl (2.47)

for all z € C. By the scalar Liouville’s theorem, ¢ o f is constant, so qb(f(z) — f(O)) =0
for all z € C and ¢ € X*. By Theorem 2.5, X* separates the points of X, and therefore
f(z) — f(0) =0 for all z € C. O

2.4 Locally convex spaces

A locally convex space(LCS) is a real or complex vector space with a family P of seminorms
on X ( be a pair (X,P)) that separates the points of X in the sense that for every z € X
with z # 0, there is a seminorm p € P with p(z) # 0.

The family P defines a topology on X: a set U C X is open if and only if for all z € U, there
exist n € N, py,--- ,p, € P, and € > 0 such that

{yeX ply—z)<e(k=1,---,n)} CU. (2.48)
An alternative definition is (\{p~'(0) : p € P} = {0}.
Remark 2.15. Addition and scalar multiplication is continuous.

Remark 2.16. The topology of X is Hausdorff as P separates the points of X.

Remark 2.17. If Y C X is a subspace, then Py = {p|y : p € P} is a family of seminorms
on Y. The topology of LCS (Y, Py) is the subspace topology on Y induced by X.

Remark 2.18. A sequence z,, — z in X if and only if p(z,) — p(z) for all p € P. (The
same holds for nets.)

12
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Remark 2.19. Let P and Q be two families of seminorms on X, both of which separate the
points of X. We say P and Q are equivalent if they induce the same topology, and we write
P ~ Q in this case.

The topology of a locally convex space (X, P) is metrizable if and only if there exist countable

Q with Q ~ P.

Definition 2.4. A Fréchet space is a complete metrizable locally convex space. In particular,
all Banach spaces are Fréchet spaces.

Example 2.4. Every normed space (X, || -||) is a LCS with P = {|| - ||}

Example 2.5. Let U be a non-empty, open subset of C, and let O(U) denote the space
of analytic functions f : U — C. For a compact subset K C U and f € O(U), set
pr(f) =sup,cx |f(2)] and P = {px : K C U, and K compact }. Then (O, P) is a locally
convex space whose topology is the topology of local uniform convergence.

There exists compact sets K,, C U,n € N, such that K,, C int(K,41) and U = |, K,,. Then
{pK, : n € N} is countable and equivalent to P. Hence (O, P) is metrizable and in fact it is
a Fréchet space.

The topology of local uniform convergence is not normable because it cannot be induced by
a norm. This follows, for example, from Montel’s theorem : given a sequence {f,} in O(U)
such that {fx} is bounded in (C (K),| - ||) for every compact K C U, there is a subsequence
converges locally uniformly.

Theorem 2.10 (Montel’s theorem). If {f,,} C O(U) is uniformly bounded on compact sets,
then there exists a subsequence of {f,} converges locally uniformly.

3 Risez Representation theorem
Letting K be a compact and Hausdorff space, then

C(K)={f: K — C: fis continuous} (3.1)
is a complex Banach space with the sup norm

11} = [[fllee = supf[f ()] - z € K}. (3.2)

Define
C®(k) = {f: K — R: f is continuous} (3.3)

which is a real Banach space. Similarly, we define
CH(K)x={f € C¥%K): f(x) > 0,Vz € K}. (3.4)

Next, we consider the dual spaces related to the previous spaces. Define M(K) to be the
dual of C'(K)
M(K) = C(K)" = B(C(K),C) (3.5)
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If p € M(K), we have the usual operator norm
¢l = sup{lo(f)| = f € CK), I < 1}. (3.6)
Similarly, we define

MHK)={¢ € M(K): ¢(f) e R,Vf € C*(K)} :
M*(K) = {¢: O(K) — C: ¢ is linear, and ¢(f) > 0,Vf € CH(K)}. (3.8)

The elements of M (K) are called positive linear functionals.

3.1 Risez representation theorem

Theorem 3.1 (Risez representation). For every ¢ € M*(K), there exists a unique finite
Borel measure p such that

o(f) = /K fdu, e C(K). (3.9)

3.2 LP spaces

Let (£2,.%, 1) be a measure space. Fix 1 < p < oco. LP(§,.%, ) or L* is the real or complex
vector space of measurable functions f : Q — R(or C) such that

/Qlf\p dp < oo, (3.10)

LP? is a normed space with the norm

1= ([ 157 )" (3.11)

provided we identify f, g if f = g a.e. on Q,ie. N ={z € Q: f(z) = g(z)} is a null set
(uW(N) =0).t LP(Q2, #, n) is complete, where 1 < p < 0.

|- ||, is @ seminorm on LP. If || - || is a seminorm on a vector space X, then N = {z € X :
|z|| = 0} is a subspace. Then ||x + N|| = ||z|| defines a norm on X/N.

The case p =00 L™ is the space of essentially bounded measurable scalar-valued functions
fon € ie. there exists a null set N C o such that f is bounded on 2\ N, and we define

| flleo =esssup|f| =inf{sup|f| : N C Q, N C Q is a null set}. (3.12)
O\N

With this norm, L*° becomes a normed space.
Theorem 3.2. LP(, F,u), 1 < p < oo is complete.

Proof. 1) 1 < p < 0.

14
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Let {f,} be a sequence in L” such that > 7 ||full, < co. We will show that > . fi
converges in L. Define S, = > ,_, |fx]. Let S =", |fx|, notice that this may take the
value co. Suppose that S = 0o on some A C F with u(A) > 0. Fix L > 0, then S? AL 7L
on A. By the monotone convergence theorem,

/(Sg A L)dp — / L=pu(A)L. (3.13)
A A
Since . .
def
1Sally < Y W el =Y I flly = M, (3.14)
k=1 k=1
We have
Jsennaus sl < e (3.15)
A

for all n, which implies that p(A)L < MP? for all L. We have a contradiction.
Hence S < oo a.e. (WLOS, suppose S < oo everywhere). Now S? 7 SP| by the monotone
convergence theorem

/Sp = hm/s,{j < M, (3.16)

so SP € L%
Since S < oo on (2, we can define f = "2 . Since | Y ;_, fr—fIF = 0and | > 7, fi — [P <
257 € L', by the dominate convergence theorem,

/Q!ka—f!pduﬁo (3.17)
k=1

asn —o00. So f € LP and ), _, — f in LP. O

4 Weak Topologies

4.1 General weak topologies

Let X be a set, .# be a family of functions such that for all f € %, f is a function from X
to Y, where each Y} is a topological space.

Definition 4.1. The weak topology on X generated by .%, denoted by o(X,.%#), is the
smallest topology on X which makes each f € .% be continues.

Remark 4.1. A sub-base for (X, .%) is
S={f'U): feZ,and U is open in Y;}, (4.1)

that is, (X, .#) consists of arbitrary unions of finite intersections of elements of S. More
generally, if S} is a sub-base for the topology of Y, then {f~'(U): f € Z#,U € Sy} is also a
sub-base for o(X,.7).

15



Functional Analysis 4 WEAK TOPOLOGIES

Remark 4.2. V C X is open (V € o(X,.%)) means that for every x € V| there exist n € N,
fi, fa,-o+, fn € F, and open sets U; in Yy, for i = 1,--- ,n, such that z € N, 7 (U)).
This is equivalent to for every x € V, there exist n € N, fi, fo, -+, fn € %, and open
neighborhoods U; of f;(x) in Y}, for ¢ = 1,--- ,n, such that

Remark 4.3 (Universality Property). If Z is a topological space, then g : 7 — X is
continuous if and only if g~ *(f~1(U)) is open in Z, for any f € .% and U is open in Y7, which
is equivalent to say fog:Z — Y} is continuous for any f € #.

Exercise 4.1. Show that if 7 is a topology on X such that for any Z and g : 7 — X,
g is continuous with respect to 7 < fog : Z — Y, is continuous for any f € %, then
T=0(X,7).

Remark 4.4. If Y; is Hausdorff for any y € .%, and .# separates the points of X (for any
x # vy, there exists a f such that f(x) # f(y)), then o(X,.%) is Hausdorff.

Example 4.1 (subspace topology). Let X be a topological space, Y C X is a subspace, and
i: X — Y be the inclusion map. Let 7 be the topology of X, then o(Y,{i}) is the subspace
topology of Y, which is denoted by 7|y

Example 4.2 (product topology). Let X, v € I' be a family of topological spaces. Let
X = [L,er Xy={z: x is a function on I' such that z(y) = z, € X, Vy € I'}. X is the
set of "I'-tuples" x = (x,),er. We have the projections 75 : X — X5 (6§ € I'), where
ms(x) = () = w5 for all x = (x)er-

The product topology on X is o(X,{m, : v € I'}). V C X is open means that for every
= (Ty)yer € V, there exist n € N, 71,72, -+ , 7, € I', and open neighborhoods U; of z., in
X,, fori=1,--- ,n, such that

Proposition 4.1. For eachn € N, let (Y,,,d,,) be a metric space. Let X be a set, f, : X =Y,

be functions that separate the points of X, then o(X,{f.|n € N}) is metrizable.

Proof. If d is a metric, then so is % which is equivalent to d. Without loss of generality,

let’s assume d,, < 1 for every n € N. Then define

d(,y) =Y 27" du(fa(@), faly)), (4.4)

which is a metric on X. We need show the topology generated by d is equivalent to
o(X,{f.|n € N}). First assume d(x, ;) as k — oo, then 27"d,,(fn(x), fu(xr)) < d(z,xy) for
every n > 1 Id: (X,d) — o(X,{fn|n € N}) is continues. (use the universality property) Id:
o(X,{f.n € N}) = (X,d) is also continues. (by direct argument) O

Theorem 4.2 (Tychonov). The product of compact spaces is compact in product topology.

16



Functional Analysis 4 WEAK TOPOLOGIES

4.2 Weak topologies on vector spaces

Let E be a real or complex vector space. Let F' be a vector space of linear functionals on F
such that separates the points of E (for every x # 0 in FE, there exist an f € F such that
f(z) #0). We consider the weak topology o(F,F) on E. U C E is open < for every z € U,
there exist n € N, fy,---, f, € F', € > 0, such that

{yEE:|fi<x)_fi(y)|<€7i:17"'7n}CU' (45)

Remark 4.5. (E,0(E, F)) is a locally convex space with defining seminorms: = — |f(z)|
forz € F and f € F.

Note. (E,o(F, F)) is Hausdorff, and its addition and scalar multiplication are continuous.

Lemma 4.3. Let E be as above, and let f, g1, -+ , g, be linear functionals on E. If ker f D
N, ker g;, then f € Span{gi, - ,gn}

Proof. Define g(z) = (gl(a:),gg(:v), e ,gn(x)), with kerg C ker f and x € E. Then there

exists a unique linear functional f : g(F) — R such that f og= f. Extend f to the whole
R™, then we can find a b = (b, -+ ,b,) € R" such that f((al, e ,an)) = > ab. So

f(z) = fog(x)=>"" bgi(x), and f is therefore in the span of g;’s.

O

Proposition 4.4. Let E,F be as above, then a linear functional f : E — R is o(E, F)-
continuous if and only if f € F, i.e. (E,0(E,F))*=F.

Proof. (<) By definition.
(=) Suppose f : E — R is continuous in the o(F, F) topology. There exists an open
neighborhood U of 0 in E such that |f(x)| < 1 for all x € U. WLOG, let

U={zeE:|gx)<ei=1,---,n} (4.6)
for some n € N, g1,---,9, € F, and € > 0. Now if z € [, kerg;, then Az € U for any
scalars. Hence

[f(Az)| = [Al|f ()] <1 (4.7)
for any scalar A\, which implies that f(z)=0. Then (_, ker g; C ker f, by previous lemma we
have f € span{gi, -+ ,gn} C F. O

Recall that we always identify the image of a normed space X under the canonical embedding
X — X** with X.
X = X

Let X be a normed space.

17
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Definition 4.2. Let £ = X, ' = X*. Notice that by Hahn Banach theorem, X* separates the
points in X. Then o(X, X*) is the weak topology of X. We write (X, w) for (X, o(X, X™)).
Then U C X is weakly open (or w-open), i.e. U € o(X,X*) <= Vo € U,Je > 0,3n €
N, 37, .-+ , 2 € X* such that

{ye X |zi(y) —xi(z)| <ei=1,---,n} CU. (4.8)

Definition 4.3. Let £ = X* ' = X — X**. Then o(X*, X) is the weak-star topology
of X*. We write (X*,w*) for (X* o(X*, X)). Then U C X is weak-* open (or w*-open),
ie. U€o(X*X) <= Va*€U,3Je>0,In € N, Jzy,--- ,z, € X such that

{y* € X*: |y*(z;) — 2" ()| < ei=1,--- ,n} CU. (4.9)
Hence last proposition directly gives

Proposition 4.5. A linear functional f : X — R is w-continuous < f € X*. Similarly
g: X* = R is w*continuous < g € X. i.e. (X,w)*=X* (X* w*) =X.

It follows that o(X*, X**) = o(X*, X) if and only if X is reflexive.

Properties

o (X,w) and (X*,w*) are locally convex spaces, hence Hausdorff. In addition, the scalar
multiplications are continuous.

e o(X,X*) C ||l topology, i.e. the weak topology of X is a subset of the topology on X
induced by norm. Similarly we have o(X*, X) C o(X*, X**) C | - || topology (on X*).

e [f dim X < oo, then all these topologies coincide.

e If dim X = oo, and U is a w-open neighborhood of 0, then U is not bounded in norm.
Hence o(X, X*) C || - || topology. Moreover, (X, w) is not metrizable (not even first
countable).

*

e If dimz is uncountable (e.g. X is complete and dimz = o), then (X*, w*) is not

metrizable (not even first countable).

e Let Y be a subspace of X, then o(X, X*)|y = o(Y,Y") (by Hahn Banach). Similarly
o(X*, X*)|x = (X, X*). So the canonical embedding X — X** is a weak-to-weak-*
homeomorphism into X**.

4.3 Weak and weak-* convergence

In X, 2, — = means that {z,,} converges weakly (i.e. in the weak topology) to . This
is equivalent to
< Xy, Tt >—<x, 2" > (4.10)

for any x* € X*.
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Similarly in X*, 2, "y 2* means that {zX} converges w-* (i.e. in the weak-star topology)
to x*. This is equivalent to
<z, x, >—<zx,T" > (4.11)

for all z € X.

Definition 4.4. B C X* is said to be weakly bounded if {z*(z) : z* € B} is bounded
Vo € X.

Remark 4.6. The principle of uniform boundedness (PUB) says that:

let X be a Banach space, Y be a normed space, and T € B(X,Y) be a collection of linear
maps which is also pointwise bounded (i.e. suppcr ||7(z)|| < oo for any x € X). Then T is
uniformly bounded, that is, supp. ||T]] < oo.

Proposition 4.6.

e Let X be a normed space, and A C X be weakly bounded, then A is norm-bounded.

e Let X be a Banach space, and B C X* be weak-* bounded, then B is norm-bounded.

Proof. 1) Since A C X C X*™ = B(X*,R), A is weakly bounded is equivalent to A is pointwise
bounded. In addition, X* is complete. Hence the result follows from PUB.

ii) Notice B C X* = B(X,R) which means that B is w-* bounded <+ B is pointwise bounded.
Since X is complete, we can apply PUB again. O

Proposition 4.7.
e Let X be a normed space. If x, — x, then sup,cy [|[2a|| < o0 and ||z|| < liminf ||2,]|.
e Let X be a Banach space. If x7, s ¥, then SUP,en |75 ]] < 0o and ||z*|| < liminf ||« ||

Proof. i) Since x*(z,)—x * (z) for every z* € X*, {z*(z,) : n € N} is bounded. Hence
SUP,en ||2* ()| < oo and the result follows from the previous proposition.

|z*(z)| = liminf |2*(z,)| < lUminf |27 - ||z, (4.12)
Pick z* € X* such that ||z*|| = 1 and z*(z) = ||z||. We obtain that ||z| < liminf ||z,||.

ii) Similar to i). O

4.4 Hahn Banach separation theorem

Let (X,P) be a locally convex space. Suppose C' is a convex subset of X with 0 € int C.
We define pe : X — R by
pe = inf{t > 0:z € tC}. (4.13)

For x € X, 0-2 =0 € int C, then by the continuity of scalar multiplication, there exists
some ¢ > 0 such that for any scalar A such that [\| < 4, we have Az € C. Therefore z € 5C.
So pe is well-defined.
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Example 4.3. Let X be a normed space, and C' = B, is the unit ball. Then pc = || - |.

Lemma 4.8. e 1s positive homogeneous and subadditive.
{reX puc(z)<l}cCC{reX: uc(x) <1} (4.14)
Furthermore, if C' is open, then
C={reX:pc(x) <1} (4.15)

Proof. From the definition, we get pc(tx) = tuc(x), Vo € X, Vt > 0. Also pc(0) = 0.
Now given x,y € X, fix s > puc(x), t > pe(y). So there exist s < s such that x € s'C. Then

rx s =z s
=2 .= 1—-=-).-0eC 4.16
S s s’+( 3) ( )

since C' is convex. So z € sC. Similarly, y € tC. It follows that

=+
s+t s s+t

t
s 2 Y_TtY o (4.17)
t s+t

Hence z +y € (s +t)C and pc(z +y) < s+ t. Taking infimum over all s,¢, we get
pe(x +y) < pe(x) + pely)-

For the second part, note that uc(x) < 1 = 2 € C is shown by above argument. z € C' =
pe(x) < 11is by definition.

Finally, suppose C'is open and x € C, then z-1 € C. By the continuity of scalar multiplication,
there exists some § > 0 such that (1 + )z € C. Therefore, uc(x) <1/(1+0) < 1. O

Remark 4.7. C' is called symmetric if x+ € C implies —z € C. (' is called balanced
if x € C, A € C, and |A\] = 1 implies A\x € C. Note that in the case of real scalars,
"balanced"="symmetric".

Remark 4.8. If U is a neighborhood of 0, then there exists a convex and balanced neighbor-
hood of 0 such that V' C U. Indeed, there exist n € N, p1,--- ,p, € P, and some € > 0, such
that

V={rxe X px)<ei=1---,n} CU. (4.18)

Remark 4.9. If U is a neighborhood of 0, then there exists a convex and balanced neighbor-
hood of 0 such that V 4+ V C U. By previous remark, we can assume V to be convex and
balanced.

Theorem 4.9. (Hahn-Banach separation theorem) Let (X, P) be a real or complex locally
convex space. Let C' be an open convex set in X such that 0 € C. Given xy € X \ C, there
exists an f € X* such that f(z) < f(xg) for all z € C. (In complex case, Rf(x) < Rf(zo),
VeeC.)

Proof. 1) (Real case) By previous lemma, we have a positive homogeneous and subadditive
functional pc. We define f : span{xo} — R by setting f(tzo) = tuc(zo). For t >0

ftzo) = tuc(zo) = pe(tzo). (4.19)
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For t < 0,
fltzo) = tuc(zo) <0 < pe(tz). (4.20)

In span{xy}, f is dominated by pc, so we can extend f to the whole X and is still dominated
by pe (Hahn-Banach).

If 2 € C, then f(z) < pe(x) <1 < pe(xg) = f(xg) by using lemma 4.8. Since C is a
neighborhood of 0, there exists a symmetric neighborhood U of 0 such that U C C. For
xeU,txeU CC. Hence £f(z) <1, ie. |f(x)| <1, which implies f is continuous at 0,
and so f € X* by lemma 2.9.

ii) (Complex case) Consider X as a real vector space, by the first part there exists a
real continuous linear functional g on X such that g(x) < g(z¢) for any x € C. Setting
f(z) = g(x) —ig(iz), x € X and we have Rf = g. O

Remark 4.10. From now on, we only state and prove the real version since complex version
follows similarly as in ii).

Theorem 4.10 (Hahn-Banach separation theorem). Let (X, P) be a locally convex space.
Let A, B be disjoint non-empty open convex sets of X.

i) If A is open, there exist f € x*, a € R such that f(a) < a < f(b), Va € A,b € B.
ii) If A is compact, B is closed, then there exists an f € X* such that sup, f < infp f.

Proof. i) Fix ag € A, by € B. Let 29 = a9 — by, C = A — B+ 19 = Upeg(A — b+ 20). Then
C'is an open convex set and 0 € C. Since AN B = (), we have x¢o € C. Then by Theorem
4.9, we can find an f € X* such that f(z) < f(zo) Yz € C, i.e.

fla—b+zo) < f(xo), Vae Abe B. (4.21)

So f(a) < f(b) for alla € A and b € B. It follows that o« = infp f exists. Since f(ag) < f(bo),
we have f # 0. Pick any z € X such that f(z) > 0. Given any a € A, as A is open, there
exists a > 0 such that (a 4+ 0z) € A. Hence, f(a) < f(a+dz) < a.

ii) For any a € A, there exists an open neighborhood U, of 0 such that (a + U,) N B = ()
(since B is closed). There exists a balanced convex open neighborhood V, of 0 such that
Vo + Vo C U, {a+ V,}sea is an open cover for A, so there exists aj,--- ,a, € A, n € N
such that A = |J_,(a; + V,,). Define V. = (", V,, which is an balanced convex open
neighborhood of 0, and we have (A + V)N B = (. Let a € A be arbitrary, then there
exists a j such that a € (a; +V,,), so that (a +V) € (a; + Vo, + V) C (a; + U,,) and
(aj +Uq) N B = 0. Hence A+ V is an open convex set, and by i) there exist f € X*,8 € R
such that f(a+v) < B < f(b),Vae A, v eV, and b € B.

In particular, f # 0, so there exists a z € V such that f(z) > 0. Hence f(a) < f — f(z) for
all z € A. Therefore, « =sup, f < 8. (Or f(a) < 5, Va € A, and sup, f is attained.) O

Theorem 4.11 (Mazur). Let X be a normed space, and C be a convez set in X. Then C
1s weakly closed if and only if C' is norm-closed. Hence for general conver sets C' , we have

o _ ol
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Proof. (=) Clear.

(<) Let x € X \ C. Apply theorem 4.10 ii) to A = {z}, B=C, and P = || - ||. So there exists
an f € z* such that f(z) <info f =a. {z € X : f(2) < a} is a weakly open set containing
x, which is disjoint from C. Thus X \ C is weakly open and then C' is weakly closed. m

Corollary 4.12. If x, — 0 in a normed space X, then for any € > 0 , there exist n € N,
t: >0 fori=1,--- N, and SN  t; =1, such that | S0 tizi|| < e.

Proof. Let C' = conv{z; :i € N} = {37 tiw;:n €N t; >0,V "  t; =1}. Asx, — 0,
0eC” = U‘Hl by Theorem 4.11. O
Theorem 4.13 (Banach-Alaoglu). In any normed space X, (Bx+,x*) is compact.

Proof. For x € X, let K, = {A : |A\| < ||z, \is ascalar}. Set K = [] .y K, with the
product topology. This set is compact by Tychonov theorem. Note that

K ={f:X —scalars : [f(x)| < ||z||}. (4.22)

So Bx~ C K and Bx« = {f € K : f is linear}. The product topology on K is the smallest
topology on K such that 7, : K — K, is continuous for every x € X. Note that 7,(f) = f(x).
The weak-* topology on X* is the smallest topology on X* such that Z|z,. is continuous for
every € X (here we use the identification X =X**, with Z|p,. = f(z). Hence (Bx~,w*) is
a subspace of K, and it suffices to show By« is closed in K. But

Bxs ={f € K: f(Ax+ py) — M\f(x) — pf(y) = 0,Va,y € X, A\, u are scalars} (4.23)

= (] {feK: (Mary —m—m)(f) =0} (4.24)

z,yeX
A, p are scalars

which is clearly closed. [
Proposition 4.14. Let X be a normed space, and K be a compact Hausdorff space, then
1. X is separable < (Bxs,w") is metrizable.
2. C(K) is separable < K is metrizable.

Proof. 1. (=) Choose a dense subset {z, : n € N} C X. Let 0 = o(Bx-,{Z|p,. : n € N}),
which is the smallest topology on Bx- such that z* — z*(z,) is continuous for any n € N.
So o C w-* topology of Bx+, which implies that the formal identity

i : (Byx-,w") = (By-,0) (4.25)

is continuous. Since {z, : n € N} is dense in X, they separate the points of Bx«. By
Proposition 4.1, (Bx+, o) is metrizable. Moreover, i is a continuous bijection from a compact
space to a Hausdorff space, hence it is a homeomorphism.

2. (=) Let X = C(K) be separable, then by above result we see that (Byx,w*) is metrizable.
Define 6 : K — (Bx~, w") which maps k to d; for k € K, where 6;(f) = f(k) for f € C(K).
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J is continuous since k +— 95 (f) = f(k) is continuous for every f € C(K). Since K is compact
and Hausdorff, it is also normal. By Uryson’s lemma, for any k£ # k" in K, there exists an
f € C(K) such that f(k) # f(k'), thus 0, # 6 if k # k’. Therefore, 6 : K — §(K) is a
continuous bijection from a compact space to a Hausdorff space. Then we see that K is
homeomorphic to its image in the metric space (By+,w*) which implies K is metrizable.

2. (<) Since K is a compact metric space, K is separable. Let {k, : n € N} be a dense set
in X. Define fo =1, f.(k) =d(k,k,) for k € K and n > 1. Let A be the algebra generated
by fn., n >0, that is,

A = span{ H : F is a finite subset of {0,1,2,---}}. (4.26)
ner

Then A is separable, 1 € A, and A separates the points of K: Vk # k' € K, In € N such that
d(k,k,) < d(k',k,). By Stone-Weierstrass theorem, A = C'(K), which implies that C'(K) is
separable.

1. (<) Let K = (Bx»,w"), then by part 2, C(K) is separable. Consider X C C(K) with the
identification & — &| i defined by | (") = 2*(x). This is well defined

12

illoo =sup{[z*(z) : 2" € Bx-} = [|z]]. (4.27)
by Hahn-Banach theorem. Hence X is separable. ]

Remark 4.11. X is separable = X* is w-* separable, and X* = U® ;bBx~. ("< is false in
general, e.g. X =[>")

Remark 4.12. X is separable = X is w-separable. (If A C X, then spanA = span“A) D
A D A)

Proposition 4.15. Let X be a normed space. X* is separable if and only if (Bx,w) is
metrizable.

Proof. (=)By previous proposition, (Bx«,w*) = (Bxw,o(X*, X*)) is metrizable. Since
(B, w) is a subspace of (Bys«,w*), it is metrizable.

(<) Assume that (B,,w) is metrizable by metric d. For any weakly open neighborhood U of
0, there exists an n € N such that B(0, 1) = {z € By : d(z,0) < £} C U. For every n, there
exist a finite set F,, C X*, ¢, > 0, such that U, = {xr € Bx : | X*(2)| < €,,Va* € F,,}, and
U, C B(0, %) Let Z = span U, ey F,,, then Z is separable. We will show Z = X*.

Suppose not, then there exists an 2* € Bx« with d(x*, Z) = inf ¢ 7 ||2* —z|| > 1/2. Then there
exists an n € N such that U,, C {x € Bx : |2*(x)| < 1/10} since {z € Bx : |z*(z)| < 1/10} is
a weakly open neighborhood of 0 in Bx. Now let Y = Ny«cp, kery*. If y € By, then y € U,
since |z*(y)| < 1/10. So ||z*|y|| < 1/10. By Hahn-Banach theorem, there exists a z* € X*
such that [|z*|| < 1/10 and z * |y = z*|y. Since

Y = Ny-erp, kery™ C ker(z™ — 27). (4.28)
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By lemma 4.3, (z* — z*) C spanyenF, C Z. Thus, d(z*,Z) < 1/10 which gives us a
contradiction. []

Proposition 4.16. Let X be a normed space, K C X and (K,w) is compact. If X* is w-*
separable, then (K, w) is metrizable.

Note. If X is separable, then X* is w-* separable.

Proof. Let A be a countable subset of X* such that A" = A*. Then A separates the points
of X. By proposition 4.1, o0 = o(K, A) is metrizable. Since A C X*, the formal identity

(K,w) — (K,0) (4.29)

is a continuous bijection from a compact space to a Hausdorff space, hence is a homeomorphism.
m

Theorem 4.17 (Goldstein). Let X be a normed space, then Bx" = Bx--. Here we view
Bx sitting inside Bxs.

Proof. Let K = B_Xw*. Since By C By« and By« is w-* closed, we have K C Bys.
Suppose K # Bx«. Pick ** € Bx« \ K. It is easy to check that K is compact. By theorem
4.10 (ii), there exists a w-* continuous linear functional z* € X* such that

sup 27 (x*) < o™ (x"). (4.30)
Z**eK
Since K D By,
sup " (z*) > sup z*(x) = ||z*|. (4.31)
K Z**€Bx
But
(") < [l - [l < 27 (4.32)
which gives a contradiction. O

Theorem 4.18. Let X be a Banach space, TFAE:
1. X s reflexive.
2. (Bx,w) is compact.
3. X* is reflexive.

Proof. 1. = 2. Since X is reflexive, X = X**, which implied that the weak topology on
X is the same as the w-* topology on X**. Then (Bx,w) = (Bx«,w") is compact by
Banach-Alaoglu theorem.

2. = 1. The restriction of the w-* topology on X** to X is the weak topology on X. Since
By is weakly compact, it is a w-* compact subset of By« hence is w-* closed. By Goldstein’s

theorem, By« = By = By, which implies that X = X**.
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1. = 3. If X is reflexive, o(X*, X) = o(X™*, X**). So (Bx+,w) = (Bx+,w*), which is compact
by Banach-Alaoglu theorem. Then by "2. = 1." X* is reflexive.

3. = 1. If X* is reflexive, o(X**, X*) = o(X*, X™*). Bx is norm-closed in X** since X is
complete. So By is weakly closed by Mazur’s theorem. Then By is w-* closed in X**. By

Goldstein’s theorem, By« = By = By and X is then reflexive.
O

Remark 4.13. 1. & 3. has a easy direct proof.
Remark 4.14. If X is reflexive and separable, then (Bx«,w) is a compact metric space.

Recall that we have shown if X is separable, then X < [* isometrically. Now we aim to
show that X — C]0, 1] isometrically.

Lemma 4.19. If K is a non-empty compact metric space, then K is a continuous image of
the Cantor set /. Here /\ = {0, 1} with the product topology. Note that /\ is a compact
metric space by proposition 4.1 and theorem 4.2.

Note. A is homeomorphic to
) (2637 1 (ea)32, € A} € €0, 1. (4.33)
n=1

Theorem 4.20. Let X be a normed space. If X is separable, then X — C|0, 1] isometrically.

Proof. Let K = (Bx~,w"), then K is a compact metric space. the map X — C(K) : z +— Z|g
is an isomorphism into C'(K). By lemma 4.19, there exists a continuous surjective map
¢ : A — K, which yields an isometric isomorphism C(K) — C(A) : f +— fo ¢ into C(A),
where f € C(K)

Finally, we have an isometric isomorphism C(A) — C]0,1]: given g € C|0, 1], thinking of
A C C10,1], we extend g to the whole [0, 1] to a piecewise linear function. ]

5 The Krein-Milman theorem

6 Banach algebras

6.1 Elementary properties and examples
Let A be an algebra over R or C, i.e. a vector space with multiplication which satisfies
e (ab)e = a(be);
o a(b+c)=ab+ ac;
o (a+b)c=ac+ b
e \ab) = A(ab);
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for any scalar A\. An algebra A is both a ring and a vector space. The structure (4, ) is a
semigroup. An algebra is commutative is its ring multiplication is commutative.

Definition 6.1. An (two sided) ideal I of an algebra A is a subset of A such that

e [ is a vector subspace of A;

e AIC ] and IACI.

Definition 6.2. An algebra norm || - || on A is a norm such that
labll < {lall - [|o] (6.1)

for all a,b € A. The pair (A, || - ||) is a normed algebra.
Note. The multiplication is continuous: a,, — a, b, — b implies a,,b,, — ab.
Definition 6.3. A Banach algebra(B.A.) is a complete normed algebra.

An algebra A is unital if there exist elements 1 (or 14) such that 1 # 0, la = al = a, Va € A.
A unital normed algebra is a normed unital algebra such that ||1]| = 1. If ||1|| # 1, then
one can find an equivalent norm ||| - ||| such that |||1||| = 1, for instance,

[llal[| = sup{fjbal : b€ A, [[b] < 1}. (6.2)

Definition 6.4. A unital Banach algebra is a complete unital normed algebra.

A homomorphism between algebras A, B is a linear map ® : A — B such that ®(ab) =
®(a)®(b), for all a,b € A. If A, B are unital, then we say ® is unital if ®(14) = 15.

If A, B are normed algebras, a homomorphism ® : A — B may or may not be continuous.
However, by an isomorphism we mean a bijective homomorphism ® : A — B such that
both ® and ®~! are continuous.

From now on we assume our scalar field to be C.

Example 6.1. Let K be a compact, Hausdorff topological space. Then C'(K) is a unital,
commutative Banach algebra with pointwise multiplication and sup-norm.

Example 6.2. The uniform algebras are closed subalgebra of C'(K'), which contain 1 and
separate the points of K. For example, let K = A{z € C: |z| < 1} the disc algebra, then

AA) ={f € C(A): flinta is analytic} (6.3)
is a uniform algebra. More generally, for a nonempty and compact space K C C, we have
P(K) C R(K) CO(K) C A(K) C C(K), (6.4)

where these are the closures in C'(K) of the subalgebra of, respectively, polynomial functions,
ration functions without poles in K, functions that are analytic on an open neighborhood of
K,and A(K) ={f € C(K) : flina is analytic}. We’ll use the fact that

R(K) = P(K) < C\ K is connected
AK) = C(K) < intK = ).

26



Functional Analysis 6 BANACH ALGEBRAS

Example 6.3. Let K be L'(R) with convolution as multiplication

Jrg— / " f(s)gls — t)ds, (6.7)

then K is a non-unital commutative Banach algebra.

Example 6.4. Let X be a Banach space,
B(X)={T:X — X,T is linear and bounded}, (6.8)

then B(X) is a unital Banach algebra under composition as multiplication and operator norm.
If dim X > 1, then B(X) is non-commutative.
An important special case: closed subalgebras of B(#H), where H is a Hilbert space. For

example B(¢5) = M, (C).

6.2 Elementary constructions

e Every closed subalgebra of a Banach algebra is a Banach algebra. A unital subalgebra
of a unital algebra is a subalgebra containing the unit.

e Unitization Let A be a complex algebra. Let A, = A @ C with multiplication

(@, A)(y, p) = (zy + Ay + pa, Ap). (6.9)

Then A, is a unital algebra with identity 14, = (0,1). If A is a normed algebra, then
so is Ay with norm ||(z, A)|| = ||z|| + |A|. Note that |[1]] = 1.

A is identified with {(z,0) : x € A} which is a closed ideal of A,. A, is complete if
and only if A is complete.

o Ideals If I is an ideal of a normed algebra A, then so is 1. If I is a closed ideal of A,
then A/I is a normed algebra. If A is a Banach algebra. and I is a proper and closed
ideal of A, then A/J is a unital normed algebra. (|1 + I|| =1 will follow from lemma 1
below.)

e Completeion Every normed algebra has a completion which is a Banach algebra. Let
X = A be the completion of A as a Banach space. For a € A, L,(b) = ab for any b € A.
We can extend L, uniquely to a bounded linear operator L, on X. It’s easy to prove
that a — L, is an isometric isomorhpism of A onto a subalgebra of Banach algebra
B(X). Take the closure of that subalgebra in B(X) we can get a completion of A.

6.3 Group of units and spectrum

Lemma 6.1. Let A be a unital Banach algebra and v € A. If |1 — x| < 1, then x is
invertible.
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Proof. Let x =1 — h, where h = 1 — . Note that [|h]] < 1.

Z Il < Z Al < ||h|| < oo, (6.10)

so s = h" converges and xs = (1 —b) > " h™ = 1. Similarity we have sz = 1. O

For a unital algebra A, let G(A) be the group of invertible elements of A.

Definition 6.5. Let A be a unital algebra, + € A. The spectrum of z in A is g4(z) =
o(x) ={ e C|]\Nl —z € G(A)}.

If A is non-unital, let o4(z) = o4, ().
Example 6.5. Let A = M, (C), then o4(z) = set of eigenvalues of x.
Example 6.6. Let A = C(K), where K is compact and Hausdorff, then o4(f) = f(K).

Theorem 6.2. If A is a Banach algebra, then oa(x) is a non-empty, compact set of {\ €
C M| < z||} for any z € A.

Proof. Without loss of generality, we can assume A is unital. Let z € A, if A € C and
Al > [|z]|, then [[§]| < 1,501~ % € G(A) by lemma 1. So A1 —z € G(A) and A € G(A).
The function A — A1 —z : C — A is continuous. o4(z) = inverse image of the closed set A\
G(A) by Corollary 2.

Define f: C\ o4(x) = A by f(A) = (A —z)7 .

FO) = f(p) =\l —2)™" = (pl —2)™ (6.11)
=(pul =) (pl —2) = (AL = 2)](A\L =)~ (6.12)
== A fA)f (). (6.13)
e FO) — 1)
— flp)

Tp = —f(Nf(w) (6.14)
which converges to —f(A)? as 4 — A. Since f is continuous by Corollary 2, we get f is
analytic.

If |A| > ||=||, then
_ 1 T, _ 1 1 1
I =) = 150 = D7 < 5 = e (6.15)

which tends to 0 as A — co. (by lemma 1)
If o4(xz) =0, then f is analytic on C, bounded ( f(A\) — Oas|A\| — oc). Hence by Liouville’s
theorem, f is a constant function and f = 0, which gives a contradiction. O
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Example 6.7. Let A be an algebra of complex valued functions on a set K. Assume A is a
Banach algebra in some norm || - ||. For f € A,z € K, if f(z) # 0, then f(z) € oa(z). By
Theorem 3, [f(x)] < [If[], s0 A C lso(K). Also, |[flloc = supg | f[ <[]l

Corollary 6.3 (Gelfand-Mazur). If A is a unital normed complex division algebra, then

A=C.

6.4 Commutative Banach algebra

7 Holomorphic functional calculus

8 (C* algebras

A *-algebra is a (complex) algebra A with an involution, i.e. a map % : A — A such that
o (A\z+py)* = Ar* + iy,
o (zy) =y'a7,
o zxx =ux, for every z,y € A and A, p are scalars.

Note that if A is unital, then 1* = 1.

Definition 8.1. A C* algebra is a Banach algebra with an involution such that ||zz*|| = ||z||?,
for every x € A.

Note that if A is unital, then ||1]| = 1.

Example 8.1. C'(K) is a C* algebra with involution f*(z) = f(x), where K is compact and
Hausdorff.

Example 8.2. B(H) is a C* algebra with involution 7% = adjoint operator of T, where H
is a Hilbert space.

Example 8.3. A closed, *-subalgebra B of a C* algebra is a C* algebra. So all the closed
*_subalgebra (C* subalgebra) of B(H), are C* subalgebras.
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