
Math 602, Final Exam, Fall 2018
due by noon, December 17, 2018

1. (20 points)

(a) (5 points) Show that |S5| = |SL2(Z/5)|.
(b) (5 points) Show that any Sylow 2-subgroup of SL2(Z/5) is isomorphic to the

quaternion group Q with 8 elements.

(c) (5 points) Show that any Sylow 2-subgroup of S5 is isomorphic to the dihedral
group D4 of symmetries of the square.

(d) (5 points) Show that SL2(Z/5) and S5 are not isomorphic and that there is no
embedding of A5 in SL2(Z/5).

2. (20 points)

(a) (5 points) Let G be a nilpotent group. Show that if H � G is a proper subgroup,
then H � NG(H), that is - H is strictly contained in its normalizer.

(b) (5 points) Let G be a finite group and and let P < G be a p-Sylow subgroup.
Show that NG(NG(P )) = NG(P ).

(c) (5 points) Let G be a finite nilpotent group. Show that every Sylow subgroup in
G must be normal.

(d) (5points) Prove that a finite group is nilpotent if and only if it is a product of
Sylow subgroups.

3. (30 points)

(a) (5 points) Let C2 and C3 denote the cyclic groups of orders two and three re-
spectively. Let ξ ∈ C2 and η ∈ C3 be generators. Write PSL(2,Z) for the group
SL(2,Z)/(±I). Consider the elements

x =

(
0 −1
1 0

)
(±I)

y =

(
0 −1
1 1

)
(±I)
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in PSL(2,Z). Show that the assignments ξ 7→ x and η 7→ y extend to unique
homomorphisms

ϕ : C2 → PSL(2,Z) and ψ : C3 → PSL(2,Z).

(b) (10 points) Consider the coproduct C2∗C3 of C2 and C3 in the category of groups.
Let ϕ∗ψ : C3 ∗C2 → PSL(2,Z) be the induced homomorphism. Prove that ϕ∗ψ
is surjective and hence C2 ∗ C3 is infinite.

(c) (10 points) Prove that ϕ∗ψ is injective and so PSL(2,Z) is isomorphic to C2∗C3.

(d) (5 points) What is the abealization of PSL(2,Z)? Justify your answer.

4. (20 points) Let A be a commutative unital ring and let Γ ∈ Matq×p(A) be a fixed
matrix. Define M(Γ) = (Matp×q(A),+, •Γ) a set with two operations where:

Underlying set: is the set Matp×q(A)] of p× q matrices with entries in A.

Addition: is defined as ordinary addition of matrices.

Multiplication: is defined by the formula R •Γ S = RΓS, where RΓS is the ordinary
product of matrices.

(a) (5 points) Prove that M(Γ) is a ring.

(b) (5 points) Let Γ̂ = UΓV where U ∈ GLq(A) and V ∈ GLp(A). Show thatM(Γ)

and M(Γ̂) are isomorphic.

(c) (5 points) Let A be a field. Fix p and q and vary Γ. Prove that there are only
finitely many rings M(Γ) up to isomorphism. How many are there?

(d) (5 points) Let A be a field. When isM(Γ) commutative? When isM(Γ) unital?

5. (10 points)

(a) (5 points) Let I be an ideal in Z[x]. Let n be the lowest degree of a non-zero
polynomial in I and suppose I contains a monic polynomial of degree n. Prove
that I is generated by one element.

(b) (5 points) for every k ≥ 1 construct an ideal Ik in Z[x] which can not be generated
by fewer than k polynomials.

6. (20 points) Let A be a unital commutative ring.

(a) (5 points) Suppose that A has no zero divisors and that any non-empty set of
non-zero ideals in A contains a minimal element with respect to inclusion. Prove
that A is a field.
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(b) (5 points) Let U and V be submodules in an A-module M . Prove that the
Mayer-Vietoris sequences

0 // U ∩ V // U ⊕ V // U + V // 0

0 //M/(U ∩ V ) // (M/U)⊕ (M/V ) //M/(U + V ) // 0

are exact. Here the homomorphisms in the first sequence are defined by x 7→
(x,−x) and (x, y) 7→ x + y, and the homomorphisms in the second sequence are
defined by [x] 7→ ([x],−[x]) and ([x], [y]) 7→ [x+ y].

(c) (5 points) Prove that if U ∩ V and U + V are finitely generated, then both U
and V are finitely generated.

(d) (5 points) Give a generalization of (c) for finitely many submodules U1, . . . , Uk

of M .

3


